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Number Games

and Other Mathematical Recreations

athematical recreations comprise puzzles and
Mgames that vary from naive amusements to so-
phisticated problems, some of which have never

been solved. They may involve arithmetic, algebra, geom-
etry, theory of numbers, graph theory, topology, matrices,
group theory; combinatorics (dealing with problems of
arrangements or designs), set theory, symbolic logic, or
probability theory. Any attempt to classify this colourful
assortment of material is at best arbitrary. Included in
this article are the history and the main types of number
games and mathematical recreations and the principles on
which they are based. Details, including descriptions of
puzzles, games, and recreations mentioned in the article,
will be found in the references listed in the bibliography.
At times it becomes difficult to tell where pastime ends
and serious mathematics begins. An innocent puzzle re-
quiring the traverse of a path may lead to technicalities
of graph theory; a simple problem of counting parts of a
geometric figure may involve combinatorial theory; dis-
secting a polygon may involve transformation geometry

and group theory; logical inference problems may involve
matrices. A problem regarded in medieval times—or be-
fore electronic computers became commonplace—as very
difficult may prove to be quite simple when attacked by
the mathematical methods of today.

Mathematical recreations have a universal appeal. The
urge to solve a puzzle is manifested alike by young and
old, by the unsophisticated as well as the sophisticated. An
outstanding English mathematician, G.H. Hardy, observed
that professional puzzle makers, aware of this propensity,
exploit it diligently, knowing full well that the general
public gets an intellectual kick out of such activities.

The relevant literature has become extensive, particu-
larly since the beginning of the 20th century. Some of it
is repetitious, but surprisingly enough, successive genera-
tions have found the older chestnuts to be quite delightful,
whether dressed in new clothes or not. Much newly cre-
ated material is continually being added.

This article is divided into the following sections:

History 1

Early history 1
Kinds of problems
Some examples

Pioneers and imitators 2

18th and 19th centuries 2

20th century 2

Types of games and recreations 3

Arithmetic and algebraic recreations 3
Number patterns and curiosities
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Soma Cubes
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Problems of logical inference 12

Logical puzzles
Logical paradoxes

Bibliography 13

History

EARLY HISTORY

People have always taken delight in devising “problems”
for the purpose of posing a challenge or providing intel-
lectual pleasure. Thus, many mathematical recreations of
early origin that have reappeared from time to time in new
dress seem to have survived chiefly because they appeal to
man’s sense of curiosity or mystery. A few survived from
the ancient Greeks and Romans: little was known about
them during the Dark Ages, but a strong interest in such
problems arose during the Middle Ages, stimulated partly
by the invention of printing, partly by enthusiastic writers
of arithmetic texts, and partly by the rivalry and disputa-
tions among early algebraists and scholars. Such activities
were most prominent on the Continent, particularly in
Italy and Germany. Notable contributors included Rabbi
ben Ezra (1140), Fibonacci (Leonardo of Pisa; 1202),
Robert Recorde (1542), and Gerolamo Cardano (1545).
Kinds of problems. The problems in general were of
two kinds: those involving the manipulation of objects,
and those requiring computation. The first required little
or no mathematical skill, merely general intelligence and
ingenuity, as for example, so-called decanting and difficult
crossings problems. A typical example of the former is
how to measure out one quart of a liquid if only an eight-,

a five-, and a three-quart measure are available. Difficult
crossings problems are exemplified by the dilemma of
three couples trying to cross a stream in a boat that will
hold only two persons, with each husband too jealous to
leave his wife in the company of either of the other men.
Many variants of both types of problems have appeared
over the years.

Some examples. Problems involving computation also
took on a variety of forms; some were as follows:

Finding a number. Think of a number, triple it, and
take half the product; triple this and take half the result;
then divide by 9. The quotient will be one-fourth the
original number.

“God-Greet-You” problems. For example, in “God greet
you, all you 30 companions,” someone says: “If there were
as many of us again and half as many more, then there
would be 30 of us.” How many were there?

The chessboard problem. How many grains of wheat
are required in order to place one grain on the first
square, 2 on the second, 4 on the third, and so on for
the 64 squares?

The lion in the well. This is typical of many problems
dealing with the time required to cover a certain distance
at a constant rate while at the same time progress is hin-’
dered by a constant retrograde motion. There is a lion in
a well whose depth is 50 palms. He climbs !/7 of a palm
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Books and
collections

daily and slips back !/s of a palm. In how many days will
he get out of the well?

Courier problems. These are typified by the movements
of bodies at given rates in which some position of these
bodies is given and the time required for them to arrive at
some other specified position is demanded.

PIONEERS AND IMITATORS

The 17th century produced books devoted solely to recre-
ational problems not only in mathematics but frequently
in mechanics and natural philosophy as well. The first im-
portant contribution was that of the Frenchman Claude-
Gaspar Bachet de Méziriac, one of the earliest pioneers
in this field, who is remembered for two mathematical
works: his Diophanti, the first edition of a Greek text on
the theory of numbers (1621), and his Problémes plaisans
et delectables qui se font par les nombres (1612). The
latter passed through five editions, the last as late as 1959;
it was the forerunner of similar collections of recreations
to follow. The emphasis was placed on arithmetic rather
than geometric puzzles. Among the outstanding problems
given by Bachet were questions involving number bases
other than 10; card tricks; watch-dial puzzles depending
on numbering schemes; the determination of the smallest
set of weights that would enable one to weigh any integral
number of pounds from one pound to 40, inclusive; and
difficult crossings or ferry problems.

In 1624 a French Jesuit, Jean Leurechon, writing un-
der the pen name of van Etten, published Récréations
mathématiques. This volume struck the popular fancy,
passing through at least 30 editions before 1700, despite
the fact that it was based largely on the work of Bachet,
from whom he took the simpler problems, disregarding
the more significant portions. Yet it did contain some
original work, and it served as a model for others, in-
cluding Mydorge and Schwenter. The first English edi-
tion (1633) bore the title: Mathematicall Recreations, or
a Collection of Sundrie Problemes, extracted out of the
Ancient and Moderne Philosophers, as Secrets in Nature,
and Experiments in Arithmeticke, Geometrie, Cosmogra-
phie, Horologographie, Astronomie, Navigation, Musicke,
Opticks, Architecture, Staticke, Machanicks, Chimestrie,
Waterworkes, Fireworks, etc. Not vulgarly made manifest
until this Time. ... Most of which were written first in
Greeke and Latine, lately compiled in French, by HENRY
VAN ETTEN Gent. And now delivered in the English
Tongue with the Examinations, Corrections, and Augmen-
tations [translated by William Oughtred).

The rising tide of interest was exploited by French math-
ematicians Claude Mydorge, whose Examen du livre des
récréations mathématiques was published in 1630, and
Denis Henrion, whose Les Récréations mathématiques
avec l'examen de ses problemes en arithmétique, géomé-
trie, méchanique, cosmographie, optique, catoptrique, etc.,
based largely upon Mydorge’s book, appeared in 1659.
Leurechon’s book, meanwhile, had found its way into
Germany: Daniel Schwenter, a professor of Hebrew, Ori-
ental languages, and mathematics, assiduously compiled a
comprehensive collection of recreational problems based
on a translation of Leurechon’s book, together with many
other problems that he himself had previously collected.
This work appeared posthumously in 1636 under the
title Deliciae Physico-mathematicae oder Mathematische
und Philosophische Erquickstunden. Immensely popular,
Schwenter’s book was enlarged by two supplementary edi-
tions in 1651-53. For some years thereafter Schwenter’s
enlarged edition was the most comprehensive treatise of
its kind, although in 1641-42 the Italian Jesuit Mario
Bettini had issued a two-volume work called Apiaria Uni-
versae Philosophiae Mathematicae in Quibus Paradoxa
et Nova Pleraque Machinamenta Exhibentur, which was
followed in 1660 by a third volume entitled Recreationum
Mathematicarum Apiaria Novissima Duodecim . . .. And
in 1665 one Johann Mohr in Schleswig published an
imitation of Schwenter under the title of Arithmetische
Lustgarten.

In England, somewhat belatedly, William Leybourn, a
mathematics teacher, textbook writer, and surveyor, in
1694, published his Pleasure with Profit: Consisting of

Recreations of Divers Kinds, viz., Numerical, Geometrical,
Mechanical, Statical, Astronomical, Horometrical, Cryp-
tographical, Magnetical, Automatical, Chymical, and His-
torical. The title page further states that the purpose of the
book was to “recreate ingenious spirits and to induce them
to make farther scrutiny into these sublime sciences, and
to divert them from following such vices, to which Youth
(in this Age) are so much inclined.” Much of the volume
is conventional textbook material, for most of Leybourn’s
published works grew out of his teaching.

18TH AND 19TH CENTURIES

The 18th century saw a continuation of this interest.
Published in England were volumes by Edward Hatton,
Thomas Gent, Samuel Clark, and William Hooper. In

1775 Charles Hutton published five volumes of extracts
from the Ladies’ Diary dealing with “entertaining math-
ematical and poetical parts.” On the Continent there ap-
peared several writers, including: Christian Pescheck, Abat
Bonaventura, the Dutch writer Paul Halcken, and A.H.
Guyot’s four volumes of Nouvelles Récréations physiques
et mathématiques, etc. (1769, 1786). But by far the out-
standing work was that of Jacques Ozanam, the precursor
of books to follow for the next 200 years. First published
in four volumes in 1694, his Récréations mathématique
et physiques went through many editions; based on the
works of Bachet, Mydorge, Leurechon, and Schwenter, it
was later revised and enlarged by Montucla, then trans-
lated into English by Charles Hutton (1803, 1814) and
again revised by Edward Riddle (1840, 1844).

The first half of the 19th century produced only a
moderate number of lesser writers on mathematical recre-
ations, but the second half of the 19th century witnessed
a crescendo of interest, culminating in the outstanding
contributions of Edouard Lucas, C.L. Dodgson (Lewis
Carroll), and others at the turn of the century. Lucas’
four-volume Récréations mathématiques (1882-94) be-
came a classic. The mathematical recreations of Dodgson
included Symbolic Logic and The Game of Logic; Pillow
Problems and A Tangled Tale, 2 vol. (1885-95).

20TH CENTURY

Among the more colourful figures at the turn of the 20th
century were two Americans named Sam Loyd, father
and son. Tremendously successful in making puzzles, the
elder Loyd sold his weekly puzzle column to a national
syndicate for years, and, in addition, created or adapted
hundreds of mechanical puzzles fashioned of cardboard,
wood, and metal that were also financially rewarding.
When Loyd II died in 1934 at the age of 60, it was esti-
mated that he had produced at least 10,000 puzzles.

In Germany, Hermann Schubert published Zwélf Geduld-
spiele in 1899 and the Mathematische Mussestunden (3rd
ed., 3 vol.) in 1907-09. Between 1904 and 1920 Wilhelm
Ahrens published several works, the most significant be-
ing his Mathematische Unterhaltungen und Spiele (2 vol.,
1910) with an extensive bibliography.

Among British contributors, Henry Dudeney, a contribu-
tor to the Strand Magazine, published several very popular
collections of puzzles that have been reprinted from time
to time (1917-67). The first edition of W.W. Rouse Ball’s
Mathematical Recreations and Essays appeared in 1892;
it soon became a classic, largely because of its scholarly
approach. After passing through 10 editions it was revised
by the British professor H.S.M. Coxeter in 1938; it is still
a standard reference.

Outstanding work was that of Maurice Kraitchik, editor
of the periodical Sphinx and author of several well-known
works published between 1900 and 1942.

About the middle third of the 20th century, there was
a gradual shift in emphasis on various topics. Up to that
time interest had focussed largely on such amusements
as numerical curiosities; simple geometric puzzles; arith-
metical story problems; paper folding and string figures;
geometric dissections; manipulative puzzles; tricks with
numbers and with cards; magic squares; those venerable
diversions concerning angle trisection, duplication of the
cube, squaring the circle, as well as the elusive fourth
dimension. By the middle of the century, interest be-

The work
of Ozanam
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gan to swing toward more mathematically sophisticated
topics: cryptograms; recreations involving modular arith-
metic, numeration bases, and number theory; graphs and
networks; lattices, group theory; topological curiosities;
packing and covering; flexagons; manipulation of geomet-
ric shapes and forms; combinatorial problems; probability
theory; inferential problems; logical paradoxes; fallacies of
logic; and paradoxes of the infinite.

Types of games and recreations

ARITHMETIC AND ALGEBRAIC RECREATIONS

Number patterns and curiosities. Some groupings of
natural numbers, when operated upon by the ordinary
processes of arithmetic, reveal rather remarkable patterns,
affording pleasant pastimes. For example:

IX8+1=9 3X37=111 (1p= 1
12X8+2=98 6X37=222 (llp= 121
123X 8+3=987 9X37=333 (1112= 12321

1234 X8 +4=9876 12X37=444 (1111)*= 1234321
etc. etc. etc.

Another type of number pleasantry concerns multigrades;
i.e., identities between the sums of two sets of numbers
and the sums of their squares or higher powers—e.g.,

1"+ 67+ 8"=2"+ 47+ 9" (for n=1 or 2).

An easy method of forming a multigrade is to start with
a simple equality—e.g., 1 + 5 =2 + 4—then add, for ex-
ample, 5 to each term: 6 + 10=7+9. A second-order
multigrade is obtained by “switching sides” and combin-
ing, as shown below:

1"+ 51+ 7"+ 97=2"+41+6"+ 10" (n=1 or 2).

On each side the sum of the first powers (S)) is 22 and of
the second powers (S,) is 156.

Ten may be added to each term to derive a third-or-
der multigrade:

11"+ 15"+ 17"+ 19"= 12"+ 14"+ 16"+ 20" (n=1 or 2).
Switching sides and combining, as before:
174 57+ 77+ 9n+ 127 + 147+ 16" + 20"
=214 41 46"+ 10"+ 11"+ 157+ 177+ 19
(n=1, 2, or 3).

In this example S, = 84, S, = 1,152, and S; = 17,766.

This process can be continued indefinitely to build multi-
grades of successively higher orders. Similarly, all terms in
a multigrade may be multiplied or divided by the same
number without affecting the equality. Many variations
are possible: for example, palindromic multigrades that
read the same backward and forward, and multigrades
composed of prime numbers.

Other number curiosities and oddities are to be found.
Thus, narcissistic numbers are numbers that can be rep-
resented by some kind of mathematical manipulation of
their digits. A whole number, or integer, that is the sum
of the nth powers of its digits (e.g., 153 =13+ 5*+3%) is
called a perfect digital invariant. On the other hand, a
recurring digital invariant is illustrated by:

55: 53+ 53 =250,
250: 22+ 53+ 0°=133;
133: 13+ 33+ 33= 55,
(From Mathematics on Vacation, Joseph Madachy; Charles
Scribner’s Sons.)

A variation of such digital invariants is

165,033 = 163+ 50° + 333,
Another curiosity is exemplified by a number that is equal
to the nth power of the sum of its digits:

81=8+1)12=9%
4913=4+9+1+3)*=17%

An automorphic number is an integer whose square ends
with the given integer, as (25)*= 625, and (76)* = 5776.
Strobogrammatic numbers read the same after having
been rotated through 180°; e.g., 69, 96, 1001.

It is not improbable that such curiosities should have
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suggested intrinsic properties of numbers bordering on
mysticism.

Digital problems.
the expression of as large a sequence, of integers as possi-
ble, beginning with 1, representing each integer in turn by
a given digit used exactly four times. The answer depends
upon the rules of operation that are admitted. Two partial
examples are shown.

For four Is:
1=1+4+-1
2=14+1+1—1
3=1+1+1+
4=14+1+1+1
S=(1+1+1)—-1
etc

For four 4s:
1=($"(
2=4+4
3=4+4/VF
4=J@4 -
5=V4+J4+4
etc.

(In M. Bicknell & V. Hoggatt, “64 Ways to Write 64 Us-
ing Four 4’s,” Recreational Mathematics Magazine, No.
14, Jan.-Feb. 1964, p. 13.)

Obviously, many alternatives = are possible; e.g.,
7 =4+ 4+ 4/4 could also be expressed as 4!/4 + 4/4,
or as 44/4 — 4. The factorial of a positive integer is the
product of all the positive integers less than or equal to
the given integer; e.g., “factorial 4,” or 4! =4 X3 X2 X 1.
If the use of factorial notation is not allowed, it is still
possible to express the numbers from 1 to 22 inclusive
with four “4s”; thus 22 = (4 + 4)/.4 + /4. But if the rules
are extended, many additional combinations are possible.

A similar problem requires that the integers be expressed
by using the first m positive integers, m > 3 (“m is greater
than three”) and the operational symbols used in elemen-
tary algebra. For example, using the digits 1, 2, 3, and 4:

2= 4\1/: 3+2—1
4=JF +3-2+1
6=y4 +3+2—1
8=J4 +3+2+1
9=4+3+(2-1).

Such problems have many variations; for example, more
than 100 ways of arranging the digits 1 to 9, in order, to
give a value of 100 have been demonstrated.

All of these digital problems require considerable inge-
nuity but involve little significant mathematics.

Cryptarithms. The term “crypt-arithmetic” was intro-
duced in 1931, when the following multiplication problem
appeared in the Belgian journal Sphinx:

ABC

_DE

FEC
DEC
HGBC

The shortened word cryptarithm now denotes mathemat-
ical problems usually calling for addition, subtraction,
multiplication, or division and replacement of the digits
by letters of the alphabet or some other symbols.

An analysis of the original puzzle suggested the general
method of solving a relatively simple cryptarithm:

1. In the second partial product D X A =D, hence A = 1.

2. DX C and E X C both end in C; since for any two digits
1-9 the only multiple that will produce this result is 5 (zero if
both digits are even, 5 if both are odd), C= 5.

3. D and E must be odd. Since both partial products have
only three digits, neither D nor E can be 9. This leaves only
3 and 7. In the first partial product E X B is a number of two
digits, while in the second partial product D X B is a number
of only one digit. Thus E is larger than D, so E=7 and D= 3.

4. Since D X B has only one digit, B must be 3 or less. The
only two possibilities are 0 and 2. B cannot be zero because
7B is a two digit number. Thus B = 2.

5. By completing the multiplication, F =8, G = 6, and

6. Answer: 125 X 37 = 4,625.

The problem of the four n’s calls for Problem

of the
four n’s
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(From 150 Puzzles in Crypt-Arithmetic by Maxey Brooke;
Dover Publications, Inc., New York, 1963. Reprinted through
the permission of the publisher.)
Such puzzles had apparently appeared, on occasion, even
earlier. Alphametics refers specifically to cryptarithms in
which the combinations of letters make sense, as in one
of the oldest and probably best known of all alphametics:

SEND
+ MORE
MONEY

‘Unless otherwise indicated, convention requires that the

initial letters of an alphametic cannot represent zero, and
that two or more letters may not represent the same digit.
If these conventions are disregarded, the alphametic must
be accompanied by an appropriate clue to that effect.
Some cryptarithms are quite complex and elaborate and
have multiple solutions. Electronic computers have been
used for the solution of such problems.

Paradoxes and fallacies. Mathematical paradoxes and
fallacies have long intrigued mathematicians. A mathe-
matical paradox is a mathematical conclusion so unex-
pected that it is difficult to accept even though every step
in the reasoning is valid. A mathematical fallacy, on the
other hand, is an instance of improper reasoning leading
to an unexpected result that is patently false or absurd.
The error in a fallacy generally violates some principle of
logic or mathematics, often unwittingly. Such fallacies are
quite puzzling to the tyro, who, unless he is aware of the
principle involved, may well overlook the subtly concealed
error. A sophism is a fallacy in which the error has been
knowingly committed, for whatever purpose. If the error
introduced into a calculation or a proof leads innocently
to a correct result, the result is a “howler,” often said to
depend on “making the right mistake.”

Many paradoxes arise from the concepts of infinity and
limiting processes. For example, the infinite series

T+HL+L+1+- -
has a continually greater sum the more terms are in-
cluded, but the sum always remains less than 2, although

it approaches nearer and nearer to 2 as more terms are
included. On the other hand, the series
T+Hi+L 4+ L+ 4

is called divergent: it has no limit, the sum becoming
larger than any chosen value if sufficient terms are taken.
Another paradox is the fact that there are just as many
even natural numbers as there are even and odd numbers
altogether, thus contradicting the notion that “the whole is
greater than any of its parts.” This seeming contradiction
arises from the properties of collections containing an in-
finite number of objects. Since both are infinite, they are
for both practical and mathematical purposes equal.

The so-called paradoxes of Zeno (c. 450 BcC) are, strictly
speaking, sophisms. In the race between Achilles and the
tortoise, the two start moving at the same moment, but, if
the tortoise is initially given a lead and continues to move
ahead, Achilles can run at any speed and never catch up.
Zeno’s argument rests on the presumption that Achilles
must first reach the point where the tortoise started, by
which time the tortoise will have moved ahead to an-
other point, and so on. Obviously, Zeno did not believe
what he claimed; his interest lay in locating the error in
his argument. The same observation is true of the three
remaining paradoxes of Zeno, the Dichotomy, “motion is
impossible”; the Arrow, “motionless even while in flight”;
and the Stadium, or “a given time interval is equivalent
to an interval twice as long.” Beneath the sophistry of
these contradictions lie subtle and elusive concepts of
limits and infinity, only completely explained in the 19th
century when the foundations of analysis became more
rigorous and the theory of transfinite numbers had been
formulated.

Common algebraic fallacies usually involve a violation
of one or another of the following assumptions:

1. If a= b, then a/k = b/k, provided k # 0.
2. If a> b, then ka > kb, provided k is positive.
3. If a is nonnegative, then Ja? = +a.

Three examples of such violations follow:
A. Solve: 6x — 18 =4x— 12
Factoring: 3(2x — 6) =2(2x — 6)
Dividing by 2x —6): 3=2
B. Since 4+ 1/ —1=—1/+1, then y+1 /y—1 =
V=1 /y*L, and so FD/+D) =
=D)—T1), hence + 1 =—1

C. Given two positive numbers, a and b:

then, also,
a>—b b>—a
b>—b a>—a
Multiplying: ab > b? ab> a?
Ora>b b>a

Thus a is both greater than b and less than b.
An example of an illegal operation or “lucky boner” is:
s=¥=1

Polygonal and other figurate numbers. Among the many
relationships of numbers that have fascinated man are
those that suggest (or were derived from) the arrangement
of points representing numbers into series of geometrical
figures. Such numbers, known as figurate or polygonal
numbers, appeared in 15th-century arithmetic books and
were probably known to the ancient Chinese; but they
were of especial interest to the ancient Greek mathemati-
cians. To the Pythagoreans (¢. 500 Bc), numbers were of
paramount significance; everything could be explained by
numbers, and numbers were invested with specific char-
acteristics and personalities. Among other properties of
numbers, the Pythagoreans recognized that numbers had
“shapes.” Thus, the triangular numbers, 1, 3, 6, 10, 15,
21, etc., were visualized as points or dots arranged in the

shape of a triangle.
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Figure 1: Square numbers shown formed from consecutive
triangular numbers.
From The Number of Things: Pythagoras, Geometry and Humming Strings

by Evans G. Valens, copyright © 1964 by Evans G. Valens; published
by E.P. Dutton & Co., Inc., and used with their permission

Square numbers are the squares of natural numbers, such
as 1, 4, 9, 16, 25, etc., and can be represented by square
arrays of dots, as shown in Figure 1. Inspection reveals

that the sum of any two adjacent triangular numbers is
always a square number.

Figure 2: Obiong numbers formed by doubling triangular numbers.
From The Number of Things: Pythagoras, Geometry and Humming Strings

by Evans G. Valens, copyright © 1964 by Evans G. Valens; published

by E.P. Dutton & Co., Inc., and used with their permission

Oblong numbers are the numbers of dots that can be
placed in rows and columns in a rectangular array, each
row containing one more dot than each column. The
first few oblong numbers are 2, 6, 12, 20, and 30. This
series of numbers is the successive sums of the series of
even numbers or the products of two consecutive num-
bers: 2=1-2; 6=2-3=2+4+4; 12=3-4=2+4+6;
20=4-5=2+4+ 6+ 8; etc. An oblong number also is
formed by doubling any triangular number (see Figure 2).
The gnomons include all of the odd numbers; these can
be represented by a right angle, or a carpenter’s square,
as illustrated in Figure 3. Gnomons were extremely use-

[
[ J [
[ LN J L J L N J
1 3 5 7 9
Figure 3: Odd numbers shown as gnomons.
From The Number of Things: Pythagoras, Geometry and Humming Strings by Evans G.

Valens, copyright © 1964 by Evans G. Valens; published by E.P. Dutton & Co., Inc., and
used with their permission

The
“shapes”
of numbers



Figurate
numbers

Figure 4: Addition of gnomons to squares to form larger squares.
From The Number of Things: Pythagoras, Geometry and Humming Strings

by Evans G. Valens, copyright © 1964 by Evans G. Valens; published

by E.P. Dutton & Co., Inc., and used with their permission

ful to the Pythagoreans. They could build up squares by
adding gnomons to smaller squares and from such a figure
could deduce many interrelationships: thus 12+ 3= 22
22+5=32 etc.; or 1 +3+5=32 1+3+5+7=42
14+3+5+7+9=52 etc.; (see Figure 4). Indeed, it is
quite likely that Pythagoras first realized the famous re-
lationship between the sides of a right triangle, repre-
sented by a2 + b2 = 2, by contemplating the properties of
gnomons and square numbers, observing that any odd
square can be added to some even square to form a third
square. Thus

32+ 42 =152 where 32=4+5;
524 122= 132, where 52= 12+ 13;

and, in general, >+ b*= 2, where a>=b+c. This is a
special class of Pythagorean triples (see below).

Besides these, the Greeks also studied numbers having
pentagonal, hexagonal, and other shapes. Many relation-
ships can be shown to exist between these geometric pat-
terns and algebraic expressions.

Polygonal numbers constitute a subdivision of a class of
numbers known as figurate numbers. Examples include
the arithmetic sequences

1,2,3,4,...,r
1,3,5,7,...,2r—1).

When new series are formed from the sums of the terms
of these series, the results are, respectively,

1,3,6,10,...
1,4,9,16,....

These series are not arithmetic sequences but are seen to
be the polygonal triangular and square numbers. Polyg-
onal number series can also be added to form three-
dimensional figurate numbers; these sequences are called
pyramidal numbers.

The significance of polygonal and figurate numbers lies
in their relation to the modern theory of numbers. Even
the simple, elementary properties and relations of numbers
often demand sophisticated mathematical tools. Thus, it
has been shown that every integer is either a triangular
number, the sum of two triangular numbers, or the sum of
three triangular numbers; e.g., 8=1+1+6,42=6+ 36,
43=15+28,44=6+ 10+ 28.

Pythagorean triples. The study of Pythagorean triples
as well as the general theorem of Pythagoras leads to many
unexpected byways in mathematics. A Pythagorean triple
is formed by the measures of the sides of an integral right
triangle; i.e., any set of three positive integers such that
a2+ b= ¢ If a, b, and c are relatively prime—i.e., if no
two of them have a common factor—the set is a primitive
Pythagorean triple.

A formula for generating all Pythagorean triples is

and

and

a=p>—¢g,b=2pq,c=p>*+ ¢,

in which p and q are relatively prime, p and g are neither
both even nor both odd, and p > g. By choosing p and ¢
appropriately, for example, primitive Pythagorean triples
such as the following are obtained:

@ O (©
qa p*—q* 2pq p'+q®

2 1 3 4 5
3 2 5 12 13

The only primitive triple that consists of consecutive inte-
gers is 3, 4, 5.
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Certain characteristic properties are of interest:

Either a or b is divisible by 3.

Either a or b is divisible by 4.

Either a or b or c is divisible by 5.

The product of q, b, and c is divisible by 60.
One of the quantities a, b, a + b, a — b is divisi-
ble by 7.

It is also true that if n is any integer, then 2n + 1, 2n? + 2n,
and 2n?2 + 2n + 1 form a Pythagorean triple.

Some of the properties of Pythagorean triples were known
to the ancient Greeks; e.g., that the hypotenuse of a prim-
itive triple is always an odd integer. It is now known that,
for an odd integer R to be the hypotenuse of a primitive
triple, a necessary and sufficient condition is that every
prime divisor of R be of the type 4k + 1, in which k is a
positive integer.

Perfect numbers and Mersenne numbers. Most num-
bers are either “abundant” or “deficient.” In an abundant
number, the sum of its proper divisors (i.e., including 1
but excluding the number itself) is greater than the num-
ber; in a deficient number, the sum of its proper divisors is
less than the number. A perfect number is an integer that
equals the sum of its proper divisors. For example, 24 is
abundant, its divisors giving a sum of 36; 32 is deficient,
giving a sum of 31. The number 6 is a perfect number, since
1+2+3=6; so is 28, since 1+2+4+7+14=28.
The next two perfect numbers are 496 and 8,128. The first
four perfect numbers were known to the ancients. Indeed,
Euclid suggested that any number of the form 2}(2" — 1)
is a perfect number whenever 27— 1 is prime, but it was
not until the 18th century that the Swiss mathematician
Leonhard Euler proved that every even perfect number
must be of the form 27~ (2" — 1), where 27 — 1 is a prime.

A number of the form 27 — 1 is called a Mersenne num-
ber after the French mathematician Marin Mersenne; it
may be prime (i.e., having no factor except itself or 1)
or composite (composed of two or more prime factors).
A necessary though not sufficient condition that 27— 1
be a prime is that n be a prime. Thus, all even perfect
numbers have the form 27-!(2”— 1) where both » and
27— 1 are prime numbers. Until comparatively recently,
only 12 perfect numbers were known. In 1876 the French
mathematician Edouard Lucas found a way to test the
primality of Mersenne numbers. By 1952 the U.S. math-
ematician Raphael M. Robinson had applied Lucas’ test
and, by means of electronic digital computers, had found
the Mersenne primes for n = 521; 607; 1,279; 2,203; and
2,281, thus adding five more perfect numbers to the list.
By 1989 there were more than 30 known perfect numbers.

It is known that to every Mersenne prime there corre-
sponds an even perfect number and vice versa. But two
questions are still unanswered: the first is whether there
are any odd perfect numbers; and the second is whether
there are infinitely many perfect numbers.

Many remarkable properties are revealed by perfect num-
bers. All perfect numbers, for example, are triangular.
Also, the sum of the reciprocals of the divisors of a perfect
number (including the reciprocal of the number itself) is
always equal to 2. Thus

for6:4 +1+1+1=2
and for 28:4 +1 +4 +1 +L +L =2

Fibonacci numbers. In 1202 the mathematician Leo-
nardo of Pisa, also called Fibonacci, published an in-
fluential treatise, Liber abaci. It contained the following
recreational problem: “How many pairs of rabbits can be
produced from a single pair in one year if it is assumed
that every month each pair begets a new pair which from
the second month becomes productive?” Straightforward
calculation generates the following sequence:

Month: 123456 7 8 91011 12
No.ofpairs: 1 1 2358 13 21 34 55 89 144

The second row represents the first 12 terms of the se-
quence now known by Fibonacci’s name, in which each
term (except the first two) is found by adding the two
terms immediately preceding; in general, x, = x,—; + X,
a relation that was not recognized until about 1600.

LR
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numbers
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The
Golden
Section

Over the years, especially in the middle decades of the
20th century, the properties of the Fibonacci numbers have
been extensively studied, resulting in a considerable liter-
ature. Their properties seem inexhaustible; for example,
Xp1 * Xpm =X,2+ (—1)". Another formula for generating
the Fibonacci numbers is attributed to Edouard Lucas:

55 -(55))
X, = 7 3 > .
The ratio (y5+1): 2=1.618 ..., designated as @, is
known as the golden number; the ratio (5 — 1): 2, the
reciprocal of @, is equal to 0.618 ... Both these ratios
are related to the roots of x> —x — 1 = 0, an equation de-
rived from the Divine Proportion of the 15th-century Ital-
ian mathematician Luca Pacioli, namely, a/b = b/(a + b),
when a < b, by setting x = b/a. In short, dividing a seg-
ment into two parts in mean and extreme proportion, so
that the smaller part is to the larger part as the larger is to
the entire segment, yields the so-called Golden Section, an
important concept in both ancient and modern artistic and
architectural design. Thus, a rectangle the sides of which
are in the approximate ratio of 3: 5 (®'=0.618...), or
8:5(®=1.618...), is presumed to have the most pleas-
ing proportions, aesthetically speaking.

Raising the golden number to successive powers gener-

ates the sequence that begins as follows:

D=5 +1)2 d*=3GY5+ 7)2
D2=(y5 +3)2 D =(5/5 +11)/2
@3 = (25 +4)2 D= (85 +18)/2

In this sequence the successive coefficients of the radical
/5 are Fibonacci’s 1, 1, 2, 3, 5, 8, while the successive sec-
ond terms within the parentheses are the so-called Lucas
sequence: 1, 3, 4, 7, 11, 18. The Lucas sequence shares
the recursive relation of the Fibonacci sequence; that is,
Xy = Xp—y T X2

If a golden rectangle ABCD is drawn and a square ABEF
is removed, the remaining rectangle ECDF is also a golden
rectangle. If this process is continued and circular arcs
are drawn, the curve formed approximates the logarith-
mic spiral, a form found in nature (see Figure 5). The

E

A D
F

Figure 5: Golden rectangles and the logarithmic spiral.

logarithmic spiral is the graph of the equation r=k®, in
polar coordinates, where k = ®¥~. The Fibonacci numbers
are also exemplified by the botanical phenomenon known
as phyllotaxis. Thus, the arrangement of the whorls on a
pinecone or pineapple, of petals on a sunflower, and of
branches from some stems follows a sequence of Fibonacci
numbers or the series of fractions
5 3 % & 0 ete.

GEOMETRIC AND TOPOLOGICAL RECREATIONS

Optical illusions. The creation and analysis of optical
illusions may involve mathematical and geometric prin-
ciples such as the proportionality between the areas of
similar figures and the squares of their linear dimensions.
Some involve physiological or psychological considera-
tions, such as the fact that, when making visual compar-
isons, relative lengths are more accurately perceived than
relative areas.

For treatment of optical illusions and their illusory ef-
fects, including unorthodox use of perspective, distorted
angles, deceptive shading, unusual juxtaposition, equivocal
contours or contrasts, colour effects, chromatic aberration,
and afterimages, see the article PERCEPTION.

Geometric fallacies and paradoxes. - Some geometric fal-
lacies include “proofs™: (1) that every triangle is isosceles
(i.e., has two equal sides); (2) that every angle is a right an-
gle; (3) that if ABCD is a quadrilateral in which AB = CD,
then AD must be parallel to BC; and (4) that every point
in the interior of a circle lies on the circle.

The explanations of fallacious proofs in geometry usually
include one or another of the following: faulty construc-
tion; violation of a logical principle, such as assuming the
truth of a converse, or confusing partial inverses or con-
verses; misinterpretation of a definition, or failing to take
note of “necessary and sufficient” conditions; too great
dependence upon diagrams and intuition; being trapped
by limiting processes and deceptive appearances.

Impossible figures. At first glance, drawings such as
those in Figure 6 appear to represent plausible three-di-
mensional objects, but closer inspection reveals that they

Schaap's bookshelf

“something to make"

Figure 6: Impossible figures.

cannot; the representation is flawed by faulty perspective,
false juxtaposition, or psychological distortion. Among the
first to produce these drawings—also- called undecidable
figures—was Oscar Reutersvard of Sweden, who made
them the central features of a set of Swedish postage
stamps.

In 1958 L.S. Penrose, a British geneticist, and his son
Roger Penrose, a mathematical physicist, introduced the
undecidable figures called strange loops. One. of these is
the Penrose square stairway (Figure 7), which one could
apparently traverse in either direction forever without get-

Figure 7: The endless stair.

drawing
on Swedish
postage stamp



ting higher or lower. Strange loops are important features
of some of M.C. Escher’s lithographs, including “Ascend-
ing and Descending” (1960) and “Waterfall” (1961). The
concept of the strange loop is related to the idea of infin-
ity and also to logical paradoxes involving self-referential
statements, such as that of Epimenides (see below Logi-
cal paradoxes).

Pathological curves. A mathematical curve is said to
be pathological if it lacks certain properties of continu-
ous curves. For example, its tangent may be undefined
at some—or indeed any—point; the curve may enclose a
finite area but be infinite in length; or its curvature may
be undefinable. Some of these curves may be regarded
as the limit of a series of geometrical constructions; their
lengths or the areas they enclose appear to be the limits
of sequences of numbers. Their idiosyncrasies constitute
paradoxes rather than optical illusions or fallacies.

Von Koch’s snowflake curve, for example, is the figure
obtained by trisecting each side of an. equilateral triangle
and replacing the centre segment by two sides of a smaller
equilateral triangle projecting outward, then treating the
resulting figure the same way, and so on. The first two
stages of this process are shown in Figure 8. As the con-

Figure 8: Von Koch's snowflake curve.

struction proceeds, the perimeter of the curve increases
without limit, but the area it encloses does approach an
upper bound, which is %5 the area of the original triangle.

In seeming defiance of the fact that a curve is “one-
dimensional” and thus cannot fill a given space, it can be
shown that the curve produced by continuing the stages in
Figure 9, when completed, will pass through every point
in the square. In fact, by similar reasoning, the curve can
be made to fill completely an entire cube.

From E. Kasner and J. Newman, A ics and the

(copyright © 1940 by Edward Kasner and James R Ne’wman).
reprinted by permission of Simon and Schuster, Inc.
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Figure 10: The Sierpinski curve.

phology, human physiology, economics, and linguistics.
Specifically, for example, characteristic “landscapes” re-
vealed by microscopic views of surfaces in connection with
Brownian movement, vascular networks, and the shapes
of polymer molecules are all related to fractals.

Mazes. A maze having only one entrance and one exit
can be solved by placing one hand against either wall and
keeping it there while traversing it; the exit can always be
reached in this manner, although not necessarily by the
shortest path. If the goal is within the labyrinth, the “hand-
on-wall” method will also succeed, provided that there is
no closed circuit; i.e., a route that admits of complete
traverse back to the beginning (Figure 11).

From Martin Gardner, The Second Scientific American Book of

Mathematical Puzzles and Diversions (copyright © 1961 by Martin
Gardner); reprinted by permission of Simon and Schuster, Inc.
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Figure 9: A space-filling curve (see text).

The Sierpinski curve, the first few stages of which are
shown in Figure 10, contains every point interior to a
square, and it describes a closed path. As the process of
forming the curve is continued indefinitely, the length of
the curve approaches infinity, while the area enclosed by
it approaches %12 that of the square.

A fractal curve, loosely speaking, is one that retains the
same general pattern of irregularity regardless of how much
it is magnified; von Koch’s snowflake is such a curve. At
each stage in its construction, the length of its perime-
ter increases in the ratio of 4 to 3. The mathematician
Benoit Mandelbrot has generalized the term dimension,
symbolized D, to denote the power to which 3 must be
raised to produce 4; that is, 3 = 4. The dimension that
characterizes von Koch’s snowflake is therefore log 4/log
3, or approximately 1.26.

Beginning in the 1950s Mandelbrot and others have in-
tensively studied the self-similarity of pathological curves,
and they have applied the theory of fractals in mod-
elling natural phenomena. Random fluctuations induce
a statistical self-similarity in natural patterns; analysis of
these patterns by Mandelbrot’s techniques has been found
useful in such diverse fields as fluid mechanics, geomor-
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I I I 1 E_J _lL_] Figure 11: Examples of mazes.

(Left) “Simply connected” maze. (Right) “Multiply connected”
maze (see text).

If there are no closed circuits—i.e., no detached walls—
the maze is “simply connected”; otherwise the maze is
“multiply connected.” A classic general method of “thread-
ing a maze” is to designate a place where there is a choice
of turning as a node; a path or node that has not yet been
entered as a “new” path or node; and one that has already
been entered as an “old” path or node.

The procedure is as follows:

1. Never traverse a path more than twice.

2. When arriving at a new node, select either path.

3. When arriving at an old node or at a dead end by a
new path, return by the same path.

4. When arriving at an old node by an old path, select
a new path, if possible; otherwise, an old path.

Although recreational interest in mazes has diminished,
two areas of modern science have found them to be of
value: psychology and communications technology. The
former is concerned with learning behaviour, the latter
with improved design of computers.

Geometric dissections. Geometric dissection problems
involve the cutting of geometric figures into pieces that can
be arranged to form other geometric figures; for example,
cutting a rectangle into parts that can be put together in
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the form of a square and vice versa. Interest in this area
of mathematical recreations began to manifest itself to-
ward the close of the 18th century when Montucla called
attention to this problem. As the subject became ‘more
popular, greater emphasis was given to the more general
problem of dissecting a given polygon of any number of
sides into parts that would form another polygon of equal
area. Then, in the early 20th century, interest shifted to
finding the minimum number of pieces required to change
one figure into another.

According to a comprehensive theory of equidecompos-
able figures that was outlined in detail about 1960, two
polygons are said to be equidecomposable if it is possible
to dissect, or decompose, one of them into a finite number
of pieces that can then be rearranged to form the second
polygon. Obviously, the two polygons have equal areas.

According to the converse theorem, if two polygons have
equal areas, they are equidecomposable.’

In the method of complementation, congruent parts are
added to two figures so as to make the two new figures
congruent. It is known that equicomplementable figures
have equal areas and that, if two polygons have equal
areas, they are equicomplementable. As the theory ad-
vanced, the relation of equidecomposability to various
motions such as translations, central symmetry, and, in-
deed, to groups of motions in general, was explored.
Studies were also extended to the more difficult questions
of dissecting polyhedra.

On the “practical” side, the execution of a dissection,
such as converting the Greek cross into a square (Fig-
ure 12), may require the use of ingenious procedures,
some of which have been described by H. Lindgren (see
Bibliography).

Figure 12: Greek cross converted by dissection into a square.
From The Number of Things: Pythagoras, Geometry and Humming Strings

by Evans G. Valens, copyright © 1964 by Evans G. Valens; published by

E.P. Dutton & Co., Inc., and used with their permission

A quite different and distinctly modern type of dissection
deserves brief mention, the so-called squaring the square,
or squared rectangles. Thus, the problem of subdividing
a square into smaller squares, no two of which are alike,
which was long thought to be unsolvable, has been solved
by the means of network theory. In this connection, a

From Martin Gardner, The Second Scientific American Book of

Mathematical Puzzles and Diversions (copyright © 1961 by Martin
Gardner); reprinted by permission of Simon and Schuster, Inc.
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Figure 13: Squared rectangle (see text).

squared rectangle is a rectangle that can be dissected into
a finite number of squares; if no two of these squares
are equal, the squared rectangle is said to be perfect. Thé
order of a squared rectangle is the number of constituent
squares. It is known that there are no perfect rectangles of
orders less than 9, and that there are exactly two perfect
rectangles of order 9. (One of these is shown as Figure 13.)
The dissection of a square into unequal squares, deemed
impossible as early as 1907, was first reported in 1939.

Graphs and networks. The word graph may refer to the
familiar curves of analytic geometry and function theory,
or it may refer to simple geometric figures consisting of
points and lines connecting some of these points; the latter
are sometimes called linear graphs, although there is little
confusion within a given context. Such graphs have long
been associated with puzzles.

If a finite number of points are connected by lines (Fig-
ure 14A), the resulting figure is a graph; the points, or
corners, are called the vertices, and the lines are called
the edges. If every pair of vertices is connected by an
edge, the graph is called a complete graph (Figure 14B).

A B

d
Figure 14: Examples of linear graphs.
(A) Graph. (B) Complete graphs. (C) Nonplanar graph. (D)
Nonplanar graph of (C) changed to equivalent planar graph.

A planar graph is one in which the edges have no inter-
section or common points except at the edges. (It should
be noted that the edges of a graph need not be straight
lines.) Thus a nonplanar graph can be transformed into
an equivalent, or isomorphic, planar graph, as in Figures
14C and 14D. An interesting puzzle involves the problem
of the three wells. Here (Figure 15) A, B, and C represent
three neighbours’ houses, and R, S, and T three wells. It

From Graphs and Their Uses, by Oystein Ore. Copyright © 1963
by Yale University. Reprinted by permission of Random House, Inc.

R S T S T

Figure 15: Three wells problem (see text).

is desired to have paths leading from each house to each
well, allowing no path to cross any other path. The proof
that the problem is impossible depends on the so-called
Jordan curve theorem that a continuous closed curve in
a plane divides the plane into an interior and an exterior
region in such a way that any continuous line connecting
a point in the interior with a point in the exterior must
intersect the curve. Planar graphs have proved useful in
the design of electrical networks.

A connected graph is one in which every vertex, or point
(or, in the case of a solid, a corner), is connected to every
other point by an arc; an arc denotes an unbroken suc-

Problem
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cession of edges. A route that never passes over an edge
more than once, although it may pass through a point any
number of times, is called a path.

Modern graph theory (in the sense of linear graphs) had
its inception with the work of Euler in connection with
the Konigsberg bridge problem and was, for many years,
associated with curves now called Eulerian paths; i.e., fig-
ures that can be drawn without lifting the pencil from the
paper. The city of Konigsberg (now Kaliningrad) embraces
the banks and an island of the forked Pregel (Pregolya)
River; seven bridges span the different branches. The
problem was: Could a person leave home, take a walk,
and return, crossing each bridge just once? Euler showed
why it is impossible.

Briefly stated, Euler’s principles (which apply to any
closed network) are as follows:

1. The number of even points—i.e., those in which an
even number of edges meet—is of no significance.

2. The number of odd points is always even; this in-
cludes the case of a network with only even points.

3. If there are no odd points, one can start at any point
and finish at the same point.

4. If there are exactly two odd points, one can start at
either of the odd points and finish at the other odd point.

5. If there are more than two odd points, the network
cannot be traced in one continuous path; if there are 2»
odd points and no more, it can be traced in n separate
paths.

Thus Figures 16B and 16C can be traversed by Eulerian
paths; Figures 16D and 16E cannot; Figure 16F shows a
network corresponding to the Konigsberg bridge problem,
in which the points represent the land areas and the edges
the seven bridges.

—

Figure 16: lllustrations of Euler’s principles.

(A) Kdnigsberg bridge problem. (B) and (C) Eulerian networks.
(D) and (E) Non-Eulerian networks. (F) Network corresponding
to Kdnigsberg bridge problem.

Networks are related to a variety of recreational problems
that involve combining or arranging points in a plane
or in space. Among the earliest was a puzzle invented
by an Irish mathematician, Sir William Rowan Hamilton
(1859), which required finding a route along the edges of a
regular dodecahedron that would pass once and only once
through every point. In another version, the puzzle was
made more convenient by replacing the dodecahedron by
a graph isomorphic to the graph formed by the 30 edges
of the dodecahedron (Figure 17). A Hamilton circuit is
one that passes through each point exactly once but does
not, in general, cover all the edges; actually, it covers
only two of the three edges that intersect at each vertex.
The route shown in heavy lines is one of several possible
Hamilton circuits.

Graph theory, being a branch of mathematics known as
combinatorial topology, lends itself to a variety of problems
involving combinatorics: for example, designing a network
to connect a set of cities by railroads or by telephone
lines; planning city streets or traffic patterns; matching
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Figure 17: Hamilton circuit.
From Martin Gardner, The Scientific American Book of

Mathematical Puzzles and Diversions (copyright © 1959 by Martin
Gardner); reprinted by permission of Simon and Schuster, Inc.

jobs with applicants; arranging round-robin tournaments
such that every team or individual meets every other team
or individual.

Map-colouring problems. Although geographers have
long known that maps depicting subdivisions of areas can
be coloured in such a way that any two subdivisions
having a common boundary show different colours and
no more than four distinct colours need be used, the
celebrated “four-colour map problem” bears little or no
relation, historically, to cartography. The mathematical
question was originally framed in 1850 and publicized in
1878. Essentially, the problem is: How many colours are
needed to colour any map so that no two regions sharing
a common border (edge) will have the same colour? Are
four colours both necessary and sufficient? In short, is it
possible to construct a map for which five colours are
necessary? No one was sure until 1977, when a group
of mathematicians proved that four colours are sufficient
for every possible configuration. The proof occupied 170
pages of text and diagrams derived from more than 1,000
hours of calculations on a large electronic computer; it is
treated in more detail in the article COMBINATORICS.

Flexagons. A flexagon is a polygon constructed from a
strip of paper or thin metal foil in such a way that the
figure possesses the property of changing its faces when it
is flexed. First discussed in 1939, flexagons have become
a fascinating mathematical recreation. One of the simplest
flexagons is the trihexaflexagon, made by cutting a strip of
suitable material and marking off 10 equilateral triangles.
By folding appropriately several times and then gluing the
last triangle onto the reverse side of the first triangle, the
resulting model may be flexed so that one of the faces
disappears and another face takes its place.

MANIPULATIVE RECREATIONS

Puzzles involving configurations. One of the earliest
puzzles and games that require arranging counters into
some specified alignment or configuration was Lucas’ Puz-
zle: in a row of seven squares, each of the three squares
at the left end is occupied by a black counter, each of
the three squares at the right end is occupied by a white
counter, and the centre square is vacant. The object is to
move one counter at a time until the squares originally
occupied by white counters are occupied by black, and
vice versa; black counters can be moved only to the right
and white only to the left. A counter may move to an
adjacent vacant square or it may jump one counter of the
other colour to occupy a vacant square. The puzzle may
be enlarged to any number of counters of each colour.
For n counters of each kind the number of required
moves is n(n + 2).

A similar puzzle uses eight numbered counters placed on
nine positions. The aim is to shift the counters so that
they will appear in reverse numerical order; only single
moves and jumps are permitted.

Well known, but by no means as trivial, are games for
two players, such as Ticktacktoe and its more sophisti-
cated variations, one of which calls for each player to
begin with three counters (3 black, 3 white); the first

The
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player places a counter in any cell, except the center cell,
of a 3 X 3 diagram; the players then alternate until all the
counters are down. If neither has won by getting three in
a row, each, in turn, is permitted to move a counter to an
adjacent square, moving only horizontally or vertically.
Achieving three in a row constitutes a win. There are
many variations. The game can be played on a 4 X 4 dia-
gram, each player starting with four counters; sometimes
diagonal moves are permitted. Another version is played
on a 5X 5 pattern. Yet another interesting modification,
popular in Europe, is variously known as Mill or Nine
Men’s Morris, played with counters on a board consisting
of three concentric squares and eight transversals.

Another game of this sort is played on a diamond-shaped
board of tessellated hexagons, usually 11 on each edge,
where by “tessellated” we mean fitted together like tiles to
cover the board completely. Two opposite edges of the dia-
mond are designated “white”; the other two sides, “black.”
Each player has a supply of black or white counters. The
players alternately place a piece on any vacant hexagon;
the object of the game is for each player to complete an
unbroken chain of his pieces between the sides designating
his colour. Though the game does not end until one of
the players has made a complete chain, it may meander
across the board; it cannot end in a draw because the only
way one player can block the other is by completing his
own chain. The game was created by Piet Hein in 1942
in Denmark, where it quickly became popular under the
name of Polygon. It was invented independently in the
United States in 1948 by John Nash, and a few years later
one version was marketed under the name of Hex.

In addition to the aforementioned varieties of a class of
games that can be loosely described as “three in a row”
or “specified alignment,” many others also exist, such as
three- and four-dimensional Ticktacktoe and even a com-
puter Ticktacktoe. The game strategy in Ticktacktoe is by
no means simple; an excellent mathematical analysis is
given by F. Schuh (see Bibliography).

Chessboard problems. Recreational problems posed
with regard to the conventional chessboard are legion.
Among the most widely discussed is the problem of how
to place eight queens on a chessboard in such a way
that none of the queens is attacking any other queen;
the problem interested the great German mathematician
C.F. Gauss (c. 1850). Another group of problems has to
do with the knight’s tour; in particular, to find a closed
knight’s tour that ends at the starting point, that does not
enter any square more than once, but that passes through
all the squares in one tour. Problems of the knight’s tour
are intimately connected with the construction of magic
squares. Other chessboard problems are concerned with
determining the relative values of the various chess pieces;
finding the maximum number of pieces of any one type
that can be put on a board so that no one piece can take
any other; finding the minimum number of pieces of any
one type that can be put on a board so as to command all
cells; and how to place 16 queens on a board so that no
three of them are in a straight line.

The Fifteen Puzzle. One of the best known of all puz-
zles is the Fifteen Puzzle, which was invented by Sam
Loyd the elder about 1878. It is also known as the Boss
Puzzle, Jeu de Taquin, and Diablotin. It became popular
all over Europe almost at once. It consists essentially of
a shallow square tray that holds 15 small square counters
numbered from 1 to 15, and one square blank space.
With the 15 squares initially placed in random order and
with the blank space in the lower right-hand corner, the
puzzle is to rearrange them in numerical order by sliding
only, with the blank space ending up back in the lower
right-hand corner. It may overwhelm the reader to learn
that there are more than 20,000,000,000,000 possible dif-
ferent arrangements that the pieces (including the blank
space) can assume. But in 1879 two American mathe-
maticians proved that only one-half of all possible initial
arrangements, or about 10,000,000,000,000, admitted of
a solution. The mathematical analysis is as follows. Basi-
cally, no matter what path it takes, as long as it ends its
journey in the lower right-hand corner of the tray, any
numeral must pass through an even number of boxes. In

l

the normal position of the squares (Figure 18A), regarded
row by row from left to right, each number is larger than
all the preceding numbers; i.e., no number precedes any
number smaller than itself. In any other than the normal
arrangement, one or more numbers will precede others
smaller than themselves. Every such instance is called an
inversion. For example, in the sequence 9, 5, 3, 4, the
9 precedes three numbers smaller than itself and the 5
precedes two numbers smaller than itself, making a total
of five inversions. If the total number of al/l the inversions
in a given arrangement is even, the puzzle can be solved
by bringing the squares back to the normal arrangement;
if the total number of inversions is odd, the puzzle cannot
be solved. Thus, in Figure 18B there are two inversions,
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Figure 18: (A) Fifteen Puzzle with no inversions. (B) With two
inversions. (C) With five inversions.

and the puzzle can be solved; in Figure 18C there are five
inversions, and the puzzle has no solution. Theoretically,
the puzzle can be extended to a tray of m X n spaces with
(mn — 1) numbered counters.

The Tower of Hanoi. The puzzle of the Tower of Hanoi
is believed to have been originated in 1883 by Lucas,
under the name of M. Claus. Ever popular, made of wood
or plastic, it still can be found in toy shops. It consists
essentially of three pegs fastened to a stand and of eight
circular disks, each having a hole in the centre. The disks,
all of different radii, are initially placed (see Figure 19) on

=
Figure 19: Tower of Hanoi.

one of the pegs, with the largest disk on the bottom and
the smallest on top; no disk rests upon one smaller than
itself. The task is to transfer the individual disks from one
peg to another so that no disk ever rests on one smaller
than itself, and, finally, to transfer the tower; i.e., all the
disks in their proper order, from their original peg to one
of the other pegs. It can be shown that for a tower of »
disks, there will be required 2" — 1 transfers of individual
disks to shift the tower completely to another peg. Thus
for 8 disks, the puzzle requires 28 — 1, or 255 transfers.
If the original “needle” (peg) was a tower with 64 disks,
the number of transfers would be 2% — 1, or 18,446,744,-
073,709,551,615; this is exactly the same number required
to fill an 8 X 8 checkerboard with grains of wheat, 1 on
the first square, 2 on the second, 4 on the next, then
8, 16, 32, etc. )

Polyominoes. The term polyomino was introduced in
1953 as a jocular extension of the word domino. A poly-
omino is a simply connected set of equal-sized squares,
each joined to at least one other along an edge. The sim-
pler polyomino shapes are shown in Figure 20A. Some-
what more fascinating are the pentominoes, of which there
are exactly 12 forms (Figure 20B). Asymmetrical pieces,
which have different shapes when they are flipped over,
are counted as one.

The number of distinct polyominoes of any order is a
function of the number of squares in each, but, as yet,
no general formula has been found. It has been shown
that there are 35 types of hexominoes and 108 types of
heptominoes, if the dubious heptomino with an interior
“hole” is included.

Manipulat-
ing squares
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Figure 20: Shapes made of squares.
(A) Monomino with simple polyominoes. (B) Pentominoes.
(C) Heptomino with interior “hole.”

From Martin Gardner, The Scientific American Book of Mathematical Puzzles and Diversions
(copyright © 1959 by Martin Gardner); reprinted by permission of Simon and Schuster, Inc.

Recreations with polyominoes include a wide variety of
problems in combinatorial geometry, such as forming de-
sired shapes and specified designs, covering a chessboard
with polyominoes in accordance with prescribed condi-
tions, etc. Two illustrations may suffice.

The 35 hexominoes, having a total area of 210 squares,
would seem to admit of arrangement into a rectangle
3X70,5X42,6X35,7X30,10X21, or 14 X 15; how-
ever, no such rectangle can be formed.

Can the 12 pentominoes, together with one square
tetromino, form an 8 X 8 checkerboard? A solution of the
problem was shown around 1935. It is not known how
many solutions there are, but it has been estimated to be
at least 1,000. In- 1958, by use of a computer, it was shown
that there are 65 solutions in which the square tetromino
is exactly in the centre of the checkerboard.

Soma Cubes. Piet Hein of Denmark, also known for
his invention of the mathematical games known as Hex
and Tac Tix, stumbled upon the fact that all the irregular
shapes that can be formed by combining three or four
congruent cubes joined at their faces can be put together
to form a larger cube. There are exactly seven such shapes,
called Soma Cubes; they are shown in Figure 21. No two
shapes are alike, although the fifth and sixth are mirror
images of each other. The fact that these seven pieces
(comprising 27 “unit” cubes) can be reassembled to form
one large cube is indeed remarkable.

Many interesting solid shapes can be formed from the
seven Soma Cubes, shapes resembling, for example, a sofa,
a chair, a castle, a tunnel, a pyramid, and so on. Even the
assembling of the seven basic pieces into a large cube can
be done in more than 230 essentially different ways.

As a recreation, the Soma Cubes are fascinating. With
experience, many persons find that they can solve Soma
problems mentally. Psychologists who have used them
find that the ability to solve Soma problems is roughly
correlated with general intelligence, although there are
some strange anomalies at both ends of the distribution of
intelligence. In any event, people playing with the cubes
do not appear to want to stop; the variety of interesting
structures. possible seems endless.

Coloured squares and cubes. There is a wide variety
of puzzles involving coloured square tiles and coloured
cubes. In one, the object is to arrange the 24 three-colour
patterns, including repetitions, that can be obtained by
subdividing square tiles diagonally, using three different
colours, into a 4 X 6 rectangle so that each pair of touch-
ing edges is the same colour and the entire border of the
rectangle is the same colour.

More widely known perhaps is the 30 Coloured Cubes
Puzzle. If six colours are used to paint the faces there result
2,226 different combinations. If from this total only those
cubes that bear all six colours on their faces are selected,
a set of 30 different cubes is obtained; two cubes are re-
garded as “different” if they cannot be placed side by side
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so that all corresponding faces match. Many fascinating
puzzles arise from these coloured squares and cubes; many
more could be devised. Some of them have appeared com-
mercially at various times under different names, such as
the Mayblox Puzzle, the Tantalizer, and the Katzenjam-
mer. Stimulating discussions may be found in books by
MacMahon, Winter, and O’Beirne (see Bibliography).

A revival of interest in coloured-cube problems was
aroused by the appearance of a puzzle known as Instant In-
sanity, consisting of four cubes, each of which has its faces
painted white, red, green, and blue in a definite scheme.
The puzzle is to assemble the cubes into a 1 X 1 X 4 prism
such that all four colours appear on each of the four long
faces of the prism. Since each cube admits of 24 different
orientations, there are 82,944 possible prismatic arrange-
ments; of these only two are the required solutions.

This puzzle was soon superseded by Rubik’s Cube, de-
veloped independently by Erné Rubik (who obtained a
Hungarian patent in 1975) and Terutoshi Ishigi (who ob-
tained a Japanese patent in 1976). The cube appears to
be composed of 27 smaller cubes, or cubelets; in its initial
state, each of the six faces of the cube is made up of nine
cubelet faces all of the same colour. In the commercial
versions of the puzzle, an internal system of pivots allows
any layer of nine cubelets to be rotated with respect to the
rest, so that successive rotations about the three axes cause
the cubelet faces to become scrambled. The challenge of
restoring a scrambled cube to its original configuration

From M. Gardner, “A Game in Which Standard Pieces of Cubes Are Assembled into Larger
Forms (Soma Cubes)." Copyright © 1958 by Scientific American, Inc. All rights reserved

Figure 21: Soma Cubes.
(Top) The seven basic pieces. (Bottom) Examples of some of
the shapes that can be built from Soma pieces.

is formidable, inasmuch as more than 10" states can be
reached from a given starting condition. A thriving liter-
ature quickly developed for the exposition of systematic
solutions (based on group theory) of scrambled cubes.
Nim and similar games. A game so old that its origin is
obscure, Nim lends itself nicely to mathematical analysis.
In its generalized form, any number of objects (counters)
are divided arbitrarily into several piles. Two people play
alternately; each, in turn, selects any one of the piles and
removes from it all the objects, or as many as he chooses,
but at least one object. The player removing the last object
wins. Every combination of the objects may be considered
“safe” or “unsafe”; i.e., if the position left by a player
after his move assures a win for that player, the position
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is called safe. Every unsafe position can be made safe
by an appropriate move, but every safe position is made
unsafe by any move. To determine whether a position is
safe or unsafe, the number of objects in each pile may be
expressed in binary notation: if each column adds up to
zero or an even number, the position is safe. For example,
if at some stage of the game, three piles contain 4, 9, and
15 objects, the calculation is:

Since the second column from the right adds up to 1, an
odd number, the given combination is unsafe. A skillful
player will always move so that every unsafe position left
to him is changed to a safe position.

A similar game is played with just two piles; in each
draw the player may take objects from either pile or from
both piles, but in the latter event he must take the same
number from each pile. The player taking the last counter
is the winner.

Games such as Nim make considerable demands upon
the player’s ability to translate decimal numbers into
binary numbers and vice versa. Since digital computers
operate on the binary system, however, it is possible to
program a computer (or build a special machine) that will
play a perfect game. Such a machine was invented by E.U.
Condon and an associate; their automatic Nimatron was
exhibited at the New York World’s Fair in 1940.

Games of this sort seem to be widely played the world
over. The game of Pebbles, also known as the game of
Odds, is played by two people who start with an odd
number of pebbles placed in a pile. Taking turns, each
player draws one, or two, or three pebbles from the pile.
When all the pebbles have been drawn, the player who
has an odd number of them in his possession wins.

Predecessors of these games, in which players distribute
pebbles, seeds, or other counters into rows of holes under
varying rules, have been played for centuries in Africa and
Asia and are known as Mancala games.

PROBLEMS OF LOGICAL INFERENCE

Logical puzzles. Many challenging questions do not in-
volve numerical or geometrical considerations but call for
deductive inferences based chiefly on logical relationships.
Such puzzles are not to be confounded with riddles, which
frequently rely upon deliberately misleading or ambiguous
statements, a play on words, or some other device in-
tended to catch the unwary. Logical puzzles do not admit
of a standard procedure or generalized pattern for their
solution and are usually solved by some trial-and-error
method. This is not to say that the guessing is haphazard;
on the contrary, the given facts (generally minimal) sug-
gest several hypotheses. These can be successively rejected
if found inconsistent, until, by substitution and elimina-
tion, the solution is finally reached. The use of various
techniques of logic may sometimes prove helpful, but in
the last analysis, success depends largely upon that elusive
capacity called ingenuity. For convenience, logic problems
are arbitrarily grouped in the following categories.

The brakeman, the fireman, and the engineer. The
brakeman-fireman-engineer puzzle has become a classic.
The following version of it appeared in O. Jacoby and
W.H. Benson’s Mathematics for Pleasure (1962).

The names, not necessarily respectively, of the brakeman,
fireman, and engineer of a certain train were Smith, Jones,
and Robinson. Three passengers on the train happened to
have the same names and, in order to distinguish them
from the railway employees, will be referred to hereafter
as Mr. Smith, Mr. Jones, and Mr. Robinson. Mr. Robin-
son lived in Detroit; the brakeman lived halfway between
Chicago and Detroit; Mr. Jones earned exactly $2,000 per
year; Smith beat the fireman at billiards; the brakeman’s
next-door neighbour, one of the passengers, earned exactly
three times as much as the brakeman; and the passenger
who lived in Chicago had the same name as the brake-
man. What was the name of the engineer?

Overlapping groups. The following problem is typical

of the overlapping-groups category. Among the members
of a high-school language club, 21 were studying French;
20, German; 26, Spanish; 12, both French and Spanish;
10, both French and German; nine, both Spanish and
German; and three, French, Spanish, and German. How
many club members were there? How many members
were studying only one language?

Truths and lies. Another kind of logical inference puz-
zle concerns truths and lies. One variety is as follows:
Some of the natives of a certain South Pacific island are
pure-blooded and the rest are half-breeds, but they all
look alike. The pure-blooded always tell the truth, but
the half-breeds always lie. A visitor to the island, meeting
three natives, asks them whether they are full-blooded or
half-breeds. The first says something inaudible. The sec-
ond, pointing to the first, says, “He says that he is pure-
blooded.” The third, pointing to the second, says, “He
lies.” Knowing beforehand that only one is a half-breed,
the visitor decides what each of the three is.

In a slightly different type, four men, one of whom was
known to have committed a certain crime, made the fol-
lowing statements when questioned by the police:

Archie: Dave did it.

Dave: Tony did it.

Gus: 1 didn’t do it.

Tony: Dave lied when he said I did it.

If only one of these four statements is true, who was the
guilty man? On the other hand, if only one of these four
statements is false, who was the guilty man? (From 101
Puzzles in Thought and. Logic by C.R. Wylie, Jr.; Dover
Publications, Inc., New York, 1957. Reprinted through
the permission of the publisher.)

The smudged faces. The problem of the smudged faces
is another instance of pure logical deduction. Three trav-
ellers were aboard a train that had just emerged from
a tunnel, leaving a smudge of soot on the forehead of
each. While they were laughing at each other, and before
they could look into a mirror, a neighbouring passenger
suggested that although no one of the three knew whether
he himself was smudged, there was a way of finding out
without using a mirror. He suggested: “Each of the three
of you look at the other two; if you see at least one whose
forehead is smudged, raise your hand.” Each raised his
hand at once. “Now,” said the neighbour, “as soon as
one of you knows for sure whether his own forehead is
smudged or not, he should drop his hand, but not before.”
After a moment or two, one of the men dropped his hand
with a smile of satisfaction, saying: “I know.” How did
that man know that his forehead was smudged?

The unexpected hanging. A final example might be the
paradox of the unexpected hanging, a remarkable puzzle
that first became known by word of mouth in the early
1940s. One form of the paradox is the following: A prisoner
has been sentenced on Saturday. The judge announces
that “the hanging will take place at noon on one of the
seven days of next week, but you will not know which
day it is until you are told on the morning of the day of
the hanging.” The prisoner, on mulling this over, decided
that the judge’s sentence could not possibly be carried out.
“For example,” said he, “I can’t be hanged next Saturday,
the last day of the week, because on Friday afternoon I’'d
still be alive and I'd know for sure that I’d be hanged on
Saturday. But Id known this before I was told about it on
Saturday morning, and this would contradict the judge’s
statement.” In the same way, he argued, they could not
hang him on Friday, or Thursday, or Wednesday, Tues-
day, or Monday. “And they can’t hang me tomorrow,”
thought the prisoner, “because I know it today!”

Careful analysis reveals that this argument is false, and
that the decree can be carried out. The paradox is a subtle
one. The crucial point is that a statement about a future
event can be known to be a true prediction by one person
but not known to be true by another person until afier
the event has taken place.

Logical paradoxes. Highly amusing and often tantaliz-
ing, logical paradoxes generally lead to searching discus-
sions of the foundations of mathematics. As early as the
6th century Bc, the Cretan prophet Epimenides allegedly
observed that “All Cretans are liars,” which, in effect,
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means that “All statements made by Cretans are false.”
Since Epimenides was a Cretan, the statement made by
him is false, so that all statements made by Cretans are
not false. Thus the initial statement is self-contradictory. A
similar dilemma was given by an English mathematician,
P.E.B. Jourdain, in 1913, when he proposed the card para-
dox. This was a card on one side of which was printed:
“The sentence on the other side of this card is TRUE.”

On the other side of the card the sentence read:
“The sentence on the other side of this card is FALSE.”

The barber paradox, offered by Bertrand Russell, was of
the same sort: The only barber in the village declared that
he shaved everyone in the village who did not shave him-
self. On the face of it, this is a perfectly innocent remark
until it-is asked “Who shaves the barber?” If he does not
shave himself, then he is one of those in the village who
does not shave himself and so is shaved by the barber,
namely, himself. If he shaves himself, he is, of course, one
of the people in the village who is not shaved by the bar-
ber. The self-contradiction lies in the fact that a statement
is made about “all” the members of a certain class, when
the statement or the object to which the statement refers is
itself a member of the class. In short, the Russell paradox
hinges on the distinction between those classes that are
members of themselves and those that are not members
of themselves. Russell attempted to resolve the paradox
of the class of all classes by introducing the concept of
a hierarchy of logical types but without much success.
Indeed, the entire problem lies close to the philosophical
foundations of mathematics.
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Number Theory

umber theory is a branch of mathematics that grew
out of human curiosity concerning properties of

the positive integers 1, 2, 3, 4, 5, ..., also called
whole numbers, natural numbers, or counting numbers.
These numbers were the first mathematical creation of the
human mind; interest in them is as old as civilization itself.

Number theory has always fascinated amateurs as well as
professional mathematicians. In contrast to other branches
of mathematics, many of the problems and theorems of
number theory can be understood by laymen, although
solutions to the problems and proofs of the theorems of-
ten require sophisticated mathematical background. The
intellectual challenge of number theory’s unsolved prob-
lems has attracted noted mathematicians from the time of
Pythagoras (c. 540 Bc). Work on these problems has often
led to the creation of new branches of mathematics.

Until the mid-20th century, number theory was consid-
ered the purest branch of mathematics, with no direct
applications to the real world. The advent of digital com-
puters and digital communications revealed that number
theory could provide unexpected answers to real-world
problems. At the same time, improvements in computer

technology enabled number theorists to make remarkable
advances in factoring large numbers, determining primes,
testing conjectures, and solving numerical problems once
considered out of reach.

Modern number theory is a broad subject that encom-
passes topics only indirectly connected with the integers. It
is classified into subheadings such as elementary number
theory, algebraic number theory, analytic number theory,
geometric number theory, and probabilistic number the-
ory. These categories reflect the methods used to shed
light on problems concerning the integers. For example,
algebraic number theory makes extensive use of abstract
algebra, while analytic number theory employs calculus
and complex function theory. Most of this article deals
with elementary number theory and can be read with
profit by anyone with a good background in high school
algebra. More advanced topics, such as algebraic and ana-
Iytic number theory, are discussed in later sections.

For coverage of related topics in the Macropedia and
Micropedia, see the Propedia, sections 10/21 and 10/22,
and the Index.
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ELEMENTARY NUMBER THEORY

Divisibility and prime numbers. The integers consist of
the natural numbers 1, 2, 3, 4, 5, ..., together with their
negatives —1, —2, —3, —4, —5, . . ., and 0 (zero). Addition,
subtraction, and multiplication of two integers always pro-
duces an integer. Division of two integers does not always
produce an integer. For example, when 147 is divided by
10, the result is 14.7, which is not an integer. But, when
147 is divided by 7, the result is 21, an integer. In number
theory 147 is said to be divisible by 7 but not by 10. More
generally, an integer # is said to be divisible by an integer
d if the quotient n/d is an integer ¢, so that n=cd. If so,
n is called a multiple of d, and d is called a divisor, or
factor, of n. This relation is expressed by the notation d|n,
read “d divides n.” The notation d } n means that d does
not divide n. Thus, 7|147, but 10 } 147.

Every positive integer is divisible by itself and 1. If an in-
teger is greater than 1 and has only itself and 1 as positive
divisors, it is called a prime.

The first few primes are 2, 3, 5, 7, 11, 13, 17, and 19. By
mathematical convention, 1 is not a prime; this makes it
possible to state propositions about primes without intro-
ducing qualifications. There are exactly 25 primes below
100. They can be found easily by the following “sifting”
method, discovered by Eratosthenes of Cyrene around
200 Bc: List the integers from 2 to 100 in increasing
order. Strike out the even numbers greater than 2 (4, 6,
8, 10, ...); they are divisible by 2 and therefore are not
primes. Among the numbers that remain, strike out all
multiples of 3 greater than 3 (9, 15, 21, 27, ...); they are

divisible by 3 and therefore are not primes. Continue the
sifting process by crossing out multiples of 5 greater than
5, then multiples of 7 greater than 7. The numbers that
remain are all the primes less than 100:

2,3,5,7, 11, 13, 17, 19, 23, 29, 31, 37, 41, 43,
47, 53,59, 61, 67, 71, 73, 79, 83, 89, and 97.

This sifting process, though laborious to do by hand, is
highly efficient. It is not necessary to sift out multiples of
11 because the next such multiple not already crossed out
is 112= 121, which is greater than 100. For the general
case, when the sieve of Eratosthenes is used to find all
the primes below a given integer n, only the multiples of
primes smaller than y/z need be struck out.

All integers greater than 1 that are not primes are called
composite numbers. A composite number is the product
of two integers, each greater than 1. By repeated fac-
torization, every composite number can be expressed as
the product of primes, some of which may be repeated.
For example, 147 =7-21=7-7-3. Because every inte-
ger greater than 1 is a prime or a product of primes,
the study of integers depends ultimately on properties of
prime numbers.

Tables of primes reveal great irregularity in their distri-
bution, from pairs of “twin” primes, differing only by 2,
such as 3 and 5, 11 and 13, and 71 and 73, to primes sep-
arated by arbitrarily large gaps. A simple example shows
why such gaps must occur. Let # be the product of all
the positive integers from 1 to 100. The 99 consecutive
integers n+2, n+3,..., n+ 100 are composite because
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they are divisible, respectively, by 2, 3,..., 100. The
same type of argument, with 100 replaced by any positive
integer, demonstrates that there are arbitrarily long strings
of consecutive composite numbers and consequently arbi-
trarily large gaps between successive primes.

The distribution of primes appears to be more regular if
they are counted in large blocks, say in groups of 1,000
consecutive integers. The first six blocks of length 1,000
contain, successively,

168, 135, 127, 120, 119, and 114

prime numbers. These figures suggest that the number of
primes decreases in successive blocks of 1,000. But, as is
often the case in number theory, the data can be mislead-
ing. The next four blocks contain

117, 107, 110, and 112

primes. Thus, the numbers of primes in successive blocks
do not always decrease. But they do decrease on the av-
erage, with the 10,000th block (between 9,999,001 and
10,000,000) containing only 53 primes. The primes them-
selves become rarer and rarer among the large integers.

This observation raises the question of whether the
primes terminate after some point. It has been known
since antiquity that they do not. A proof is given in Eu-
clid’s Elements (Book IX, proposition 20) and is based on
the idea that for any finite collection of primes, say

Dis D25 - -+ s Pr»

there is always another prime that is not one of these. To
see why this is so, simply multiply the primes together
and add 1 to form the number

N=1+pp,- " D

This number, being greater than 1, has at least one prime
divisor; that divisor cannot be any of p, p, ..., D
because division of N by each of these primes leaves a
remainder of 1. Therefore N must be divisible by a prime
other than these (which may be N itself), so that the
collection of all primes cannot be finite.

There are many other proofs of the infinitude of primes,
but none is as elegant as the one in Euclid. For example,
in 1845 the French mathematician Joseph Bertrand ver-
ified that for every integer n from 2 to 6,000,000 there
is always at least one prime number between n and 2n.
The general proposition, without the 6,000,000 limitation
on n, became known as Bertrand’s postulate, and in 1851
the Russian mathematician Pafnuty Lvovich Chebyshev
proved that it is true for all »n. This result implies that
there are infinitely many primes. It also implies that, if the
primes are listed in increasing order as p,, p,, ..., then
each prime is less than twice its predecessor: p, ., <2p,.
A different type of proof makes use of the sum of the
reciprocals of the primes. It can be shown that for every
positive integer » there is a finite set of primes, the sum
of whose reciprocals exceeds #n. If there were only finitely
many primes in all, say k of them, take » in the previous
sentence to be k, and a contradiction follows at once. In
the terminology of infinite series, the sum of the recipro-
cals of all the primes is a divergent series.

Evidence suggests that the number of twin primes is
infinite, but this has not been proved or disproved. It is
known that the sum of the reciprocals of all the twin
primes cannot exceed 3. Whether their number is finite or
infinite, twin primes are comparatively rare.

The ancient Greeks knew that every integer greater than 1
is a product of prime factors, but it was not until 1801 that
Carl Friedrich Gauss stated and proved that this factoriza-
tion can be done in only one way, apart from the order of
the factors (i.e., it does not matter whether the factorization
of 21 is written as 7 - 3 or 3 - 7). Of course, some integers
can be factored in different ways using composite factors.
For example, 600 = 15 -40 =12 - 50 = 8 - 75. But the fac-
torization into prime factors, 600 =2-2-2:3-5-5, is
unique (apart from the order of the factors). This basic re-
sult about unique factorization is known as the fundamen-
tal theorem of arithmetic. The primes are building blocks
out of which every natural number greater than 1 can be
obtained in one and only one way by multiplication.
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The factorization of a number into primes is often writ-
ten as a product of powers of distinct primes. For example,
600 = 23- 3! - 52, In general, every integer n greater than 1
can be expressed as a product of the form

n= pA . qB sy,
where p, g, ... are the distinct prime factors &f n, and
the exponents A4, B, ... indicate how many times the cor-
responding prime occurs in the factorization. Once this
factorization is known, it is easy to determine all the
positive divisors of n. Simply take all products of the
form p®-gf- - -, where the exponent a takes the values
0, 1,..., A4, the exponent f takes the values 0, 1, ..., B,
and so on. For example, the positive divisors of 600 are
all numbers of the form 2¢- 3f- 57, where a is O, 1, 2, or
3,Bis0or 1, and y is O, 1, or 2. In this case there are
four choices for a, two choices for #, and three choices
for y, giving a total of 4-2-3 =24 positive divisors of
600 (including 1 and 600). This illustrates the general the-

orem that, if n=p4-g?- - -, where p, g, ... are distinct
primes, then the total number of positive divisors of # is
A4+ 1)(B+1)- - -. In particular, if »n is the product of k

distinct primes, then the number of positive divisors of »
is 2k,

The greatest common divisor of two or more integers.
Any two positive integers whose only common positive
divisor is 1 are said to be relatively prime, or coprime.
For example, the numbers 8 = 23 and 9 = 3? are relatively
prime, as are

600=23-3-52and 77=17-11,

because they have no prime factors in common. If two
positive integers a and b have a common divisor greater
than 1, then the prime factors of that common divisor
must also divide both a and b. The largest positive com-
mon divisor of ¢ and b is known as the greatest common
divisor (GCD) of a and b and is denoted by the symbol
(a, b). It can be obtained by multiplying together the
common prime factors of a and b, each factor raised to
the highest power to which it occurs in both @ and b. For
example, to find the GCD of 500 and 600, one can first
determine that 500 =22-5% and 600 =23-3-52% so that
(500, 600) = 22- 52=100.

If the prime factorizations of a and b are known,
their greatest common divisor is easily determined by the
method just described. But there is a simpler method,
called the Euclidean algorithm, that does not require
prime factorization. If a is greater than b and b is not zero,
division of a by b produces a quotient g and a remainder
r, where r is nonnegative and less than b. This can be
expressed in the form

a=bqg+r, where 0 <r<b.

Division of b by the remainder r produces a new quotient
and remainder, and the process is repeated. Because the
remainders form a decreasing sequence of nonnegative
integers, they eventually reach zero. The last nonzero re-
mainder is the GCD of a and b. For the case a = 78,696
and b= 19,332, there are six steps in the algorithm:

78,696 = 19,332 -4 + 1,368
19,332 =1,368 - 14 + 180
1,368 =180 -7 + 108
180=108-1+72
108=72-1+ 36
72=36-2+0.

The last nonzero remainder, 36, occurs in step five and is
the GCD of 78,696 and 19,332. If the two integers a and
b are relatively prime, the last nonzero remainder in the
algorithm is 1.

The Euclidean algorithm also shows that the GCD can
be written as a linear combination of @ and b; that is,

(a, b)= ax + by,

where x and y are integers. For the above example, one
choice of x and y can be obtained as follows. Write the
next to last equation as

36 =108 —72-1.

The
Euclidean
algorithm
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This expresses the GCD as a linear combination of the
previous quotient, 108, and the previous remainder, 72.
Use the next equation up to replace 72 by 180 — 108 - 1
and obtain

36=108 — (180 —108-1)
=2-108 —1-180,

a linear combination of the quotient and remainder in
step three. Use the next equation up to eliminate 108 and
obtain

36=2-1,368 — 15 - 180.

Continue eliminating remainders in this way, working
back up the list of equations in the algorithm to obtain
finally

36=212-78,696 — 863 - 19,332.

This has the form 36 =ax+ by, with x=212 and
y = —863 representing one choice of x and y.

The Euclidean algorithm is described in Euclid’s Elements
(Book VII, proposition 2). The process, which was prob-
ably known much earlier by the Pythagoreans, is efficient
and easy to use and has become a basic tool in number
theory and modern algebra. The French mathematician
Gabriel Lamé (1795-1870) showed that the number of
divisions in the Euclidean algorithm never exceeds five
times the number of digits in the smaller number.

The GCD of more than two integers can be found by
repeated use of the Euclidean algorithm. For three positive
integers a, b, ¢, first find the GCD of two of them, say
D = (a, b), and then find the GCD (D, c). This will be the
GCD of all three numbers a, b, ¢, denoted (a, b, ¢). The
result is independent of which two integers are selected
first and is a linear combination of the three integers:

(a, b, c)=ax+by+cz

for some integers x, ¥, z. The same process works for
four or more integers. For example, to find the GCD of
a b, c d let

D, =(a, b), D,= (D, ¢), and Dy = (D,, d).

Then D, is the GCD of a, b, ¢, d, denoted (a, b, ¢, d).
Moreover, there exist integers x, y, z, and w, such that

(@ b, c,dy=ax+ by+cz+dw.

Perfect numbers and Mersenne primes. The true origin
of number theory is usually attributed to the Pythagoreans,
who were the first to classify integers in various ways, such
as even, odd, prime,; and composite. The Pythagoreans
called 6 a perfect number because 6 = 1 + 2 + 3, the sum
of all its proper divisors (that is, the sum of all divisors
less than 6). The next perfect number is 28, whose proper
divisors are 1, 2, 4, 7, and 14. The Greeks referred to the
proper divisors of a number as its “parts,” and they con-
sidered a number perfect if it was equal to the sum of all
its parts. They also. proposed the problem of determining
all perfect numbers, which is the oldest unsolved problem
in number theory. In Euclid’s Elements (Book 1X, propo-
sition 36) it is shown that an even number is perfect if (in
modern notation) it has the form 27~!(27 — 1), where both
p and 27 — 1 are primes. In 1757 the Swiss mathematician
Leonhard Euler proved that, conversely, every even per-
fect number must be of Euclid’s type. For example, when
p=2, 3,5, and 7, the quantity (2 — 1) has the values
3, 7, 31, and 127, all of which are primes, and Euclid’s
formula gives the perfect numbers 6, 28, 496, and 8,128;
these are the first four perfect numbers. For p =11, the
quantity 2? — 1 is composite and 27~ (2 — 1) is not per-
fect. The next perfect number, corresponding to p = 13, is
33,550,336, discovered in the 5th century AD.

Numbers of the form 2" — 1 are called Mersenne num-
bers (denoted M,) after the French mathematician Marin
Mersenne, who studied them in 1644. If M, is prime, it
is easy to show that # itself must be prime. (The converse
is not true, because M,, =2,047=23-89, a composite
number.) If a Mersenne number is a prime, it is called
a Mersenne prime. Mersenne numbers are of interest be-
cause each new Mersenne prime leads to a new perfect
number. In 1750 Euler showed that M, is prime, and in

1876 the French mathematician Edouard Lucas developed
a method for testing whether A/, is prime and used it to
prove that M,,, is prime.

The Lucas primality test, as refined by the American
mathematician Derrick Henry Lehmer in 1930, involves
a sequence of numbers S, =4, S;=14, S,=19%, ...,
where for n>2 the S, are defined successively by the for-
mula S, = S2_, — 2. The Lucas-Lehmer test states that a
Mersenne number M, with p> 2 is prime if M, divides
S, but is composite otherwise. Lucas showed that S),, is
divisible by M|,, and deduced that M,,, is prime. This was
a formidable computational task because the numbers S,,,
and M,,; are quite large, the latter having 39 digits. Nev-
ertheless, the work was manageable because divisibility by
M,,, could be determined without actually computing S,,.

No further Mersenne primes were found until the mid-
20th century, when the advent of high-speed electronic
computing machines working in the binary scale made di-
visibility by numbers of the form 27 — 1 relatively simple.
In a series of investigations begun by D.H. Lehmer and
Raphael M. Robinson and continued by others, the Lu-
cas—Lehmer test was used to discover many new Mersenne
primes. In 1978 two American high school students, Laura
Nickel and Curt Noll, found the 25th and 26th Mersenne
primes, requiring 440 hours on a large computer. By mid-
1989, 31 perfect numbers were known, corresponding to
the following values of p in Euclid’s formula:

p=2, 3, 5 7, 13, 17, 19, 31, 61, 89,
107, 127, 521, 607, 1,279, 2,203, 2,281,
3,217, 4,253, 4,423, 9,689, 9,941, 11,213,
19,937, 21,701, 23,209, 44,497, 86,243,
110,503, 132,049, and 216,091.

The largest known Mersenne prime was also the largest
known prime number in mid-1989.

No odd perfect numbers are known, and it is not known
if any exist. But if any do exist they must be larger than
10'% and must have at least eight distinct prime factors. It
has been conjectured, but not proved, that the number of
Mersenne primes is infinite. Thus, the Pythagorean prob-
lem of determining all perfect numbers remains unsolved.

Formulas that produce prime numbers. The irregularity
in the distribution of primes suggests that there is no sim-
ple formula for producing all the primes. Some formulas
do yield many primes. For example, the quadratic poly-
nomial x> — x + 41, introduced by Euler in 1772, gives a
prime for each of the 81 integer values of x from —40
to 40. However, in 1752 the German-Russian mathemati-
cian Christian Goldbach proved that no polynomial with
integer coefficients can give a prime for all integer values
of x, even if cubes and higher powers are used.

Some polynomials represent infinitely many primes. The
linear polynomial 2x + 1, where x is any positive integer,
gives all the odd numbers, hence infinitely many primes.
Each of the linear polynomials 4x+ 1 and 4x+ 3 also
represents an infinite number of primes. In 1837 the
German mathematician Peter Gustav Lejeune Dirichlet
proved that, if # and k are relatively prime positive in-
tegers, the linear polynomial kx + 4 gives infinitely many
primes as x runs through the positive integers. This result
is known as Dirichlet’s theorem on the existence of primes
in a given arithmetic progression. To prove this theorem,
Dirichlet went outside the discrete realm of integers and
appealed to continuity, using tools of calculus such as
limits and infinite series. He thereby laid the foundations
for the branch of mathematics called analytic number the-
ory, in which methods of real and complex mathematical
analysis are applied to problems about the integers (see
below Analytic number theory).

It is not known whether there is any quadratic poly-
nomial ax?+ bx + ¢ with a # 0 that represents infinitely
many primes. But Dirichlet proved that, if a, 2b, and ¢
are relatively prime positive integers with 5 # ac, then the
quadratic polynomial in two variables ax?+ 2bxy + c)?
represents infinitely many primes as x and y run through
the positive integers.

Although no simple formula gives all the primes, it is
known that there is a polynomial in 10 variables with
integer coeficients such that the set of primes is equal to
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the set of positive values of this polynomial obtained as
the variables run through all nonnegative integers.

At first glance it seems likely that primes could be pro-
duced by taking a high power of a fixed integer k and
adding or subtracting 1. It is easy to show that, if k" — 1
is prime, then k=2 and m is prime, so the problem is
reduced to that of Mersenne primes. But, for k7 + 1 to
be prime, k must be even and the exponent 7 must be a
power of 2. Numbers of the form 22"+ 1 were studied by
the 17th-century French mathematician Pierre de Fermat,
who conjectured that they would always give a prime for
n=0, 1, 2,.... These numbers are called Fermat num-
bers and are denoted by F,. The first five are

F,=3,F, =5, F,= 17, F,=257, and F, = 65,537,

and all of these are primes. But in 1732 Euler found that
F; is a composite number. This is easily verified on a hand
calculator that displays 10 or more digits, because

Fy=12%+1=4,294,967,297 = 641 - 6,700,417.

Beyond F,, no further Fermat primes have been found.
In fact, F, is composite for all » from 5 to 20 and for
many higher values of n, although for some composite
Fermat numbers not all the factors are known. Euler
knew that if F, is composite, it has a factor of the form
k-2"+2+4+1 for some k. This is how he discovered the
factor 641 =5-27+1 in F;. Similarly, the large Fermat
number F; 30, which has more than 10°° digits, is known
to be composite because it has the factor 5 - 2332 + 1. Fer-
mat’s conjecture that F, is always prime is clearly false.
Some mathematicians think there may be no further Fer-
mat primes beyond F,, or perhaps a finite number at most.

The Fermat numbers have an interesting connection with
the classical problem of constructing a regular polygon
by Euclidean methods (i.e., by the use of an unmarked
straightedge and compass). In 1796 Gauss, at the age
of 19, solved a problem that had perplexed professional
and amateur mathematicians for 2,000 years. He proved
that a circle could be divided into » equal parts with a
straightedge and compass if and only if # is the product of
distinct Fermat primes and a nonnegative power of 2. For
example, regular polygons with # sides can be constructed
with a straightedge and compass for n=3, 4, 5, 6, 8,
10, 12, 15, 16, 17, 20, 24, 30, ... but not for n=7, 9,
11, 13, 14, 18, 19, 21, 22, 23, 25,.... This spectacular
accomplishment inspired the young Gauss to become a
mathematician rather than a philologist.

Formulas have been contrived to produce all the primes,
but they usually involve numbers that cannot be deter-
mined without previous knowledge of the primes them-
selves. One example involves a positive number A less
than 1 whose decimal representation is

A =0.2003000050000007000000011 . . ..

The nonzero digits in A4 are the primes listed in increas-
ing order. Enough zeros are inserted between successive
primes so that the last digit of the nth prime p, occurs
at the decimal place at position n2. Thus, 2 occurs at the
first decimal place, 3 at the fourth, 5 at the ninth, and 7
at the 16th place. The number of decimal places between
the prime p, and its predecessor p,_, is the difference
n2—(n—12=2n—1. Each prime p, can be recovered
from the number 4 by using the formula

Do = [1074] — 10>~ 1[1001= V4],

where the square bracket symbol [x] denotes the largest
integer contained in x. For example, when n =2, the for-
mula states that

P, = [10%4] — 103[104].

Now 10*4 = 2,003.00005 . . . , hence [10*4] = 2,003. Sim-
ilarly, [104] =2, so 10°[104] = 2,000, and the formula
gives p, = 2,003 — 2,000 = 3.

Although the formula expresses p, in terms of 4, it is
useless for determining primes, because to calculate the
quantity 10”4 in the square bracket it is necessary to
know the first #? decimal places of 4, and this requires
knowing the primes p,, p,, . . . , p,. Formulas such as these
are regarded as amusing but of little value.
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Congruences and residue classes. If a positive integer
m divides the difference a — b, then a = b + gm for some
integer g. Gauss modified this equation by writing

a= b (mod m)

(read “a is congruent to b modulo m”). This is called
congruence notation and is an alternative way of writing
m|(a—b). The divisor m is called the modulus and is
assumed to be positive, but the integers a and b can be
positive, negative, or zero. Examples of congruences are

17=5 (mod 12), —47 = 2 (mod 7), and 120 = 0 (mod 5).

A familiar application is in clock arithmetic, where the 24
hours in a day are represented by the numbers 1, 2,...,
12. The hours beyond 12 noon are given by the remain-
ders obtained on division by 12. Thus,

13=1,17=35, and 21 =9 (mod 12).

Gauss’s congruence notation made a significant impact
on the development of number theory. One reason is that
congruences share many properties with equations. For ex-
ample, every number is congruent to itself, a = a (mod m),
and, if a=»b (mod m), then b=a (mod m). Also, if
a=b (mod m) and b= ¢ (mod m), then a = ¢ (mod m).
For a given modulus, congruences can be added, sub-
tracted, and multiplied as though they were equations.
Thus, if a= b (mod m) and ¢=d (mod m), then

a+c=b+d a—c=b—d and ac= bd (mod m).
For example, to verify the result for the sum, write
(a@at+o)—b+d)y=@—>b)+(c—d)

and note that m divides both a—b and c—d. The
conclusion for the product follows from the identity
ac — bd = a(c — d) + d(a — b), because both a(c —d) and
d(a — b) are divisible by m.

Common nonzero factors cannot always be canceled
from both sides of a congruence as they can in equations.
Both sides of the congruence 42 =12 (mod 15) are di-
visible by 6, but when the common factor 6 is canceled,
the result, 7=2 (mod 15), is incorrect. The cancellation
law for congruences states that ac = bc (mod m) implies
a=b (mod m/d), where d= (¢, m), the GCD of ¢ and
m. In particular, common factors relatively prime to the
modulus can always be canceled: ac = bc (mod m) implies
a=b (mod m) if (¢, m)= 1. In the congruence 42 =12
(mod 15) the common factor 2 is relatively prime to the
modulus and can be canceled, giving a correct congruence
21 =6 (mod 15). When the common factor 3 is canceled,
the modulus must also be divided by 3 because (3, 15) = 3.
Thus, canceling the common factor 3 in the congruence
42 =12 (mod 15) gives 14 =4 (mod 5).

Congruences place special emphasis on remainders. If a
and b leave the same remainder when divided by m, then
a=b (mod m). Numbers that are congruent mod m are
said to belong to the same residue class mod m. There are
exactly m distinct residue classes, each of which contains
exactly one of the remainders O, 1, 2,..., m— 1. For
example, the residue class that contains O also contains all
multiples of m. This is called the residue class 0 mod m
and can be displayed as follows:

residue class 0 mod m ={0, + m, =2m, =3m, .. .}.

Similarly, the residue classes 1 and 2 consist of all num-

bers congruent, respectively, to 1 and 2 mod m:

residue class 1 mod m=(1, 1 £m, 1 £2m, 1 £3m, ...},

residue class 2 mod m={2,2+tm, 2+2m, 2+3m,...}.

The final entry in this list is

residue class m — 1 mod m =
m—1l,m—1*tmm—1x2m m—1x3m,...}.

A complete residue system mod m is a set of m integers,
one selected from each of the m residue classes. For ex-
ample, the six numbers {0, 1, 2, 3, 4, 5} form a complete
residue system mod 6, as do the numbers

0, 1, —1, 2, =2, 3) or {60, —53, —32, 23, 63, 14}.

In fact, any six integers will form a complete residue sys-
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Linear con-
gruences

tem mod 6 provided no two of them are congruent mod 6.

Some problems in number theory require solving con-
gruences containing an unknown integer x. For example,
a solution of the congruence 2x = 7 (mod 4) is any integer
x that satisfies the congruence. This congruence has no
solutions because 2x — 7 is odd for every x and cannot be
divisible by 4. But the congruence 2x =7 (mod 13) does
have solutions. Trying the numbers

0,1,2,...,12

in a complete residue system mod 13 shows that only one
of these numbers, x = 10, is a solution. Therefore, all so-
lutions are given by x =10 (mod 13), which means that
any number in the residue class 10 mod 13 is a solution.

The same congruence can be solved algebraically with-
out trying all possible candidates. In the linear algebraic
equation 2x = 7, simple division by 2 yields the solution.
But the linear congruence 2x=7 (mod 13) cannot be
solved this way because 2 does not divide 7. However, 7
is congruent to some even number mod 13, for example,
7 =20 (mod 13), so the original congruence is equivalent
to 2x =20 (mod 13). Division by 2 now gives x= 10
(mod 13), the same set of solutions obtained by trial.

In general, for given values of a, b, and m, a congru-
ence of the form

ax=b (mod m)

has a solution x if and only if b is divisible by (a, m), the
GCD of the coefficient of x and the modulus. If (a, m) is
denoted by d and if d|b, then the congruence has exactly
d solutions in any complete residue system mod m. For
example, the congruence

6x=9 (mod 15)

has exactly three solutions in any complete residue system
mod 15 because the GCD of 6 and 15 is 3, which divides
9. In fact, the solutions in this case are

x=4,x=29, and x= 14 (mod 15).
If the coefficient of x in a linear congruence
ax=b (mod m)

is relatively prime to the modulus, then the congruence
has exactly one solution in any complete residue system.
In particular, when b = 1, the solution of the congruence
ax=1 (mod m) is called the reciprocal of « mod m and
is often denoted by a. If the reciprocal a is known, the
more general linear congruence ax=»b (mod m) can be
solved by multiplying both members by a4 to obtain

X = ba (mod m).

For example, the reciprocal of 2 mod 9 is 5 because
2-5=1 (mod 9). To solve the congruence

2x=b (mod 9),

multiply both members by 5 to obtain x = 5b (mod 9).

If (a, m) = 1, the reciprocal 4 can always be determined
by testing all the numbers in a complete residue system
to find which one satisfies ax=1 (mod m). A more ex-
peditious method was introduced by Euler and is based
on the following idea. Starting with a complete residue
system mod m, such as 0, 1, 2,..., m— 1, all integers
not relatively prime to m are deleted. What remains is
called a reduced residue system and contains fewer than
m integers. Euler introduced the symbol ¢(m) to denote
the number of integers in a reduced residue system. For
example, if m =14 and if the multiples of 2 and 7 are
removed, the reduced residue system consists of the six
integers 1, 3, 5, 9, 11, and 13, so ¢(14) = 6. Euler proved
that, if (@, m) =1, then a*™ = 1 (mod m). Consequently,
the reciprocal a is a?™~!, and the solution of the linear
congruence ax = b (mod m) is x = ba*™~! (mod m).

If the modulus m is a prime p, then ¢(p)=p— 1, and
Euler’s theorem states that a>~' =1 (mod p) if (a, p) = 1.
Therefore @» = a (mod p), and this holds whether or not
a is relatively prime to p. The result >~!'=1 (mod p)
for prime moduli was discovered by Fermat in 1640 and
is called the little Fermat theorem. The first known proof
seems to have been given by the German mathematician

Gottfried Wilhelm Leibniz. Euler extended it in 1760 to
any modulus by showing that

a*™ =1 (mod m) if (a, m)=1.

An important congruence known as Wilson’s theorem,
named after the 18th-century English mathematician John
Wilson, states that (p — 1)! =—1 (mod p) for any prime
p. (The symbol n!, read “n factorial,” denotes the product
of all the integers from 1 to n.) Wilson’s theorem can be
proved for odd primes by using reciprocals mod p. The
numbers 1 and p— 1 are the only positive integers less
than p that are their own reciprocals mod p. Therefore, in
the product (p—1)!=1-2-3---(p—3)p—2)(p—1),
the integers from 2 to p—2 can be grouped into pairs
by pairing each integer with its reciprocal. The prod-
uct of each pair is congruent to.1 (mod p), hence
p—1D=p—1=-—1 (mod p).

The converse of Wilson’s theorem is also true; that
is, if m is a positive integer greater than 1 such that
(m— 1) =—1 (mod m), then m is prime. Although the
converse of Wilson’s theorem provides a test for deter-
mining whether an integer is prime, it is not a useful test
because of the large number of multiplications required to
calculate the residue of (m— 1)! mod m.

The Chinese remainder theorem. The Chinese remain-
der theorem, sometimes called the Formosa theorem, was
described in early Chinese manuscripts that posed prob-
lems such as the following: Find an integer that when
divided by 3 has remainder 2, when divided by 5 has
remainder 3, and when divided by 7 has remainder 4. In
the language of congruences, the problem is to find an
integer x that simultaneously satisfies the following three
congruences:

x=2 (mod 3), x=3 (mod 5), x=4 (mod 7).

This problem can be solved by considering the congru-
ences individually. For the third congruence every solution
is given by x = 4 + 7k, where k is an integer. The numbers
of this form less than 105 are 4, 11, 18, 25, 32, 39, 46, 53,
60, 67, 74, 81, 88, 95, and 102. Of these, only 18, 53, and
88 satisfy the second congruence, and only 53 satisfies the
first congruence. Thus, 53 is the only solution less than
105. This result can now be used to obtain all solutions.
If x is any solution, then x — 53 is divisible by 3, 5, and 7
and also by their product, 105, so x — 53 =0 (mod 105).
Therefore, all solutions are given by x = 53 + 105¢, where
t is any integer.

The existence of a solution in the foregoing example
is guaranteed by the Chinese remainder theorem, which
states that a system of congruences in different moduli

X==a, (mod m,)
x=a, (mod m,)

X E'ak (mod m,)

always has a solution if the moduli are relatively prime
in pairs. Moreover, the solution is unique mod m, where
m=mm,- * - my, the product of the moduli.

Several methods are available to determine the actual
solution. One of these begins by solving k pairs of
congruences:

yi=1(mod m;), y,;=0 (mod g),

where g;=m/m;and i= 1, 2, ..., k. The moduli m; and
g; are relatively prime, so this pair of congruences has
a unique solution mod m: y,=t,g, (mod m), where t, is
the reciprocal of g; (mod m,). The solution of the original
system is then easily verified to be

x=ay +- - -+ ay. (mod m).

To solve the problem given at the beginning of this
section by this method, first solve the three pairs of
congruences:

=1 (mod 3), y; =0 (mod 35),

»,=1 (mod 5), y,=0 (mod 21),

y3=1 (mod 7), y;=0 (mod 15).
Solutions easily found by inspection are y, = 70, y, = 21,
and y; = 15, so all solutions x are given by

Wilson’s
theorem



xX=2y, + 3y, + 4y, =263 =53 (mod 105),

in agreement with the result found earlier.

The Chinese remainder theorem is applicable only when
the moduli are relatively prime in pairs. If two or more
moduli have a common factor greater than 1, a solution
may or may not exist. An extension of the Chinese re-
mainder theorem states that the general system will have
a solution if and only if for every pair of moduli m; and
m; the difference a; — a; is divisible by the GCD (m,, m;).
For example, the system

x =12 (mod 20), x =3 (mod 45), x= 57 (mod 72)

has no solution because 12 —3 is not divisible by the
GCD (20, 45). But the system

x =13 (mod 20), x =3 (mod 45), x= 57 (mod 72)

does have a solution. To determine all solutions,
use the first congruence to write x= 13+ 20k and
substitute this in the second congruence to obtain
13+ 20k=3 (mod 45), or 20k=—10 (mod 45), which
implies 4k=-—2 (mod 9). Multiplication by 2 gives
k=4 (mod 9), so that k=4+9s for some inte-
ger 5, and x= 13+ 20k= 13 +20(4 + 9s) = 93 + 180s.
Now wuse this in the third congruence to obtain
93 + 180s = 57 (mod 72), or 180s=—36 (mod 72). Di-
vide by 36 to obtain s =1 (mod 2), s = 2¢ + 1. This gives
x=93+ 180(2¢ + 1) =273 + 360¢, where ¢ is any integer.

The solutions of the congruence x=a (mod m) can
be written as x=a + tm, where ¢ runs through all the
integers. The solutions form an arithmetic progression in
which consecutive terms have a common. difference #1,
and they can be displayed as an infinite sequence:

.,a—3m a—2m, a—m,a,
at+m,a+2m a+3m,....

The question as to whether x=a (mod m) and x=b5
(mod n) have a simultaneous solution is the same as ask-
ing whether the progression

.., b—=3nb—2nb—n b b+n b+2n b+3n,...

has a term in common with the preceding progression.
The theory shows that these two sequences have a term in
common if and only if a — b is divisible by the GCD of
the moduli m amd #. Furthermore, if there is one term in
common, there are infinitely many terms in common.

The Chinese remainder theorem has become a useful
tool in applications of number theory to other fields. A
later section describes how it is used to increase efficiency
in machine computation.

Quadratic congruences and the quadratic reciprocity law.
Quadratic congruences of the form

Ax*+ Bx+ C=0 (mod m)

can be reduced to those of a simpler type, x> = a (mod p),
where p is an odd prime and a is not divisible by p. These
congruences may or may not have solutions, depending
on the value of a. For example, the congruence x?=3
(mod 11) has two solutions, x==5 (mod 11), whereas
the congruence x2= 2 (mod 11) has no solutions.
Throughout this section it is assumed that p is an odd
prime and a is not divisible by p. If the congruence

x?=qa (mod p)

has a solution, then « is called a quadratic residue mod p.
Otherwise, a is called a quadratic nonresidue mod p. For
example, when p = 11 the quadratic residues can be found
by squaring the numbers from 1 to 10 and reducing mod
11. Squaring the numbers from 1 to 5 gives

12=1,22=4, 32=9,4>=35,52=3 (mod 11).
Squaring the numbers from 6 to 10 yields the same
residues in reverse order:

2= (—5P=3, P=(—4P=S5,8=(—3)*=)9,

N=(—22=4, 12=(—1=1 (mod 11).

Thus, the quadratic residues mod 11 are 1, 3, 4, 5, 9,

and the nonresidues are 2, 6, 7, 8, 10. In general, every
reduced residue system mod p contains exactly (p — 1)/2
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quadratic residues and exactly (p — 1)/2 nonresidues. The
quadratic residues are obtained by squaring the numbers
1, 2,..., (p—1)/2 and reducing mod p. The quadratic
congruence x2= g (mod p) has exactly two solutions if a
is a quadratic residue mod p, and no solutions if ¢ is a
quadratic nonresidue mod p.

A remarkable theorem known as the quadratic reciproc-
ity law connects pairs of quadratic congruences on the
question of their solvability. If p and g are primes of the
form 4n + 3, such as 3 and 1,999, then one and only one
of the congruences x>=p (mod ¢) and x?=gq (mod p)
is solvable. On the other hand, if one or both of the odd
primes p and g is of the form 4n+ 1, and if one of the
two congruences is solvable, so is the other. Thus, either
both congruences are solvable or neither is.

For example, both primes p = 1,999 and g = 3 are of the
form 4n + 3. The first congruence,

x?=1,999 (mod 3),

reduces to the solvable congruence x?=1 (mod 3), and
therefore, by the reciprocity law, the second congruence,
x2= 3 (mod 1,999), has no solution. One could, of course,
verify directly that this congruence has no solution by test-
ing each of the numbers from 1 to 999, but the reciprocity
law solves the problem without any need for testing.

If g=5, the congruences x>*=1,999 (mod 5) and
x2=5 (mod 1,999) provide an example where at
least one of the primes p and ¢ is of the
form 4n+ 1. The first congruence reduces to x2=4
(mod 5) and has the solutions x=+x2 (mod 53).
By the quadratic reciprocity law the other congruence,
x2=5 (mod 1,999), must also be solvable. This guaran-
tees that a search for a solution of the second congruence
will not be in vain.

If a is a quadratic residue mod p, there are methods
for finding a solution of x?=a (mod p) without squar-
ing all the numbers from 1 to (p—1)/2. If p is of the
form 4n + 3, one solution is x = a®* V4, For example, the
congruence x2=5 (mod 1,999) has the solution x = 550
(mod 1,999). With modern calculators the residues of the
powers of 5 can be easily computed mod 1,999 to give
x=100 (mod 1,999); the other solution is, of course,
x=-100 (mod 1,999).

The quadratic reciprocity law was first stated by Euler in
the period 1744-46 and rediscovered in 1785 by Adrien-
Marie Legendre, who provided a partial proof. In 1795
Gauss discovered the result independently (at the age of
18), and a year later he gave the first complete proof. Gauss
was fascinated by the quadratic reciprocity law, which he
called “the golden theorem of number theory,” and pro-
duced at least six different proofs of it. The 19th-century
mathematicians Augustin-Louis Cauchy, Karl Gustav Ja-
cob Jacobi, and Leopold Kronecker later devised proofs
of their own, as they wanted to determine for themselves
why such a deep reciprocal relationship should exist be-
tween simple congruences linking any pair of odd primes.

In addition to the quadratic reciprocity law, there are
supplementary results that are helpful in solving quadratic
congruences. For example, if a and b are not divisible by
the odd prime p, then at least one of the three congruences
x2=a (mod p), x*=>b (mod p), and x? = ab (mod p) is
solvable, and, if more than one is solvable, all three must
be solvable. This implies that the product of two quadratic
residues mod p is a quadratic residue, as is the product of
two nonresidues. However, the product of a residue and
a nonresidue is a nonresidue. Another result states that
x?=—1 (mod p) is solvable if p is of the form 4k + 1 but
not if p is of the form 4k + 3. Also, the congruence x2 =2
(mod p) is solvable if p is of the form 8k+ 1 or 8k+ 7
but not if p is of the form 8k + 3 or 8k + 5.

If the modulus is not a prime, a quadratic congruence
can have more than two solutions. For example, the con-
gruence x> =29 (mod 35) has four solutions: x=38, 13,
22, and 27 (mod 35). The solutions are found in the
following manner. Every solution x must satisfy both con-
gruences x*> =29 (mod 5) and x2=29 (mod 7). The first
has two solutions, x==2 (mod 5), and the second has
two solutions, x==+1 (mod 7). The Chinese remainder
theorem is now applied to each of the four combinations.
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law
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For example, the combination x=2 (mod 5) and x=—1
(mod 7) gives

x=27 (mod 35).

In general, any solution x to the quadratic congruence
x?=q (mod m), where m is a composite modulus, must
also satisfy each of the congruences

x2=a (mod p")

for every prime power p’ that divides m. And for any odd
prime p the congruence x> = g (mod p’) is solvable if and
only if x> = a (mod p) is solvable.

The theory of higher-degree congruences is more com-
plicated. One important result, discovered by the 18th-
century French mathematician Joseph-Louis Lagrange,
states that, if f{x) is a polynomial of degree n with integer
coefficients, then the congruence f{x) =0 (mod p) has at
most # solutions if the modulus p is prime. If the mod-
ulus is not prime, there may be more than »n solutions.
For example, the quadratic congruence x? = 29 (mod 35)
has four solutions, and the cubic congruence x> — x=0
(mod 6) has six solutions. The problem of solving a poly-
nomial congruence f{x)=0 (mod m) with a composite
modulus m can be reduced to that of solving a system of
congruences f{x) =0 (mod p’) for every prime power p’
that divides m. Each of these congruences, in turn, can be
reduced to a polynomial congruence mod p plus a set of
linear congruences.

Primitive roots. The positive powers of an integer g
form a geometric progression g, g2, g3, .... If g is rela-
tively prime to a positive integer »2, then every member
of this progression is also relatively prime to m. There is a
smallest positive exponent f'such that g¢/=1 (mod m). In
fact, the Euler-Fermat theorem states that

g =1 (mod m),

and hence the smallest exponent f cannot exceed ¢(m). If
the smallest exponent f is equal to ¢(m), the integer g is
called a primitive root mod . In this case any two pow-
ers g% and g’ are congruent (mod m) if, and only if, the
exponents g and b differ by a multiple of ¢(m). Therefore,
if g is a primitive root mod m, the ¢() numbers

&8, ..

form a reduced residue system mod .

Primitive roots are important because they permit a re-
duced residue system to be expressed as members of a
geometric progression. Gauss proved that a modulus m
has primitive roots if, and only if, m has one of the
special values

. gﬂ’(m)

m=1, 2, 4, p% or 2p°

where p is an odd prime and a=>= 1. For each such
m the number of primitive roots mod m is exactly
o(p(m)). For example, if m= 17, then ¢(m)= 16 and
o(p(m)) = ¢(16) = 8, so 17 has eight primitive roots. Deter-
mining the primitive roots, when they exist, often requires
a great deal of computation, especially for large moduli.
The following table lists the smallest primitive root g(p)
for all primes p less than 50.

11113117|19(23(29|31|37|41|43|47

F402)]

2023 22|32 5] 2] 3] 2f 6] 3] 5

The table shows, for example, that for p = 17 the smallest
primitive root is g = 3. The powers

3,32,..., 3
when reduced mod 17, form a reduced residue system
mod 17. In the following table, the first row contains the

powers of 3, and the second row contains their residues
mod 17.

32

33 34 35 36 37 38| 39 310 31[ 312 313 314 315 316

10|13 5 [15]|11|16

1418 |7 4 ]12]2]6 |1

Primitive roots provide a useful tool for attacking prob-
lems and proving theorems involving reduced residue
systems. The following example illustrates how primitive
roots can be used to give an alternate proof of Wilson’s
theorem, (p— 1)) =—1 (mod p) for an odd prime p. If
g is a primitive root mod p, then ¢(p)=p—1 and the
numbers g, g% ..., g~ ' are congruent, in some order, to
the numbers 1, 2, ..., p— 1. Therefore their products are
congruent mod p, and hence

p—Di=g-g--

=gl +2+-
=g

- g7~ ! (mod p)
“++¢=1 (mod p)
= g#(?= D2 (mod p).

But g~ 12 satisfies the congruence x?=1 (mod p) be-
cause of the Euler-Fermat theorem. This congruence is
the same as (x — 1)(x + 1) =0 (mod p), whose only solu-
tions are x == | (mod p). The number g~ 72 cannot be
congruent to 1 (mod p) because the exponent (p — 1)/2 is
smaller than ¢(p). Therefore

g~ =—1 (mod p)
and hence
(p—=ge-v2=(=1p="—1 (mod p)

because p is odd. This proves Wilson’s theorem.

Primitive roots are especially useful in the study of
quadratic residues mod p. If g is a primitive root of an odd
prime p, the even powers g2, g4, ..., g~ ! are the quadratic
residues mod p, and the odd powers g, g°,...,g" "2
are the quadratic nonresidues mod p. Some properties
of quadratic residues and nonresidues are easily deduced
from this representation. For example, the product of two
quadratic residues is also a quadratic residue, because the
product of two even powers of g is another even power.
On the other hand, the product of a quadratic residue
with a nonresidue is a nonresidue because the product of
an even power of g with an odd power is another odd
power. Also, the product of two quadratic nonresidues is a
quadratic residue, because the product of two odd powers
of g is an even power.

Primitive roots can also be used to study congruences of
higher degree of the form

x"= q (mod m),

where a and m are relatively prime. This is called a bino-
mial congruence of degree n. If m has a primitive root g
then a = g¢ (mod m) for some positive exponent ¢ not ex-
ceeding ¢(m). Any solution x of the binomial congruence
is congruent mod m to some power of g, say x = g’ (mod
m) for some positive exponent y not exceeding ¢(m).
Therefore the binomial congruence becomes

g" = g (mod m).

Because the two powers of g are congruent mod m, the
exponents ny and c differ by a multiple of ¢(m). Therefore

ny = c (mod ¢(m)).

This auxiliary linear congruence for y has a solution if,
and only if, the GCD of »n and ¢(m) divides c. For exam-
ple, to study the binomial congruence

X'0=7 (mod 17),

take g=3, a primitive root mod 17, and write x=3¥
and 7=3"" (mod 17). The auxiliary linear congruence
for y becomes

10y=11 (mod 16).

This has no solution because the GCD of 10 and 16 does
not divide 11. Therefore the original binomial congruence
x'9=7 (mod 17) has no solution. On the other hand, if
the same method is applied to the binomial congruence
x'9==2 (mod 17), then 2 = 3'* (mod 17) and the auxiliary
linear congruence is 10y = 14 (mod 16) or Sy =7 (mod 8).
This has the solution y = 3, giving the value

x=3=10 (mod 17)

as a solution of the binomial congruence of degree 10. In
other words, 10'°=2 (mod 17).



The same method can be used to study congruences of
the form

a*= b (mod m),

where a and b are given integers relatively prime to m.
These are called exponential congruences because the un-
known x appears as an exponent. If 72 has a primitive root
g then a and b can be expressed as powers of g (mod m),
say a= g, b= g¢ (mod m), for some choice of positive
exponents ¢ and d not exceeding ¢(m). The exponential
congruence a* = b (mod m) now becomes

&= g (mod m).

This implies that the exponents differ by a multiple of
@(m), and hence

cx=d (mod ¢(m)).

This auxiliary linear congruence has a solution if, and
only if, the GCD of ¢ and ¢(m) divides d. For example, to
solve the exponential congruence

100=9 (mod 17),

write 10 = 33, and 9 = 3? (mod 17), and the exponential
congruence becomes

3% = 32 (mod 17).

The auxiliary linear congruence is 3x = 2 (mod 16), which
has the solution x = 6. Therefore, x =6 is a solution of
the exponential congruence, and hence

106=9 (mod 17).

If 9 is replaced by any integer b, the exponential congru-
ence 10r=5) (mod 17) always has a solution because in
the auxiliary linear congruence,

3x=d (mod 16),

the numbers 3 and 16 are relatively prime and the con-
gruence is always solvable.

When this method is used to study binomial or exponen-
tial congruences of the form x*=a (mod p), or &*=5b
(mod p), where p is a prime, the major difficulties are to
find a primitive root ¢ mod p and to express the given
integers a and b as powers of g (mod p). The smallest
nonnegative power k such that a = g* (mod p) is called
the index of a to the base g mod p. Extensive tables exist
that give the smallest primitive root of many primes, to-
gether with a corresponding table of indices of all integers
in a reduced residue system modulo these primes. A table
of indices reduces the problem of solving a binomial or
exponential congruence to the simpler problem of solving
an auxiliary linear congruence.

The first large collection of tables of indices for all primes
less than 1,000 was the Canon arithmeticus, computed
under the direction of Jacobi and published in 1839. A
revised and extended version was issued in 1956. Since
then, high-speed computing machines have been used to
extend the range of these tables. For example, one table
lists all the primitive roots of the primes less than 5,000.
Another lists the smallest primitive root for all primes
up to 50,021.

Arithmetical functions. Functions f{(n) of the positive
integer » that express some arithmetical property of n
are called arithmetical functions. An important example
is Euler’s function ¢(n), which counts the number of in-
tegers in a reduced residue system mod n. Alternatively,
@(n) is the number of positive integers less than » that
are relatively prime to n, with the value ¢(1) =1 defined
separately. The following examples are concerned with
divisors of n:

d(n) = the number of positive divisors of n,

a(n) = the sum of the positive divisors of 7,

o(n) = the sum of the kth powers of the
positive divisors of #.

The divisor function ¢,(n) can be expressed in summation
notation as follows:

a,(n) =E d,

d|n
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where the sum is extended over all positive divisors of 7.
The functions d(n) and o(n) are, of course, special cases
of g;(n) with k=0 and k = 1, respectively.

All these examples have the two special properties:

f(1) =1, and f{imn) = f{im)f(n) whenever (m, n)= 1.

Arithmetical functions with these properties are called
multiplicative; they are completely determined by their
values at the prime powers. Thus, if n is a product
of powers of distinct primes, say n=p?-q®- - -, then
fin)=Ap"Hfig®)- - -. For example,
0,(24) = 05(3)0(23) ’

=(124 3)(12+ 22+ 42+ 8)

=10-85

= 850.

Because of the multiplicative property, this calculation is
simpler than adding the squares of all the positive di-
visors of 24.

The values of the foregoing functions at the prime pow-
ers are given by

o(p?) =p*—p*~,
dpy)=a+1,

pa+l — 1
op)=1+p+p+-- '+17"=ﬁ,

and
ak + k

olp?) = i’r_ll if k # 0.

Any arithmetical function f(n) can be used to gener-
ate another,

Fn) =2 fid),
d|n

by summing f(d) over all positive divisors d of »n. This can
also be written as X, ,f(n/d), because as d runs through all
positive divisors of n, from smallest to largest, #/d runs
through the same divisors in opposite order, from largest
to smallest. If the function f{n) is multiplicative, so is the
divisor sum F(n), and conversely, if the divisor sum F(»)
is multiplicative, so is f(n).

Any arithmetical function f{n) can be determined from
a knowledge of its divisor sum F(#n) by the MGbius inver-
sion formula,

sy =S (7).

where u(n) is a multiplicative arithmetical function called
the Mobius function, after the German mathematician
August Ferdinand Mobius. Its values are 0, 1, and —1 and
are obtained as follows:

uw)y=1,
u(p) =—1 for each prime p,
upH)=0if k> 1.

Because u(n) is multiplicative, u(n) =0 if »n is divisible
by the square of any prime, and u(n) = (—1) if n is the
product of r distinct primes. The divisor sum

D u(d)

d|n
isequal to 0 if n> 1 and isequal to 1 if n=1.

The Mébius inversion formula often reveals hidden prop-
erties of arithmetical functions. For example, it can be
used to prove that the Euler function ¢(#n) is multiplica-
tive, a result that is not immediately evident. Each integer
k from 1 to n has a GCD d = (k, n) with »,; then k/d and
n/d are relatively prime. Just as ¢(n) counts the number
of integers from 1 to »n that are relatively prime to n, so
¢(n/d) counts the number of integers g = k/d from 1 to
n/d that are relatively prime to n/d. Therefore ¢(n/d) is
also the number of k for which (k, #n) = d. But there are n
values of k altogether, so

n=2o(5) ot

The Mobius inversion formula gives
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Thus ¢(n)/n is the divisor sum of the multiplicative func-
tion u(n)/n, so ¢(n)/n is also multiplicative, hence ¢(n) is
multiplicative.

Another arithmetical function of great interest is ry(n),
the number of ways that » can be written as a sum
of squares of two integers, positive, negative, or zero. In
counting the number of ways, reversal of order is allowed.
For example, there are four ways of writing 1 as a sum of
two squares:

1=1240=(—1P+02=02+ 12= 0>+ (—1),

so that r,(1) =4. Similarly, r,(2) =4, r,(3)=0, r,(4) =4,
r{5) =8, and r,(6) = 0. This function is not multiplicative
because r,(1) # 1. However, r,(n)/4 is multiplicative.

Let p be a prime divisor of #» with p= 3 (mod 4), and let
D* be the highest power of p that divides n. Euler proved
that n is the sum of two squares if and only if k is even for
every such prime divisor p. In other words, r,(n) =0 if and
only if # has at least one maximal prime power divisor p*
with p= 3 (mod 4) and k odd. There are infinitely many
such n, the first few being n=3, 6, 7, 11, 12, 14, 15, 19,
21, 22, 23, 24, 27, 28, 30.

Some arithmetical functions are described by giving the
first two function values f{1) and f{2) and then expressing
fn) for n = 3 in terms of f{n — 1) and f{(n — 2). For exam-
ple, the Fibonacci numbers are defined by

f)=1/2)=1,and f(n)=fn—1)+f(n—2)

for n = 3. In this particular case, the function values f{n)
are often written as F,. The first few terms are

1,1,2,3,5,8, 13, 21, 34, 55, 89, 144, 233, 377.

These numbers have many interesting properties. For
example,

Fpo=1+F+F,+F+- - +F,

and (for those familiar with matrix multiplication) the nth

power of the matrix 4 = [ i (1) ] is

Ar = [ F, n+1 F, n ]
Fn Fn—l
for every n = 2. The relation (—1)"=F,, F,_, — F2is ob-
tained by equating determinants in this matrix equation.
Fibonacci numbers also have an interesting divisibility
property:
F,|F,, whenever n|m.

For example, F,|F,, because 7|14. This is easily verified
because F; =13 and F,,=377=13-29.

Fibonacci numbers are just one example of a linear
recurrence sequence, which is given by any two starting
numbers x; and x, coupled with a recurrence relation
of the form x,= Ax,_, + Bx,_, for n= 3, where 4 and
B are given constants. This tells how to determine each
term x, from the two earlier terms x,_, and x,_,. Explicit
formulas are available for expressing x, in terms of x;, x,,
and the roots of the quadratic equation x> = Ax + B. The
formula for the Fibonacci numbers is

_ ar — ﬂn

. a—p’

where a and f# are the roots of the quadratic equation
x?=x++ 1, given by

! +2\/§ and = %3

The number a, which also appears as a ratio in various
geometric figures, is called the golden ratio. The ancient
Greeks considered rectangles whose sides have ratio a to
be the most pleasantly proportioned of all rectangles, aside
from the square. They called them golden rectangles and
believed that, for the ideal beauty of any figure (including
the human form), the various parts should have the pro-
portions of the golden ratio.

Fn

a=

Diophantine equations. In elementary algebra the linear
equation 6x — 9y =29 with two unknowns x and y has
infinitely many solutions. It can be satisfied by taking
any value for x and letting y = (6x — 29)/9. But, if it is
required that x and y be integers, there are no solutions
because 6x — 9y is divisible by 3 for all integers x and
y, whereas 29 is not. Equations involving one or more
unknowns to be solved for integer or rational values of the
unknowns are called Diophantine equations in honour of
Diophantus of Alexandria, who dealt with such problems
in his treatise Arithmetica (c. AD 250).

Diophantine equations fall into three classes: those
with no solutions, those with only finitely many so-
lutions, and those with infinitely many solutions. The
equation 6x— 9y =29 has no solutions, but the equa-
tion 6x — 9y = 30, which upon division by 3 reduces to
2x — 3y =10, has infinitely many. For example, x = 20,
y=10 is a solution, and so is x = 20 + 3¢, y = 10 + 2¢ for
every integer ¢, positive, negative, or zero. This is called a
one-parameter family of solutions, with ¢ being the arbi-
trary parameter.

Congruence methods provide a useful tool in determining
the number of solutions to a Diophantine equation. Ap-
plied to the simplest Diophantine equation, ax+ by =c,
where a, b, and ¢ are nonzero integers, these methods
show that the equation has either no solutions or infinitely
many. If the GCD d of a and b does not divide ¢, there
are no solutions. But if d divides ¢, there are infinitely
many solutions, and they form a one-parameter family,

bt at
X=X+, y=wn-y4

where X, , is any particular solution and ¢ is an arbitrary
integer. The integer X, can be obtained by solving the
linear congruence ax==c (mod |b|), and then y, can be
taken equal to (¢ — ax,)/b, which is one of the solutions of
by=c (mod |a|). (The symbol |a| denotes the absolute
value of g, that is, |a| =a if a is positive, and |a|=—a
if a is negative.)

Similarly, the linear Diophantine equation in » un-
knowns,

ax,tax,+---+ax,=c

where the coefficients a,, a,, ..., a, and c¢ are integers,
has a solution in integers x;, X,, . . ., X, if and only if ¢ is
divisible by the GCD (a,, a,, . . ., a,). The equation

6x+ 10y+ 15z=1

is solvable because the GCD (6, 10, 15) = 1. One solution
is x=1, y=1, z=—1. In this case there is a two-param-
eter family of solutions given by

x=1+5,y=1+6t—3s, z=—1—6¢+2s,

where ¢ and s are arbitrary integers.

Above it was shown that the Diophantine equation
6x—9y=29 has no integer solutions because the left
member is divisible by 3 while the right member is not.
This illustrates a general method that is often used to show
that a Diophantine equation has no solutions. If a solu-
tion exists, the corresponding congruence (mod m) will be
satisfied for every modulus m. Therefore, if there is some
modulus for which the congruence cannot be satisfied,
the equation itself cannot be satisfied. The choice of an
appropriate modulus is not always obvious. For example,
the Diophantine equation 15x? — 7y? =9, if written mod
7, becomes x>=9 (mod 7), which is solvable. But if it is
written . mod 5 it becomes —2y?=4 (mod 5), or y?=3
(mod 5), which is not solvable because 3 is a quadratic
nonresidue mod 5, the only quadratic residues being 1
and 4. Therefore, the original equation 15x2 — 7y? =9 has
no integer solutions.

Even if a Diophantine equation has no solutions, it is
possible that the corresponding congruence mod m can be
satisfied for every m = 2. For example, the equation

(2 —13)(x2— 17)(x>*—221)=0
has no integer solution x because none of 13, 17, or 221

is a square. Nevertheless, with the aid of the quadratic
reciprocity law it can be shown that the congruence
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(X2 —13)(x* — 17)(x* — 221) =0 (mod m)

is solvable for every modulus m > 2.

The method of congruences can be used to give a partial
proof of Euler’s theorem on representing numbers as a
sum of two squares. According to Euler’s theorem, for any
prime p the Diophantine equation x2 + y2 = p has integer
solutions if p =2 and if p=1 (mod 4) but not if p=3
(mod 4). The nonexistence of solutions can be seen by
writing the equation as a congruence mod 4. If p=3
(mod 4) the congruence becomes x?+ y>=3 (mod 4).
This is not solvable because the square of any integer is
congruent to 0 (mod 4) if the integer is even, and congru-
ent to 1 (mod 4) if the integer is odd, so the sum x2+ 2
cannot be congruent to 3 (mod 4). It is more difficult to
prove that the equation x2+ y?=p is solvable if p=1
(mod 4). The number of solutions in this case is finite
because both x? and y? are less than p.

A well-known theorem of Lagrange states that every
positive integer 7 is expressible as a sum of four squares
of integers. For example, 39 =1+ 4 + 9 + 25. However,
39 is not the sum of three squares. In fact, if n is any
positive integer of the form 8k + 7, the Diophantine equa-
tion x2 + y? + z?> = n has no integer solutions. This can be
shown by writing the equation as a congruence mod 8,

X2+ y?+ z22=17 (mod 8).

The square of an integer is congruent to 0, 1, or 4 (mod 8),
and the sum of three such numbers cannot be congruent
to 7 mod 8.

One of the oldest Diophantine equations comes from
the theorem of Pythagoras, which states that x? + y? = z2,
where X, y, and z are the lengths of the three sides of a right
triangle. If the equation is satisfied with integer values of
X, ¥, and z, the triple (x, y, z) is called a Pythagorean triple.
The examples (3, 4, 5) and (5, 12, 13) were known to the
Babylonians 1,200 years before the time of Pythagoras. A
method for obtaining all Pythagorean triples is outlined in
Euclid’s Elements and can be summarized by the formulas

x=ta*— b?), y=2tab, z=t(a*+ b?),

where ¢, a, and b are arbitrary positive integers such that
a> b, a and b are relatively prime, and one of a or b is
odd and the other even. When ¢ = 1, the numbers X, y, z
have no prime factor in common and the triple is called
primitive. The primitive triples (3, 4, 5) and (5, 12, 13)
are obtained by takinga=2,b=1,and a=3, b=2.
There are various ways to derive the formulas for the
Pythagorean triples. One method is to factor the left mem-
ber of the equation x> + y? = z? using complex numbers:

x+iy)(x—iy) =2,

where 2= —1. If x and y are integers, the complex num-
bers x+ iy and x — iy are called Gaussian integers. If
the product of two relatively prime positive integers is a
square, according to the fundamental theorem of arith-
metic each factor separately must be a square. The same
property holds for Gaussian integers, so each of x + iy and
X — iy (or with x and y interchanged in both of these) is
the square of a Gaussian integer, say

x+iy=(a+ib)* and x — iy = (a — ib)>.

The equations x = a?> — b? and y = 2ab follow by equating
real and imaginary parts.

A quadratic form is a polynomial in one or more vari-
ables all of whose terms are of degree 2, as in the example

fix, y, 2)=3x*+y2+ 2022 + 2xy — l4xz — 8yz.

The corresponding Diophantine equation f{x, y, z)=0
can: be studied by introducing a change of variables that
reduces the quadratic form to a simpler quadratic form
containing square terms but no cross product terms such
as xy, xz, or yz. For example, if x, y, and z are expressed
in terms of new variables u, v, w by means of the equations

x=u+2v+3w,y=2u+v+4w, z=u+v+2w,
then the quadratic form f{x, y, z) given above is trans-
formed into a new quadratic form

g(u, v, w)y=u2+v*— w2
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This is easily verified, after some algebra, by direct substi-
tution. Because each of x, y, z is a linear combination of
u, v, w with integer coefficients, integer values of u, v, w
produce integer values of x, y, z. Therefore, any integer
solution of the equation

g, v, w)=0

leads to an integer solution of f{x, y, z) =0.
For example, the well-known Pythagorean triple

(u, v, w)=(3, 4, 5),

which satisfies g(u, v, w) =0, gives the solution (x, y; z) =
(26, 30, 17) for the equation f{x, y, z)=0. Another
Pythagorean triple (1, v, w)=(4, 3, 5) gives a different
solution (x; y, z)=(25, 31, 17). The obvious solution
(u, v, w)=(1, 0, 1) produces the not-so-obvious solution
(x, ¥, 2)=(4, 6, 3). The formulas

u=ta>— b?, v=_2tab, w= t(a* + b?),
which give solutions of
w+v2=w

can be substituted into the equations for x, y, z to give
formulas for a family of solutions of f{x, y, z) = 0. Because
of the lack of symmetry, this method does not give all
solutions of f{x, y, z) =0. Further solutions (x, y, z) are
obtained by starting with

u=2tab, v=Ha*>— b?), w= ta*+ b?).

In this particular example, the three linear equations re-
lating the variables can be solved for «, v, w in terms of x,
¥, z, the result being

u=-—2x—y+5z, v=—y+2z, w=x+y—3z

Because each of u, v, wis a linear combination of x, y, z
with integer coefficients, integer values of x, y, z produce
integer values of u, v, w. Therefore, any integer solution
of the equation f{(x, y, z) =0 leads to an integer solution
of g(u, v, w) = 0. Consequently, there is a one-to-one cor-
respondence between integer solutions of

fix, y,2)=0

and integer solutions of g(u, v, w)=0. As this example
suggests, a basic problem in the theory of quadratic forms
is to determine linear transformations of the variables
that reduce complicated quadratic forms such as f{x, y, z)
to simpler forms such as g(u, v, w) that are more easily
studied.

The best-known of all Diophantine problems is Fermat’s
last theorem, which states that, for every integer n = 3,
the equation

X"+ yr=2z"

has no solutions in positive integers x, ), z. A note by
Fermat, inscribed in the margin of his copy of Diophan-
tus’ Arithmetica, asserted that he had found a wonderful
proof of this statement, but “the margin is too narrow to
contain it.” Despite Fermat’s assertion, no complete proof
has been given, and the statement is now regarded as a
conjecture. There is much evidence in favor of the conjec-
ture. It is known that it is true for all exponents n from 3
to 150,000. Also, if the theorem is true for any value of #,
then it is also true for kn, for all positive integers k. In 1983
the German mathematician Gerd Faltings proved that for
any fixed n = 3, the Fermat equation x*+ y”= z" has at
most a finite number of integer solutions with (x, y)=1.

Because x*+ y*=z* has no solutions in positive inte-
gers, there is no right triangle whose legs and hypotenuse
are squares of integers. In 1772 Euler considered a three-
dimensional version of this result and conjectured that
x*+ y*+ z4=¢* has no solutions in positive integers. In
1948 Morgan Ward proved that there is no solution with
t < 104 but in 1987 the American mathematician Noam
D. Elkies disproved Euler’s conjecture when he found
the solution

2,682,440% + 15,365,639* + 18,796,760* = 20,615,673*

and showed that there are infinitely many solutions. In
1988 Roger Frye found the solution

Fermat’s
last
theorem
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95,8004+ 217,519* + 414,560 = 422,4814

and proved that there are no solutions with smaller posi-
tive integers. Euler made the more general conjecture that
at least n nth powers are required to sum to an nth power
if n> 2. This was disproved for n=15 in 1966 by the
Americans Leon J. Lander and Thomas R. Parkin, who
observed that

275+ 84° + 110° + 133° = 1445,

This is the smallest instance in which four fifth powers
sum to a fifth power.

As discussed earlier, for each prime p=1 (mod 4) the
Diophantine equation x?+ y?=p has at most a finite
number of solutions because both x? and y? are less than
p. By contrast, there is no apparent reason why the Dio-
phantine equation x> — y? = 2 should have at most a finite
number of integer solutions. In fact, Fermat showed that
this equation has only two solutions, x=3 and y==5.
This result was extended by the German mathematician
Carl Ludwig Siegel (1896-1981), who proved that if P(x)
is a polynomial with integer coefficients, the Diophantine
equation y?= P(x) has at most a finite number of integer
solutions x, y if P(x) has at least three distinct linear
factors. By the fundamental theorem of algebra, P(x) can
always be factored as follows:

Px)=afx—a)(x—a)- - - (x—a,),

where a, is an integer and a,, a,, ..., a, are complex
numbers. Siegel’s theorem requires that at least three of
these complex numbers must be different.

For n = 3, let

gx, y=ax"+ax"'y+---+a,_xy! +ay

be a homogeneous polynomial with integer coefficients
that cannot be factored as a product of polynomials of the
same type of lower degree. A theorem of the Norwegian
mathematician Axel Thue (1863-1922) states that for ev-
ery integer m the Diophantine equation g(x, y) = m has at
most a finite number of integer solutions X, y. In 1967 the
British mathematician Alan Baker proved that for any so-
lution, both |x| and |y| cannot exceed a certain constant
C whose value can be calculated explicitly in terms of n, m
and the coefficients a,, a,, . . ., a,. On the other hand, the
Soviet mathematician Yuri Matijasevic, completing ear-
lier work by the Americans Martin Davis, Hilary Putnam,
and Julia Robinson, showed in 1970 that there cannot
exist any algorithm for determining whether an arbitrary
Diophantine equation does or does not have a solution.

Applications of number theory. Number theory has
been applied to such diverse areas as physics, biology,
chemistry, computing, cryptography, acoustics, commu-
nications, and graphic design. In particular, congruence
arithmetic has been used in constructing perpetual calen-
dars, scheduling round-robin tournaments, splicing tele-
phone cables, devising systematic methods for storing
computer files, constructing magic squares, and generat-
ing random numbers. This section describes two simple
applications of congruences in machine computation and
cryptography.

Efficiency in machine computation involving large num-
bers is often limited by the machine’s memory (the
amount of space available for storing data) and by the
length of time required to perform computations. Even
simple operations such as addition, subtraction, and mul-
tiplication of integers can overwhelm the memory or take
an unreasonable amount of time if the integers are large
and if millions of these operations must be performed in
a given calculation. The Chinese remainder theorem can
be used to increase efficiency by making use of relatively
small numbers in most of the calculation. Suppose, for
example, that a lengthy calculation involves many 10-
digit integers. Most of the calculation can be done with
five-digit integers by adopting the following procedure.
Choose four relatively prime moduli m,, m,, ms, and m,
of five digits each, for example, 2¢— 3, 216 —1, 216+,
and 2'¢ + 3. Their product m = m,;m,m,m, has 20 digits,
which is twice the number of digits in the data. By the
Chinese remainder theorem each integer in the data can

be uniquely represented by its residues mod m,, m,, m,
and m,, respectively. Because each of these residues has
no more than five digits, the required arithmetic can be
performed efficiently on these residues with respect to
each of the moduli, yielding integer answers a, (mod m,),
a, (mod m,), a, (mod m;), and a, (mod m,), where each a;
has no more than five digits. These numbers, in turn, are
combined via the Chinese remainder theorem to obtain
the final result mod m, which will be accurate to 20 dig-
its. Even though the lengthy calculation is repeated four
times, once for each modulus, most of it only uses five-
digit integers and is accomplished quickly without over-
whelming the memory.

An application to cryptography relies on the disparity in
computer time required to find large primes and to factor
large integers. For example, a code maker chooses two
large primes, say p and g, of about 100 decimal digits
each. There are procedures for finding such primes that
require only a few minutes of computer time. The primes
p and q are kept secret, but their product n= pgq, a 200-
digit number, is made public. A message is coded by a
procedure that requires only the knowledge of n. (Because
n is made public, these are often called public key codes.)
But to decode the message, both factors p and g must
be known. With the most efficient computer techniques
yet devised, factoring a 200-digit number such as n could
require billions of years of computer time on a single
computer. For this reason, the codes are considered un-
breakable, at least with the present state of knowledge of
how to factor large numbers.

The actual procedure for coding the message can be de-
scribed as follows. Each letter of the message is replaced
by two digits, say 4 =01, B=02,..., Z=26, and the
entire message is broken into pieces of convenient length,
where each piece is an integer smaller than the public
value n. Each piece is coded separately by the following
method. A prime r is chosen that does not divide either
p— 1 or g— 1. Like n, the number r is made public. Let x
denote the piece to be coded, raise x to the power r, and
reduce this mod # to obtain an integer y between 1 and n.
Thus y= x" (mod n) and 1 < y <n. The number y is the
coded form of x.

To decode, one must obtain x from y. If p and g are
known, this can be done very simply as follows. Let s
denote the reciprocal of » mod ¢(n), so that

sr=1 (mod (p(n));

Then sr= 1+ tp(n) for some integer . By the Euler—Fer-
mat theorem, x*” = 1 (mod #n), hence

xm =1 (mod n).
But
== xrs = x!*+% = x (mod n),

so p* is the same as x modulo ». In other words, to obtain
x from y, simply raise y to the power s and reduce mod ».
If p and g are known, s and y* can be determined (mod »)
by straightforward computations that require only a few
minutes of machine time. But if p and g are not known,
the problem of recovering x from y seems insurmountable.

Recreational number theory. Newspapers and maga-
zines challenge their readers with mathematical puzzles,
games, and problems that can be understood by the
layperson. This section describes some examples drawn
from number theory.

Start with any three-digit number, such as 529. Extend
it to a six-digit number 529,529 by repeating the digits.
Divide the six-digit number by 7. The quotient is 75,647,
with no remainder. Now divide this quotient by 11. Again
the division is exact, and the new quotient is 6,877. When
this quotient is divided by 13 the result is 529, the original
number. The problem is to explain why this happens,
not only for 529 but for any three-digit number. The
explanation is that repetition of the digits is the same as
multiplying the original number by 1001, which happens
to be the product of 7, 11, and 13, so division by each of
these factors restores the original number.

Some problems in recreational number theory, although
easily comprehended, are difficult to solve. One well-
known example is the 3n+ 1 problem. Start with any
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integer n greater than 1. If » is even, replace n by n/2.
If n is odd, replace it by 3z + 1. Then repeat the process

until 1 is obtained. For example, starting with n=3 the

sequence is 3, 10, 5, 16, 8, 4, 2, 1. Is it true that, start-
ing with any initial integer », the number 1 will always
be obtained after a finite number of steps? To date this
question is unresolved, although many professional and
amateur mathematicians have worked on it.

Magic squares. Magic squares are among the oldest
mathematical amusements. A magic square is a square ar-
ray of integers in which the rows, columns, and diagonals
have the same sums. A square containing the consecutive
integers from 1 to n? is said to be of order n. The sum
of the integers from 1 to »? is n¥(n> + 1)/2, so in a magic
square the numbers in each row, column, and diagonal
have the magic sum n(n*+ 1)/2. The following magic
squares have orders 3 and 4, respectively:

8|11|6 16| 3| 2|13
3157 51011 8
4192 91 6| 7|12

411514 1

The square of order 3, with magic sum 15, occurs in Chi-
nese writings as early as 2200 Bc. The square of order 4,
with magic sum 34, appears in Albrecht Diirer’s engraving
“Melencolia 1.” The date of the work, 1514, appears as
part of the fourth row.

Interest in magic squares spread from China to Japan,
India, and the Middle East, and they were introduced to
Europe in Byzantine times.

Many methods are known for constructing magic squares
of orders -greater than 2, but despite intense efforts
by professional and amateur mathematicians (including
the celebrated American amateur Benjamin Franklin),
no methods are known for constructing all such magic
squares. There are exactly eight magic squares of order 3,
containing the numbers 1 to 9:

16 4192 2194 61|38
517 31517 7153 7153
912 8|1 1]6 6 (1|8 21914
3 (4 438 2(71|6 6|72
519 915 |1 91511 11519
712 217]6 41318 8134

The
uniform
step
method

These squares can be obtained by interchanging the first
and third rows of the Chinese square to construct a sec-
ond square, interchanging the first and third columns of
the second square to construct a third square, and inter-
changing the first and third rows of the third square to
construct a fourth square. The rows and columns of each
of these four squares are then interchanged to obtain four
new ones, for a total of eight altogether.

Methods for constructing magic squares usually prescribe
rules for entering the numbers 1, 2, ..., #? into the cells
of the square. One method that works for any odd order n
was given in 1693 by Simon de la Loubére, who learned of
it while ambassador to Siam from the court of Louis XIV.
In 1929 D.N. Lehmer applied congruences to investigate
the uniform step method, a generalization of Loubgére’s
method. The uniform step method can be described as
follows. Two positive integers a and b, each relatively
prime to n and less than n, are chosen in advance. The
cells of the square are assigned coordinates (x, y), x being
the number of the column counting from the left, and y
the number of the row counting from the bottom. The
number 1 is put in an arbitrary cell with coordinates (p, g).
The number 2 is then placed in the cell (p+a, g+ b),
the number 3 in the cell (p + 2a, g + 2b), and so on, pro-
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ceeding from one cell to the next by making the uniform
step (a, b), the coordinates being reduced to their least
positive residues mod » to keep the numbers inside the
square. This procedure places the number » + 1 in the cell
(p + na, g+ nb), which, mod n, is the same as (p, g), the
cell already occupied by 1. The uniform step (a, b) is said
to fail at this point because two numbers occupy the same
cell. A new step (¢, d), called a break step, is now used,
and the number #n + 1 is placed in the cell (p +¢, g+ d),
where ¢ and d are chosen to arrive at an unoccupied
cell. The uniform step (a, b) is again resorted to; n+ 2 is
placed in the cell (p+c+a, g+ d+ b), n+ 3 in the cell
(p+ c+2a, g+ d+ 2b), and so on. The uniform step fails
again when 2n+ 1 is placed in (p + ¢+ na, g+ d + nb),
which, mod #, is the cell already occupied by 7 + 1, namely
(p + ¢, g+ d). The break step (c, d) is then used once more
to get out of this occupied cell, and 2z + 1 is placed in the
cell (p + 2¢, g+ 2d). Then the uniform step (a, b) is re-
turned to, with 2n + 2, 2n+ 3, . . . being placed in the cells
(p+2c+a q+2d+b), (p+2c+2a qg+2d+2b),....
If all five numbers a, b, ¢, d, and ad — bc are relatively
prime to n, this method will fill the square, and the rows
and columns will have the magic sum. The diagonals will
also have the magic sum if the coordinates of the initial
cell (p, g) satisfy the congruences 2p=a + ¢+ 1 (mod n),
and 2g=b+d+ 1 (mod n).

In the Chinese square of order 3, the initial cell (p, g) is
(2, 3), the uniform step (a, b) is (1, 1), the break step is
(2, 1), and ad — bc = —1. The other magic squares of order
3 containing integers 1 to 9 can all be obtained by the
uniform step method, with different choices of initial cell
(p, q), uniform step (a, b), or break step (¢, d). However,
the method does not produce all magic squares of order n
except for n= 3.

Magic squares with entries 1, 2, ..., #? can be used to
construct new magic squares whose entries are not neces-
sarily consecutive integers. For example, if each entry in
the Chinese square is multiplied by 2 and these numbers
are added, entry by entry, to the second square of order
3, a new magic square will be produced whose rows,
columns, and diagonals have the magic sum 45:

201114
9(15]21
16|19} 10

In general, if the entries of a magic square with magic
sum S are multiplied by an integer 4, a new magic square
is obtained with magic sum A4S. If two magic squares of
the same size with magic sums S, and S, are added, en-
try by entry, a new magic square is obtained with magic
sum S, +5,.

Wythoff’s game. A game that was popular in the United
States in the 19th century involves two players and a num-
ber of objects (counters) arranged in several heaps. Each
player, in turn, takes counters from a heap; a player may
take only one or any number up to the entire heap but
is allowed to touch one heap only. The player who takes
the last counter wins the game. The game was analyzed
mathematically in 1902 by the American mathematician
Charles Leonard Bouton, who gave it the name “Nim”
and showed that one of the players can always force a
win. A simple variation of this game, invented by W.A.
Wrythoff in 1907, is described here. Two players 4 and B
take turns removing counters from two heaps. Each player
in turn must take either any number of counters from the
first heap, or any number from the second heap, or the
same number from both heaps. Whoever takes the last
counter from the table wins the game.

A remarkable feature of this game is that the first player
A will always win if 4 knows a special sequence of number
pairs that begins as follows:

(1,2), 3, 5), (4, 1), (6, 10), (8, 13), (9, 15), (11, 18),
(12, 20), (14, 23), (16, 26), (17, 28), ....

If the two heaps have the same number of counters, 4
takes everything and wins. Otherwise, 4 leaves the num-
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bers of counters in the two piles to be one of the number
pairs in the sequence. For example, 4 could leave 14
counters in one pile and 23 in the other, represented by
the pair (14, 23). Whatever player B does with this pair,
the outcome will be a pair not in the list, and then 4 can
move back to another pair in the list. For example, if B
is faced with the pair (14, 23) and removes nine counters
from each pile to produce the pair (5, 14), then 4 can re-
move 11 counters from the 14 to get (5, 3), which appears
in the list as (3, 5).

Two general properties of the sequence explain why it
is a list of winning positions for the first player. If (a, b)
is the nth pair in the sequence, then a is the smallest
positive integer not present in any of the earlier pairs of
the sequence, and b= a+ n. These properties suffice to
determine all pairs in the list, starting with (1, 2) and ex-
tending beyond those given. The winning strategy depends
on the following theorem of the Canadian mathematician
Samuel Beatty, proved in 1926, that gives an alternative
way of constructing the sequence: for any two positive
irrational numbers a and g satisfying the equation

11
— =1,
a

B
the two sequences

la], [24], [3a], . .. and [B], [28], [3AL. . . .

together contain every positive integer exactly once. Here
[x] denotes the greatest integer in x. For example, if a is
the golden ratio, a = (1 + /5)/2, and, if f = @, it is easily
verified that a2 = 1 + a, hence

1 1

p + B 1.
For this choice of a and B, the sequence of pairs of integers
([na], [np]) is the list of winning positions.

Approximating irrational numbers by rational numbers.
One of the most interesting numbers in mathematics is
7, which can be defined as the ratio of the circumference
of a circle to its diameter or as the ratio of the area of a
circle to the square of its radius. Its numerical value has
been calculated to more than a billion decimal places, the
first 10 being given by 3.1415926535 .. ..

The number 7 is irrational; that is, it is not the quotient
of two integers. (Quotients of integers are called rational
numbers.) Rational approximations of 7 to any desired de-
gree of accuracy can be obtained by truncating its decimal
expansion. For example, each of the first few decimal ap-
proximations 3.1, 3.14, 3.141, 3.1415, and 3.14159 can be
written in the form A/k, where /4 and k are relatively prime
integers, giving the following rational approximations:

31 157 3,141 6,283 314,159
100 50" 1,000 2,000 100,000
On the other hand, the fraction 2%/7 = 3.142857 ... ap-

proximates 7 nearly as well as >!4'/1,000, even though its
denominator, 7, is very small compared to 1,000. An ap-
proximation better than any of these is the fraction

355
113

whose first six decimals agree with those of =, yet its
denominator, 113, is very small compared to that of its
nearest competitor in the above list, 3!415%100,000. In fact,
no fraction with denominator less than 113 is closer to @
than 35%113.

An important branch of number theory has to do with
approximating a given irrational number by rational num-
bers h/k whose denominators are not too large. One ap-
proach is to use continued fractions, Wthh are obtained
in the following manner.

Every real number x can be written as a sum,

= [x] + (x), where [x] denotes the integer part of x (the
largest integer not exceeding x), and (x) denotes the dif-
ference x — [x], called the fractional part of x. If x is an
integer the fractional part (x) is zero. If x is not an integer
the fractional part (x) is positive and less than 1, so it can
be written as 1/y for some real y > 1. The number y in
turn can be written as the sum [y] + (), giving

=3.141592920.

1
I+ 0oy
If (y) =0, then x = [x] + 1/[y], a rational number, and the

continued fraction terminates. But if (y) > 0, then ()=
1/z for some z> 1, and

=[x]+;1=[x]+

=[x]+ ! 1

D+ ="
[z]1+(2)
Repetition of this process gives a continued fraction rep-
resentation of x,

X=ay+
a, +

1
a,+

a;+..

where a,= [x], a, =[y], a,=[z], and so on. This is writ-
ten more simply as x = [a,; a,, a4,, as, . ..], where all the
integers after g, are positive. If x is rational the process
terminates after a finite number of steps and the contin-
ued fraction is finite. For example,

22

—[3; 7] and 322 =3, 7, 16].

113

But if x is 1rrat10nal the continued fraction is infinite. The
continued fraction for 7 begins as follows:

n=[3;7,151,292,1,1,1,2,1,3,1,14,2,1,1,2,2,2,...].

Truncating the continued fraction of an irrational num-
ber 0 at the integer a, produces a rational number

Pn
q’l

called the nth convergent to 6. Continued fractions are
useful because p,/g, is closer to 6 than any other rational
number A/k with denominator k£ not exceeding g, For
example, the third convergent to = is

355

[3’ 7’ 153 ll_my
a fraction closer to 7 than any other fraction with denom-
inator less than 113. Moreover, it can be shown that the
nth convergent p,/q, to any irrational @ is smaller than 8
if n is even, larger than 6 if n is odd, and no farther away
from 6 than 1/q2, as summarized by the inequality
1

< q_ﬁ .

[ao, ap, ..., an],

gD

q’l

In 1891 the German mathematician Adolf Hurwitz

proved that infinitely many convergents satisfy the stronger
inequality

)4 1
0-2|<
‘ gl V5¢

but this is not true for all 6 if /5 is replaced by any larger
number. The golden ratio :
1+5

2
illustrates this last point. If 4 > \/3, it can be shown that
the inequality

a=

‘a__| A
is satisfied only by a finite number of fractions p/q.
The continued fraction for the golden ratio is

a=[1;1,1,1,...],

with an endless succession of 1s, as.is easily verified
by noting that
_ 1 _ 1 _ ...
a=1++ a=1+ = ..,
1+ a

The golden ratio a satisfies a> = a + 1, a quadratic equa-
tion easily put into the form ax? + bx + ¢ =0, where a, b,
and c are integers. Irrational numbers with this property
are called real quadratic irrationals and have the form
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(4 + B)/C, where A4, B, and C are integers, with B posi-
tive and not a perfect square. They can also be described
as those irrational numbers whose continued fractions are
periodic; that is, the continued fraction consists of endless
repetition of the same block of terms, except possibly for
a few terms at the beginning. Examples are

Vi=[2,1,1,1,4,1,1,1,4,1,1,1,4,..]
=[2;1,1, 1, 4]
and

+3
63—1——3‘/_0=[5;3, 1,2,1,4,1,2,1,4,1,2, 1,4,...]

=[53,1,2,1,4].
A bar over a block of numbers denotes endless repetition
of that block. Another example is
V&33=1[6;1,1,3,1,5, 1, 3, 1, 1, 12].

Although the nth convergent in the continued fraction of
any irrational number 6 can be made arbitrarily close to 6
by making »n sufficiently large, the rate of convergence is
very slow if 6 has a periodic continued fraction. For exam-
ple, the first four convergents to /43 = 6.557438 . .. are

[6;11=17,
[6; 1, 11=6.5,
46

[6: 1, 1,3]=—"=6.571 ...,

[6;1, 1,3, 1]=59—9=6.555...,

the fourth of which agrees with /43 to two decimals. By
contrast, the third convergent to 7,

355
113

agrees with 7 to six decimals.

Algebraic and transcendental numbers. Besides classifi-
cation into rational and irrational numbers, real numbers
can also be classified as algebraic or transcendental num-
bers. A number is said to be algebraic if it is the root of a
polynomial equation of the form

[3;7, 15, 1] = =3.141592920.. .,

a,x"+a, x" '+ -+ax>+tax+a,=0,

where the coefficients are integers and not all zero. The
real roots are called real algebraic numbers. If the coeffi-
cient g, of the highest power of x is 1, the roots are called
algebraic integers. For example, the roots of the equa-
tion x3 — 1 =0 are algebraic integers, only one of which,
x =1, is real. The other two roots are complex numbers,
x=(—1=iy3)/2, where i2=—1.

If an algebraic number 6 is a root of the polynomial
equation given above and is not a root of any equation
of this type of lower degree, then 6 is said to be al-
gebraic of degree n. For example, none of the roots of
x3—1=0 is algebraic of degree 3 because they all satisfy
polynomial equations of lower degree with integer coeffi-
cients. The root x = 1 satisfies x — 1 =0 and therefore is
algebraic of degree 1, whereas the other two roots satisfy
x2+ x4+ 1 =0, which makes them algebraic of degree 2.
Algebraic numbers of degree 1 are rational numbers, while
algebraic integers of degree 1 are the usual integers, often
referred to as “rational integers” in algebraic number the-
ory to distinguish them. from irrational algebraic integers
of higher degree, such as a = (1 + \/5)/2, which is of degree
2 because it satisfies x2 —x— 1 =0.

A real number that is not algebraic is called transcenden-
tal. Such numbers were first shown to exist in 1844, when
the French mathematician Joseph Liouville proved that
there is a strong restriction on how well algebraic numbers
can be approximated by rational numbers. Specifically,
if 0 is a real algebraic number of degree » and if C is
any positive constant, there is at most a finite number of
rational fractions p/q such that

C
qn+1 °

}0—£‘<
q
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This inequality can be used to show that any number
6 with infinitely many very good rational approxima-
tions must necessarily be transcendental. An example is
the Liouville number A =0.110001000 ..., where a 1 is
placed in the rth decimal place if r = m! for some positive
integer m, and the remaining digits are Os. Thus, 1 appears
in the rth decimal place for r=1, 2, 6, 24, 120, 720, .. ..
The number A can be written as an infinite series,
<« |
=2 o
and good rational approximations to A can be obtained by
taking the sum of the first k£ terms,
k
1 C

10" 10!

where ¢, is an integer. The difference between A and A, is

A=

w

—m! 2
2 107 < 10®k+Dt?

m=k+1
which can be written as

2

¢
A—— (108yc+1 °

lok!
It follows that A cannot be an algebraic number of degree
n for any n because there are infinitely many integers
k> n, contradicting Liouville’s theorem that there is at
most a finite number of rational fractions p/q satisfying
the inequality ,

qn+l .

An irrational number 6 is said to be approximated to
order # if there is a constant C, depending only on 6, such
that the inequality c

p
Pl
|o-2]<%

A=A =

=dl<
q

has infinitely many solutions in integers p and q. The
number A defined above can be approximated to any
order whatever. It has already been observed that every
irrational € can be approximated to order 2 at least, and
that a real algebraic number of degree n cannot be approx-
imated to order n + 1. This result was improved by many
authors until 1955, when the British mathematician Klaus
Friedrich Roth established the best possible conclusion,
that no irrational algebraic number can be approximated
to any order greater than 2.

In 1882 the German mathematician Ferdinand Linde-
mann proved that 7z is a transcendental number. This
settled the ancient question of squaring the circle: given
any circle, is it possible to construct a square of equal
area, using Euclidean constructions, with an unmarked
straightedge and compass? The answer is no, because from
any given unit length, the only lengths that can be con-
structed with an unmarked straightedge and compass are
algebraic numbers.

If 0 is irrational and if p,/q, is the nth convergent to 6,
then the inequality relating p,/q, to 0,

I o—Ll< L
qn q"
implies :

na_ n <_S

1.0 — pal s

which is satisfied with arbitrarily large values of g,. There-
fore, the product g,0 can be made arbitrarily close to the
integer p, by taking » sufficiently large, which makes the
fractional part (g,0) arbitrarily close to 0 or 1. In 1884
Kronecker proved a more general result: for any irrational
6 and any prescribed real number x in the interval from
0 to 1, there are positive integers n such that (n6) lies
arbitrarily close to x. This result is described by saying
that the fractional parts (n6) are dense in the unit inter-
val. Even more is known about the distribution of these
numbers. About half of them lie in any interval of length
1/2, about one-third lie in any interval of length '3, and
so on. More precisely, if I is any subinterval of length L

Impossibil-
ity of
squaring
the circle
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lying within the interval from 0 to 1, and if N denotes
the number of fractional parts (6), (26), ..., (n6) that lie
in I, then the quotient N/n approaches L as a limit as »
tends to infinity. This property is described by saying that
the fractional parts (n6) are uniformly distributed over the
unit interval.

ALGEBRAIC NUMBER THEORY

Algebraic integers and unique factorization. As dis-
cussed in the previous section, an algebraic number 6 of
degree n is any root of a polynomial equation of degree
n with integer coefficients that is not a root of any such
equation of lower degree. If the equation is

ax"+a, x'+---+tax>tax+a,=0,

with a, = 1, then 6 is called an algebraic integer. The alge-
braic integers of degree 1 are the ordinary rational integers.

Examples of algebraic integers of degree 2 are the
quadratic irrationals /3, 1+ /3, and (1 + /5)/2. They
satisfy, respectively, the quadratic equations x> — 3 =0,
x2—2x—2=0, and x> — x— 1 = 0. Because a quadratic
equation with integer coeflicients can have complex roots,
algebraic integers of degree 2 can be complex numbers.

Examples are
i, 1+ and %E

which satisfy, respectively,
X+1=0,x2—2x+2=0,and x2?—x+1=0.

More generally, the algebraic integers of degree 2 can be
described in terms of \Jd, where d is any square-free inte-
ger (that is, d is not divisible by the square of any prime,
and d +# 1). The permissible values of d are 2, 3, 5, 6, 7,
10, 11,. .., together with their negatives and also —1. All
numbers of the form a + b\'d, where a and b are rational
integers, are algebraic integers of degree 2; they satisfy the
quadratic equation x2 —2ax+ a*>—db*=0. But if d=1
(mod 4), numbers of the form (a + b\d)/2 with a and b
odd are also algebraic integers of degree 2; they satisfy the
quadratic equation

a@—db _
4

The number (a2 — db?)/4 is a rational integer in this case
because i = =d=1 (mod 4).

Gauss systematically extended the ideas of number the-
ory to algebraic integers, beginning with those of degree 2.
He considered algebraic integers of the form a + bi, where
a and b are rational integers. These are called Gaussian
integers, and they share many properties with ordinary
rational integers. For example, the sum, difference, or
product of two Gaussian integers is a Gaussian integer.
But the quotient of two Gaussian integers, although an
algebraic number, need not be a Gaussian integer, as il-
lustrated by the quotient 1/(1 + i) = (1 — i)/2.

Divisibility of Gaussian integers (denoted here by Greek
letters) is defined in the same way as for rational integers.
An integer B is called a divisor of an integer a if there is
an integer y such that a = By. If so, then y is also a divisor
(or factor) of a. A nonzero integer a is said to be prime if
there are no integers f and y, neither equal to *1 or =i,
such that a = fy. This restriction on f and y rules out such
factorings as 1+ 2i = i(2 — i); if this were allowed there
would be no primes. The four integers +1 and =*i are
examples of units. More generally, an algebraic integer a
(Gaussian or not) is called a unit if it is a divisor of 1, that
is, if there is another algebraic integer # such that af = 1.
The other factor, B, is also a unit. If a is a unit and if y is
any algebraic integer, then a and ay are called associates.
For example, every Gaussian integer y has four associates,
+y and +iy.

Rational primes of the form 4k+ 3 are also Gaussian
primes, but the rational prime 2 and those of the form
4k + 1 can be factored as the product of two Gaussian
primes. For example,

xX2—ax+ 0.

2=(14 i1 —i),
5=Q+)2—1i),

13=(2+3i)(2 —3i),
73 = (8 + 3i)(8 — 3i),

each factor being a Gaussian prime. In the factorization of
2, the two factors are associates because 1+ i=i(1 — i),
but in the other examples the factors are not associates.
The Gaussian primes consist of the rational primes p = 3
(mod 4) and their associates, the Gaussian prime factors
of 2 and their associates, and the Gaussian prime factors
of the rational primes p =1 (mod 4) and their associates.

The unique factorization property holds for Gaussian
integers. That is, every Gaussian integer a other than
zero and the four units +1 and =+i can be factored into
Gaussian primes in exactly one way, apart from the order
of the factors and ambiguities between associated primes.
Thus, if

a=mm,- - 7,
is one factorization into primes, then
a=(em)&em) - - - (&m)

is essentially the same factorization if each of ¢, ¢,, .. . , &,
is one of the four units and the product ¢,¢,- - - &= 1.

If 6 is a given nonzero algebraic number of degree », the
set of numbers of the form

Q@+ q0+q0*+- - -+gq, 6",

where the coefficients g, ¢,, ..., g,_, are rational num-
bers, is denoted by Q(6) and is called an algebraic number
field of degree n. It is the largest set of numbers ob-
tainable from 6 and the rational numbers by addition,
subtraction, multiplication, and division (with division by
zero excluded). The power 6" and all higher powers of

6 are already included in this set because of the basic
equation that makes 6 an algebraic number of degree n.
The quotient of two numbers in this set (division by zero
excluded) is also a number in the set. When 6= 1, Q(1)
is a field of degree 1 and consists of all the rational num-
bers. If §=/d, where d is a square-free rational integer,
then Q(J/d) is a field of degree 2, called a real quadratic
field if 4 is positive and an imaginary quadratic field if
d is negative.

Algebraic number theory studies properties of the al-
gebraic integers in a given field Q(6). One of the basic
questions is that of unique factorization. For the Gaussian
integers, which lie in the imaginary quadratic field Q(),
unique factorization holds. There is also unique factor-
ization in the real quadratic fields Q(/d) for d=2, 3,
5, 6, and 7 but not for d=10. Gauss conjectured that
there are infinitely many real quadratic fields with the
unique factorization property, but this conjecture has not
been proved.

Unique factorization also holds in the imaginary quadratic
fields Q(y/—d) for d=1, 2, and 3 but not for d=5. For
example, 6 and 21 have two factorizations in Q(v—=5),

6=2-3=(1+/=5)(1—=5)
and
21=3-7=@+J=5) (4 —J=5),

the factors 2, 3, 7, 1 £+ =5, and 4 = /=5 being primes
in the field Q(y—>5). Gauss noted that Q(y—d) has the
unique factorization property in the nine cases

d=1,2,3,7,11, 19, 43, 67, and 163,

and he conjectured that there are no other imaginary
quadratic fields with this property. Little progress was
made on this problem until 1934, when Hans Heilbronn
and Edward Linfoot proved that there is at most one
more d not in this list. Computations by D.H. Lehmer
established that d would have to be enormously large.
In 1967 the American mathematician Harold M. Stark
proved that there is no 10th case, and therefore Gauss’s
list of nine imaginary quadratic fields with unique fac-
torization is complete. Such detailed analysis has not yet
been achieved for general algebraic fields.

Algebraic integers and Diophantine equations. A sig-
nificant difference between real and imaginary quadratic
fields is revealed by the number of units in the field. Ev-

Unique
factoriza-
tion in
quadratic
fields
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ery imaginary quadratic field has only a finite number of
units, all of which are roots of unity, that is, solutions of
the equation x” = 1 for some n. For example, the units in
the Gaussian field Q(i) are 1 and +i, the roots of x*=1.
The only units in Q(v—2) are %1, whereas in Q(y—3) there
are six units, the roots of x¢ = 1. By contrast, every real
quadratic field has infinitely many units, each of which
can be represented in the form ¢, where ¢ is a particular
unit (called a fundamental unit) and n=0, +1, £2,....
For example, in the field Q(y2) the number ¢ =1 + {2 is
a fundamental unit.

Fundamental units in real quadratic fields can be sur-
prisingly large. For example, the number 1,520 + 27331
is a fundamental unit in Q(/31), and the number

2,143,295 + 221,064/94

is one in Q(y/94). One method for determining fundamen-
tal units uses continued fractions. Another, which will be
described here, makes use of Diophantine equations. As
noted in the previous section, the algebraic integers 6 in
Q(Vd) consist of those of the form 6= a + b\d, where a
and b are rational integers, together with those of the form
0= (a+ b\Jd)/2 with both a and b odd if d=1 (mod 4).
The other root of the quadratic equation satisfied by
0is @ =a—bJd if 6=a+bJd or & =(a— bJd)/2 if
0= (a+ b\Jd)/2. The algebraic integer 6 is a unit in Q(/d)
if ¢’ = +1, which means a? — db?> = *1 or a* — db* =14
if both a and b are odd and d=1 (mod 4). Therefore,
finding the units in Q(v/d) amounts to finding all solutions
of the Diophantine equation x? — d)? = %1, together with
all odd solutions of x2 — d)? = +4 if d= 1 (mod 4). These
Diophantine equations are called Pell equations, after the
English mathematician John Pell (1610-1685). The name
is the result of a misunderstanding on Euler’s part, because
Pell never studied these equations.

If d>0 and d=2 or 3 (mod 4), the quadratic field
Q(/d) has a fundamental unit & = x + y/d where x and
y are the least positive solutions of the Pell equation
x* — dy* = —1, if positive solutions exist; otherwise x and
y are the least positive solutions of x2— d)? = 1, which
always exist. A fundamental unit is similarly obtained by
solving one of the Pell equations x2—d)?==*4 if d> 1
and d=1 (mod 4).

Algebraic number theory is often used to study Diophan-
tine equations. For example, in the Diophantine equation
y*— x?=1, both x and y cannot be even and both cannot
be odd because then the difference 3? — x? would be even.
Also, x cannot be odd when y is even because in that case
y? — x*=—1 (mod 4). Therefore, in any solution x must
be even and y odd. One such solution is x=0, y= 1, and
this is the only solution with x=0. A method to show
that there are no further solutions is to enlarge the setting
to the field Q(i) and write the equation in the form

P=x2+1=(x—i)(x+i),

where x is assumed to be nonzero. Neither factor is a
unit because x # 0. If the Gaussian integers x+ i and
x — i had a common divisor 7 among the primes of Q(i),
then 7 would divide their difference 2i, so # would be
either 1 +i or 1 — i, the prime divisors of 2. In that
case n?=+2i, which is impossible because n? divides
»* and y is odd. Unique factorization implies that both
x+1i and x—i are cubes of integers in Q(i). Hence
x + i=(a+ bi)* for some choice of rational integers a and
b, from which it follows, by equating real and imaginary
parts, that x = a®> — 3ab? and 1 = 3a?b — b* = b(3a* — b?).
Thus, b==+1 and 3a?>— b*>==1, from which it follows
that b=—1, a=0. Thus, x =0, y= 1 is the only solution
in integers of * — x> = 1.

A similar argument can be used to show that the Dio-
phantine equation )?= x2+ 2 has only two solutions in
integers, x = +5, y = 3. The argument makes use of unique
factorization of integers in the field Q(v—2). There are
only two units in this field, =1, which simplifies matters.

Unique factorization of integers in the field Q(v—3) can
be used to show that the Diophantine equation z* = x3 + )?
has no solutions in positive integers. This field has six
units, the three cube roots of 1 and their negatives. The
roots are determined by solving the cubic equation
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w=1or (u—1)w+u+1)=0.

The solutions are 1, w, and w?, where

w=—lz—ﬂandaﬂ=l—;—B.

The number /=3 is a prime in this field. The Diophantine
equation can now be written in the form

2= (x+y)(x+ wy)x + @),

from which it can be shown that each factor on the right
is the cube of an integer in the field Q(yv—3) multiplied by
a unit of the field and some power of the prime y—3. This
information suffices to show that the equation z3 = x3 + 33
has no solutions in positive integers. The argument makes
essential use of unique factorization in the field Q(v=3).

In the mid-19th century the German mathematician
Ernst Eduard Kummer and others attempted to extend
this argument to prove the Fermat conjecture that for any
positive integer n > 2 there are no solutions of x" + y" = z»
in positive integers. It suffices to consider only the case
in which # is an odd prime p > 3. The idea was to factor
)fcp + y» into linear factors and rewrite the equation in the
orm

Z=x+E+P)E+ ) (x+ ),

where
2n 2n

C=cos;,— +isin7 .

The number ( satisfies { = 1, so { is a pth root of 1. The
field Q(¢) is called a cyclotomic field. Kummer realized
that if the factor x + {y has the form ea® for some alge-
braic integer a and some unit ¢ in the cyclotomic field
Q({), he could settle the Fermat conjecture by an argu-
ment similar to that described above for the case p = 3.
In fact, he showed that the equation x + {y = ea?, with x
and y not divisible by p, implies x = y (mod p). A similar
argument applied to the equation x? + (—z)? = (—y)? shows
that x = —z (mod p). Therefore

2P = x? + yP = zp = —x? (mod p),

so that 3x»=0 (mod p). But this is a contradiction be-
cause p > 3 and p does not divide x.

The equation x + {y = ea?, which is crucial to the fore-
going argument, is valid if unique factorization holds for
the integers in the cyclotomic field Q({). The smallest
prime p for which unique factorization fails in Q({) is
p =23, but for values of p for which unique factorization
holds, Kummer’s argument shows that the Fermat equa-
tion x? + y? = z# has no positive solutions.

Kummer was aware that the unique factorization prop-
erty does not hold in every cyclotomic field, and he
searched for another way to deduce the crucial equation
x+ {y=ea>. He succeeded, in part, by introducing a
new kind of complex number, which he called an ideal
complex number and which permitted him to generalize
the concept of unique factorization. He was then able
to prove that the Fermat equation x?+ y?=z’ has no
solutions for all primes p satisfying two special properties,
but he was not able to determine whether all primes have
these properties. The German mathematician Richard
Dedekind rephrased Kummer’s ideas and introduced the
concept of an ideal.

Ideals and class numbers of algebraic number fields. An
ideal I is a set of algebraic integers in an algebraic number
field K with the following three properties: I contains 0;
if @ and B are in I, their sum and difference are also in
I; and, if a is in I and if B is any algebraic integer in K,
then af is in 1.

For example, suppose K= Q(1), the field of rational
numbers. The set of all integer multiples of a fixed integer
a is an ideal, denoted by (@) and called a principal ideal.
Thus, the principal ideal (7) consists of all multiples of 7.
Another ideal is the set of all linear combinations 7m + 3n,
where m and n run through all the rational integers. This
ideal is denoted by (7, 3) and is said to be generated by 7
and 3. The ideal (14, 49), generated by 14 and 49, is easily
seen to be the same as the principal ideal (7) because
7=49 — 3- 14, a linear combination of 14 and 49.

Cyclotomic
fields
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Unique
factor-
ization
by prime
ideals

The class
field tower

In any algebraic number field K, the set of all algebraic
integers in K is itself an ideal, in fact a principal ideal,
denoted by (1). The ideal (a, ) generated by two alge-
braic integers a and B is the set of all linear combinations
Aa + up, where A and u run through all algebraic integers
in K.

If the algebraic integers in K have the unique factoriza-
tion property, then every ideal is principal and the intro-
duction of ideals is superfluous. But in a field where the
unique factorization property fails, ideals can be used to
restore unique factorization. This is done by introducing
multiplication of ideals in a very natural way. The product
AB of two ideals 4 and B in an algebraic number field
K is the ideal obtained by taking all products af of an
element a in 4 with an element g in B, together with all
sums and differences of such products. For example, the
product of any.ideal A4 with the principal ideal (1) is 4, so
the principal ideal (1) plays the role of the number 1 in
the arithmetic of ideals.

A prime ideal is one that is not the principal ideal (1) and
that is not the product of two ideals unless one factor is
the principal ideal (1). Unique factorization holds for the
algebraic integers in K if and only if all ideals are principal.
The failure of unique factorization in the field Q(/=5) is il-
lustrated by the example 6 =2 -3 = (1 + y=5)(1 —J=5).
Unique factorization can be restored by factoring the ideal
(6) as a product of four prime ideals,

6)=(2, 1 +y=3)(2, 1 =y=3)(3, 1 +y=5)(3, 1 —y=3).

More generally, in any algebraic number field K, every
nonzero ideal other than the principal ideal (1) can be fac-
tored as a product of prime ideals, and this factorization
is unique apart from the order of the factors.

For fields in which not all ideals are principal, Kummer
introduced a way of measuring the extent to which unique
factorization fails. He did this by considering two ideals 4
and B to be equivalent if there are two nonzero principal
ideals (a) and (B) such that (a)4 = ()B. With this defi-
nition of equivalence, the ideals of an algebraic number
field are separated into equivalence classes, of which there
are only finitely many, one of them being the class of
principal ideals. This finite number of equivalence classes
is called the class number of the field. The class number
is 1 if and only if the algebraic integers in the field have
the unique factorization property, which, of course, means
that all ideals are principal. The size of the class number
is a rough measure of how badly unique factorization
fails to hold. Let A(d) denote the class number of the
quadratic field Q(\/d). Some examples of class numbers
are i(—1) =1, h(—5) =2, i(—127) =5, h(—329) = 24, and
h(235) = 6. Except for the first one, these numbers are not
easy to calculate. It is known, however, that there are al-
gebraic number fields with arbitrarily large class numbers.

Given any algebraic number field K with class number
greater than 1, there is a larger field L containing K, called
the class field of K, which has the significant property
that every ideal in K becomes a principal ideal in L. This
does not mean that L has class number 1, even though
every ideal in K is a principal ideal in the larger field
L, because some new ideals in L may have arisen that
are not principal. Iteration of the process leading from
K to the class field L gives the class field of L, and so
on, ultimately producing a class field tower. It was hoped
that the class field tower would be finite, terminating in
a class field at the top of the tower with class number 1.
However, in 1964 the Russian mathematicians Yevgeny
Solomonovich Golod and Igor Rostislavovich Shafarevich
gave an example of a starting field K that had an infinite
class field tower.

ANALYTIC NUMBER THEORY

Although most of the following discussion requires only
a good knowledge of algebra, some arguments draw on
concepts from elementary calculus, such as limits, sum-
mations, the natural logarithm, the exponential function,
infinite series, and infinite products. In these sections the
symbol log x is used for the natural logarithm of x (the
logarithm of x to the base €). The notation {(s) represents
the sum of the infinite series

&)= 2

1
n=1 n: ’
which converges if s > 1.

The order of magnitude of arithmetical functions. Many
investigations in number theory are concerned with the
behaviour of arithmetical functions f(n) for large values
of n. The difficulty in determining this behaviour is ex-
emplified by d(n), the number of divisors of n, whose
values fluctuate considerably. This function has the value
2 whenever n is prime; it therefore has the value 2 in-
finitely often. It also takes on arbitrarily large values when
n has a large number of divisors. For example, if # is the
product of the first k primes, say n=2-3-5- - - p,, then
d(n) = 2% because d(n) is multiplicative and d(p) =2 for
each prime p. If k is large, the prime number theorem (see
below) implies that k is approximately log 7/log log », s0
that d(n) is approximately 2'os#/lelog » This idea leads to the
following inequalities for d(n): For every positive number
¢ there is an integer N(¢)(depending on ¢) such that

d(n) < 2(1 + &) log n/log log n
for all n > N(g), whereas

d(n) > 2(1—2)log nflog log n
for infinitely many n. There are analogous inequalities
for the Euler function ¢(n) involving a certain positive

constant ¢ less than 1. For every positive number ¢ there
exists an integer N(¢) such that

cn
om>(1—2) log log n
for all n > N(g), whereas
) cn
<(l1+e& —
olm) <( &) log log n

for infinitely many ».
For these and other examples, it is more fruitful to study
the arithmetic mean,

Joy = %k= B,

because fluctuations tend to cancel one another on the
average. For example, Dirichlet showed that the aver-
age of the divisor function increases at the same rate as
log n because the ratio d(n)/log n approaches 1 as a limit
as n approaches infinity (denoted n — ). This is a conse-
quence of a formula of Dirichlet which states that

> dk)y=nlogn +@2C— )n+ OW/n),
k=1

where C=0.57721 ... is Euler’s constant, and the sym-
bol O(y/n) represents an unspecified function of » whose
absolute value is less than some constant times /z. The
principal term, n log n, is called the asymptotic value of
the sum; the other two terms are of smaller order and
represent the error made by approximating the sum by
its asymptotic value. The error term O(y/n) has been im-
proved to O(nf) for various values of 6 less than /2, but
6 cannot be replaced by /4. Determining the smallest ex-
ponent 6 in the error term is an unsolved problem called
the Dirichlet divisor problem. By 1988 it was known that
6 can be any number greater than 7/22.

Asymptotic formulas of this type have been found for
many arithmetical functions. The following examples are
typical, although in many cases the error terms have been
improved beyond what appears here.

2 k)= %nz + O(n log n)
k=1 T

n

2
> o= 112”2 + O(n log n)

k=1

2 o k) =an+l + O(x%)

at+1 @>1
k=1 )

n

> k) =nn+ O(n)

k=1

The
Dirichlet
divisor
problem
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> 1| = S0+ 00

The last formula contains the absolute value of the Mobius
funpuon, |y(k)|, not (k) itself. Determining the asymp-
totic behaviour of the summatory function

M(n) =2 (k)

is one of the most difficult unsolved problems in num-
ber theory. For a long time it was thought that perhaps
|M(n)| <+n, but in 1984 Andrew Odlyzko and Her-
man te Riele showed that this inequality is violated in-
finitely often. It has been conjectured that the inequality
| M(n)| < n'2*e holds for every & > 0. If this were true it
would have important implications concerning the distri-
bution of primes. It is known that M(n)/n— 0 as n— =,
a result equivalent to the prime number theorem.

The prime number theorem. The search for the order of
magnitude of two arithmetical functions related to primes
led to one of the most profound theorems in number
theory, the prime number theorem. If p, denotes the nth
prime number and 7(n) denotes the number of primes in
the interval from 1 to », Euclid’s theorem on the infini-
tude of primes guarantees that n(n) — o as n— o, It is
natural to ask how p, and 7n(n) grow as functions of n for
large n. Irregularities in the distribution of primes and the
lack of a simple formula for determining primes suggest
that precise answers to these questions might be difficult
or impossible to obtain. It seems astonishing to learn that
answers can be obtained, and they are remarkably simple:
For large n, the nth prime p, grows as n log n, whereas
n(n) grows as n/log n. Each of these statements implies the
other, and each is known as the prime number theorem.
More precisely, the prime number theorem can be stated
in two equivalent forms:

nn) _
s nflogn 1
and

: pn —

nlgg nlogn L @
These relations are written more simply as 7(n) ~ n/log n
and p, ~ n log n and are expressed verbally by saying that
n(n) is asymptotic to n/log n and that p, is asymptotic to
n log n, respectively.

The first form was conjectured independently by Gauss
and by Legendre around 1800, but neither provided proof.
Gauss was led to his conjecture by examining a table of
primes < 105, He calculated n(n) simply by counting the
number of primes in the interval from [ to ». This is
similar to the exercise done in an earlier section, in which
primes were counted in blocks of 1,000 consecutive inte-
gers. However, if the blocks are not of equal length but are
allowed to grow by a factor of 100, the following values
of n(n) and of the ratio n/m(n) are obtained:

n ni(n) n/n(n)
102 25 4.000
104 1,229 8.137
106 78,498 12.739
108 5,761,455 17.537
100 455,052,511 21.975
1012 37,607,912,018 26.590
104 3,204,941,750,802 31.202

The table shows that the ratio n/n(n) grows very slowly
compared to n. As the exponents on the powers of 10
increase by 2, the ratio n/n(n) seems to increase by about
4.6, or 2.3 times the exponent of 10. The exponent of 10
is the logarithm of 7 to the base 10, so the table indicates
that n/n(n) grows at about 2.3 times this logarithm. But
2.3 times the logarithm of a number to base 10 is approx-
imately equal to the natural logarithm of that number.
Comparison of the natural logarithm log # with the ratio
n/n(n) reveals the following values:

Number Theory 31

log (n)
n log n n/m(n) n/n(n)
102 4.605 4.000 1.151
104 9.210 8.137 1.132
106 13.816 12.379 1.085
108 18.421 17.357 1.061
1010 23.026 21.975 1.048
1012 27.631 26.590 1.039
1014 32.236 31.202 1.033

This remarkable agreement between log n and n/7(n)
suggests that their ratio approaches 1 as n— . Gauss,
Legendre, and many other eminent mathematicians of the
early 19th century tried unsuccessfully to prove this con-
jecture. The first step toward a proof was made in 1851
by Chebyshev, who showed that if 7(#)log #/n has a limit
as n — oo, then this limit must equal 1.

In 1859 Bernhard Riemann attacked the problem with
a new method, using a formula of Euler relating the sum
of the reciprocals of the powers of the positive integers
with an infinite product extended over the primes. Eu-
ler’s product formula, devised in 1737, states that, for
every real s> 1, .

= 1

Dx

where the product runs through all the primes. Euler de-
rived this formula by writing each factor on the right as
an infinite geometric series

L xdere+

1—x
with x = p,s. When all these series are multiplied together
and the denominators are arranged in increasing order, the
result is the series on the left (because of the fundamental
theorem of arithmetic).

Riemann replaced the real variable s in Euler’s product
formula with a complex number and showed that the
distribution of prime numbers is intimately related to
properties of the function {(s) defined by the series (now
called the Riemann zeta function). Riemann came close to
proving the prime number theorem, but not enough was
known during his lifetime about the theory of functions
of a complex variable to complete the proof successfully.

Thirty years later the necessary analytic tools were
at hand, and in 1896 Jacques-Salomon Hadamard and
Charles Jean dela Valleé-Poussin independently proved
the first form of the prime number theorem. The proof was
one of the great achievements of analytic number theory.
Subsequently, new proofs were discovered, including an
elementary proof found in 1949 by Paul Erdos and Atle
Selberg that makes no use of complex function theory.

The second form of the prime number theorem is eas-
ily deduced from the first form by taking logarithms of
both members of equation (1) and then removing a factor
log n to obtain

1)} —0.

31_1.2 {log n(__log () +
log n

Because log n — «, the factor multiplying log » must tend

to zero. The quotient log log n/log n also tends to zero,

hence

loglogn
log n

log m(n) _
n—= logn

This relation, multiplied by equation (1), yields
lim n(n) log n(n) _

n—o n

1.

Now replace » by the nth prime, p,, in this equation. Then
n(p,) = n, and the equation becomes
. log n
lim 120871 _

n—w

l’

Dn

which implies equation (2). Equation (1) can also be

Riemann’s
zeta
function
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deduced from (2), so the two statements are equivalent.
Each of the following statements involving the Mdbius
function is also equivalent to the prime number theorem:

im 1> u)=0, and lim > 4K —o,
n—e =) n—e 1T

The prime number theorem is important not only be-
cause it makes an elegant and simple statement about
primes and has many applications but also because much
new mathematics was created in the attempts to find a
proof. This is typical in number theory. Some problems,
very simple to state, are often extremely difficult to solve,
and mathematicians working on these problems often
create new areas of mathematics of independent interest.
Another example is the creation of algebraic number the-
ory as a result of work on the Fermat conjecture.

Primes in arithmetic progressions. An arithmetic pro-
gression of integers with first term 4 and common differ-
ence k consists of all numbers of the form kn+h as n
runs through the nonnegative integers 0, 1, 2,.... If &
and k have a common prime factor p, each term of the
progression is divisible by p, and there can be no more
than one prime in the progression. In 1803 Legendre con-
sidered whether there must be infinitely many primes in
the progression if 4 and k have no common prime factor.
For example, all odd numbers fall into two progressions,
one containing numbers of the form 4n — 1, and the other
containing numbers of the form 4n + 1, so at least one of
these progressions must contain infinitely many primes.
In fact, both of these progressions contain infinitely many
primes. This is easily proved for the progression 4n — 1 by
a minor modification of the Euclidean proof of the infini-
tude of primes. The proof is as follows: For any finite set S
of primes of the form 4n — 1, let p be the largest prime in
S, and consider the integer N=4-3-5- - - p— 1, where
the product 35+ - - p contains all the odd primes < p as
factors. Because N is greater than p it cannot be in S. No
prime < p divides N, and so all the prime factors of N
must exceed p. But all the prime factors of N cannot be of
the form 4n + 1 because the product of two such numbers,
and therefore the product of any finite collection of such
numbers, is again of the same form. Hence there must be
some prime factor of N of the form 4n — 1 that is not in
S. This proves that there must be an infinite number of
primes of the form 4n — 1.

This argument breaks down for the progression 4n + 1,
because the product of two numbers in this progression is
again of the form 4» + 1. But an elementary argument of
a different type can be used to show that the progression
4n + 1 also contains infinitely many primes. There are also
elementary arguments showing that there are infinitely
many primes in other special arithmetic progressions such
as5n—1,8n—1, 8n— 3, and 8n + 3. For any positive in-
teger k, the sequence (kn+1:n=1,2, 3, 4,.. .} contains
infinitely many primes. This special case of Dirichlet’s
theorem has been proved by elementary methods, but the
proof is not as simple as in the other cases cited.

In a celebrated memoir published in 1837, Dirichlet
showed that every arithmetic progression kn -+ h, where
h and k are relatively prime, contains infinitely many
primes. This was the first major triumph of analytic
number theory. Dirichlet was guided by Euler’s proof of
Euclid’s theorem on the infinitude of primes, which shows
that the sum of the reciprocals of the primes diverges.
Dirichlet used an ingenious argument to show that the
sum of the reciprocals of all the primes in the progression
kn + h also diverges. The method can be understood by
referring to the following asymptotic formula for the par-
tial sums of the series of reciprocals of the primes:

> i = log(log x) + O(1),

p<x

where the sum is extended over all primes p < x, and the
symbol O(1) represents a quantity that remains bounded
for all x. This formula shows that the partial sums are
asymptotic to log(log x) and therefore tend to ® as x — o,
Dirichlet’s method gives a corresponding formula for sums
extended over those primes p < x that also lie in the arith-
metic progression kn + h:

1__1

~ =—"= log(log x) +

24 p ~ pky 1oedlog x)+ (1),
p=h(mod k)

where the notation p=#h (mod k) indicates that each
prime in the sum is congruent to 2 mod k. Again, the
principal term on the right tends to « as x — «, so there
must be infinitely many primes p=#h (mod k), hence
infinitely many in the progression kn -+ A. Because the
principal term is independent of 4, the formula also shows
that each of the ¢(k) residue classes mod k makes the
same contribution to the principal term.

The key to Dirichlet’s method was the introduction of
new arithmetical functions y(#), now called Dirichlet char-
acters mod k. These are multiplicative functions that have
period k and vanish only on the numbers not relatively
prime to k. There are exactly ¢(k) Dirichlet characters
mod k, and they make it possible to extract the integers
congruent to £ mod k from a given set of integers.

Dirichlet’s memoir also introduced functions analogous
to the Riemann zeta function {(s) of prime number the-
ory. These functions, now called Dirichlet L-functions, are
defined by infinite series of the form

X x(n
Ls =220,
n=1
where x(n) is a Dirichlet character mod k and s is a
real number greater than 1 (or a complex number with
real part greater than 1). The study of L-functions is an
active area of contemporary mathematical research that
has profound applications to both analytic and algebraic
number theory.

Generating functions. Dirichlet’s work on L-functions
led to the description of a more general class of functions

defined by infinite series of the form

F(S)=E:|f—(n—)

n’

>

where f(n) is a given arithmetical function. This is called
a Dirichlet series with coefficients f{n), and the function
F(s) is called a generating function of the coefficients.
The prototype is the Riemann zeta function {(s), which
generates the constant function f{n) =1 for all n,

C(S)=§#-

The square of the zeta function generates the divisor
function d(n),

> 4(n)

2 = =

Gor =250

and the reciprocal of the zeta function generates the Mo-

bius function u(n),
1 _un
{s) ,,2=1 n

More generally, if a Dirichlet series F(s) generates an
arithmetical function f{n), and another Dirichlet series
G(s) generates g(n), then the product F(s)G(s) generates
the arithmetical function

ey =3 fie (%)-

called the Dirichlet product of the two arithmetical func-
tions f and g. The appearance of the Dirichlet product is
seen by multiplying the two Dirichlet series and rearrang-
ing terms, as follows:

_S S fnglm) 5 R
n2=l m=1 (nm): k=1 kf ’
where

M= 3 forgm =3 fe (7).

nm=

The results are valid whenever the series for F(s) and G(s)
converge absolutely.

Dirichlet
L-functions
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Products of Dirichlet series can be used to generate many
arithmetical functions occurring in multiplicative number
theory. For example,

and

U)s— )=,

> Ta1)
n=1 n ’
In additive number theory it is more convenient to use
generating functions represented by power series. A func-
tion A(x) with the power series expansion

A(x)= z a(n)x"
n=0
is said to generate the coefficients a(n). If B(x) generates
the coefficients b(m), so that

B(x)= Zob(m)xm,

then, for those x for which both series converge absolutely,
the product of the two series is given by

o w

AX)BX) =, a(mx" >, bim)x~

n=0 m=0

= ZO Zoa(n)b(m)xnw = cllox*,

k=0
where

cky="Y, a(mb(m).
n+m=k
The new sequence c(k) is called the Cauchy product of
the two sequences a(n) and b(m).
For example, suppose a(n)=1 if n is a square, and
a(n) = 0 otherwise, so that

AG) =1+ x+xX+X0+ X6+ - 4 x"+- - -

Thus, A(x) involves only exponents that are squares. The
square of A(x) is given by the series
AR =1+2x+ x4+ 2xX 4+ 25+ 3+ 20+ - -
+ b(n)x"+- - -,
where b(n) is the number of ways that n can be expressed
as the sum of two squares of nonnegative integers, with
the order of the summands taken into account. The fourth
power of A(x) is given by
Axy'=1+4x+ 62+ 4 +5x+ 126+ - -

+e(mxr+- .-,
where c(n) is the number of ways that n can be expressed
as the sum of four nonnegative squares. For example,
there are exactly six ways of writing 2 as the sum of four
nonnegative squares:

2=14+1404+0=1+0+1+0
=1+0+0+1=0+14+0+1
=0+14+14+0=0+0+1+1,

hence ¢(2)=6. Euler observed that Lagrange’s four
squares theorem is equivalent to the statement that c(n)
is positive for every », but he did not succeed in showing
that c(n) > 0.

If squares of negative numbers are also allowed among
the summands, the number of representations of an inte-
ger as a sum of squares is much greater. For example, if
squares of —1 are allowed, there are 24 ways to represent
2 as a sum of four squares. The number of representa-
tions of an integer n as a sum of k squares of integers
(positive, negative, or zero) is denoted by r(n). Its gener-
ating function is

Oxy =1+ 2 ri(n)x",
n=1

where &(x), called a theta function, is defined by the
infinite series
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Hx) = 2 X,

m=—cw

The example r,(n) was mentioned above.

Jacobi showed that properties of theta functions often
lead to information concerning representations of integers
by squares. For example, one of Jacobi’s identities from
the theory of elliptic functions implies that

02 =1+4 2 {di(n) — dy(m))x",

where d,(n) and dy(n) are the number of divisors of n
congruent to 1 and 3 mod 4, respectively. When the
coefficient of x” in this formula is compared with the co-
efficient of x" in the generating function for r,(n), it gives
the explicit formula

ry(n) = 4{d\(n) — dy(n)}

for the number of representations of »n as the sum of
two squares. By similar methods, Jacobi also showed that
r«(n) = 8a(n) if n is odd, whereas r(n) = 24 times the sum
of the odd divisors of # if n is even. Explicit formulas for
r{n) have been obtained by similar methods for k=6, 8,
10, and 12, but they are more complicated. Explicit for-
mulas for r(n) are known for all even k < 24. Formulas
for odd values of k are more difficult to derive.

Additive number theory. In contrast to multiplicative
number theory, which is concerned with properties aris-
ing from prime factorization, additive number theory is
concerned with arithmetical functions related to additive
properties of the integers. The basic problem of additive
number theory is that of expressing a given positive inte-
ger n as a sum of integers from some set

A={a, ay ..},

where the summands a; are special numbers such as
primes, squares, cubes, and so on. Each representation of
n as a sum of elements from A is called a partition of n.
The number of such partitions is often of great interest.

The problem of representation by squares was discussed
in the previous section. Another famous problem of addi-
tive number theory is the Goldbach conjecture, formulated
in 1742, which states that every even number greater than
4 is the sum of two odd primes. This conjecture has been
confirmed numerically up to very large numbers but re-
mains unproved. In 1937 the Russian mathematician Ivan
Matveyevich Vinogradov proved that every sufficiently
large odd number is the sum of three odd primes, and
in 1966 the Chinese mathematician Chen Jing-run (Ch’en
Ching-jun) showed that every sufficiently large even inte-
ger is the sum of a prime plus a number with no more
than two prime factors.

Waring’s problem is named after the English mathemati-
cian Edward Waring, who in 1770 stated, without proof
and with limited numerical evidence, that every positive
integer n is the sum of four squares, of nine cubes, of 19
fourth powers, and so on. The problem is to determine,
for a given positive integer k, whether there is an integer s
(depending only on k) such that the equation

n=xk+xk+- - +xt

has integer solutions for all » > 1. The least value of s
that exists for a given k is denoted by g(k). Similarly,
G(k) denotes the smallest s required to so represent all
sufficiently large n.

In 1770 Lagrange proved that g(2) =4, and during the
next 139 years the existence of g(k) was shown for k= 3,
4, 5,6, 7,8, and 10. In 1909 the German mathemati-
cian David Hilbert proved the existence of g(k) for every
k but did not determine its numerical value. The exact
value of g(k) is now known for every k. For example,
g(3)=9, g(4)=19, g(5)= 37, g(6)=73, g(7) = 143, and
2(8) =279. A general formula states that

P
glk) = 2+ [27] -2
for all k =2, with equality if 4 < k < 200,000.

The existence of G(k) follows from that of g(k) because
G(k) < g(k), but only the values G(2) =4 and G(4)= 16

Waring’s
problem
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are known exactly. Some upper bounds smaller than g(k)
are known, for example, G(3) < 7, G(5) < 23, G(6) < 36,
G(7) <53, and G(8) <73. The British mathematicians
Godfrey Harold Hardy and John E. Littlewood conjec-
tured that G(k) < 2k + 1 when k is not a power of 2 and
that G(k) < 4k when it is, but the most that is known is
G(k) < ck log k for some constant c.

Perhaps the most fundamental arithmetical function in
additive number theory is the unrestricted partition func-
tion p(n), which counts the number of ways that a positive
integer # can be written as a sum of natural numbers not
exceeding n. For example, p(5) =7 because there are 7
partitions of 5, given by

- NN W

In counting partitions, the number of summands (parts)
is unrestricted, repetition is allowed, and the order of the
summands is not taken into account.

Euler showed that the reciprocal of the infinite product

o) =TT a1 —am
is a generating function for p(n):

| -
) —;_:0 p(n)x”,

where p(0) = 1. He also showed that
pxX)=1—x—X+xX+x—x12—x15+- - -,

where the exponents 1, 2, 5, 7, 12, 15, ... are called pen-
tagonal numbers; they can be derived from the expressions
(3k2—k)/2 and (3k* + k)/2 by taking k=1, 2, 3, 4,....
By multiplying the power series for ¢(x) with that for its
reciprocal 1/¢(x), Euler obtained the following recursion
formula for computing p(n):

p)y=pn—1)+pn—2)—pn—35)—pn—")+- - -,

where p(k) =0 if k<0. Another recursion formula, ob-
tained by logarithmic differentiation of the generating
function 1/¢(x), reveals a remarkable connection between
p(n) and the function o(#) of multiplicative number theory:

np(n) =E a(kyp(n — k).

The function p(n) grows rapidly. For example, p(10) = 42,
p(100) = 190,569,292, and p(200) = 3,972,999,029,388. In
1917 Hardy and the Indian mathematician Srinivasa Ra-
manujan used the transformation theory of elliptic mod-
ular functions to show that p(n) has the asymptotic value

ekin
p(n) g3’

where K= ny%. In 1937 the German-American math-
ematician Hans Rademacher showed that p(n) could be
expressed as the sum of a convergent series, the first term
of which gives the foregoing asymptotic value.

Ramanujan discovered a number of remarkable identities
that imply divisibility properties of the partition function.
For example, the Ramanujan identity

oY
L = + 4 Yo
S o 2 PSm+4)
implies that p(5m + 4)=0 (mod 5). He also found that
p(Tm~+5)=0 (mod 7) and p(11m+ 6)=0 (mod 11).

Investigations on the partition function in the early 20th
century initiated a new era of research that has revealed
profound connections among elliptic modular functions,
abstract algebra, and number theory.

Lattice point problems. In a rectangular coordinate sys-
tem, each point in the plane is represented by a pair of real
numbers (x, y), its rectangular coordinates. Those points
with integer coordinates are called lattice points, and they
form a configuration of equally spaced rows and columns
called the unit square lattice. Since the time of Gauss,

many interesting and deep properties of the integers have
been discovered by studying the unit square lattice. These
investigations, together with their extension to higher-
dimensional space, led to the creation of a new branch of
mathematics called geometric number theory, or the ge-
ometry of numbers. This section describes a small sample
of theorems concerning lattice points and illustrates some
of the methods used to prove them. Most of the discussion
is concerned with lattice points in the plane, with some
indication of how the results are extended to spaces of
higher dimension.

If a plane is covered with unit squares, like those on graph
paper, the vertices of the squares form the unit square
lattice. The same lattice can be generated by covering the
plane with parallelograms having lattice points as vertices,
provided there are no further lattice points inside or on the
boundary of each parallelogram. Any parallelogram whose
vertices generate the unit square lattice has area equal to 1
(that is, equal to the area of one unit square of the lattice).
This fact is easily deduced from a theorem, discovered by
the Austrian mathematician Georg Pick, concerning poly-
gons whose vertices are lattice points (lattice polygons).
The theorem states that the area of the region enclosed by
any lattice polygon is one less than the number of lattice
points inside the polygon plus half the number on the
boundary. An example is shown in Figure 1. Therefore,
any lattice parallelogram that generates the unit square
lattice has area 1, because there are no lattice points inside
the parallelogram and exactly four on the boundary.

Pick’s theorem also implies that every regular lattice
polygon must necessarily be a square. Thus, for example,
there is no equilateral lattice triangle. This can be proved
by calculating the area of such a polygon in two ways. If
the regular polygon has » sides and is subdivided into n
isosceles triangles with a common vertex at the center, its
area is a rational multiple of cot (n/n). However, Pick’s
theorem implies that the area is rational, because the area’
is either an integer or an integer plus !/2; this implies that
cot (7/n) must be a rational number. But it is known that,
for n = 3, cot (n/n) is rational only for n = 4. For example,
cot (n/3) = 1/y/3, an irrational number. Thus, there is no
equilateral lattice triangle.

Because lattice polygons are special figures, it is not
surprising that there is a simple formula for determining
their areas by counting lattice points. But no three-dimen-
sional analogue of Pick’s formula can exist for finding
the volume of a lattice polyhedron by counting lattice
points inside, on the faces, and on the vertices. This can
be demonstrated with a tetrahedron whose vertices are
at the lattice points (0, 0, 0), (0, 1, 0), (0, O, 1), and
(1, 1, k), where k is a positive integer. There are lattice
points at the four vertices but none inside, on the faces
of, or on the edges of this tetrahedron. As k increases the
volume of the tetrahedron increases, but the number of
lattice points inside the figure or on its boundary does
not change. Therefore, no three-dimensional analogue of
Pick’s formula can exist.

Figure 1: A polygon whose vertices are lattice points.

It contains 15 lattice points inside and 18 on the boundary.
By Pick’s theorem the area of the region enclosed is

15+ 9 — 1 =23 (see text).

Pick’s
theorem
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The number of lattice points inside a plane figure can
change quite drastically if the figure is translated, even by
a small amount. For example, a rectangle with vertices
at the four lattice points (0, 0), (3, 0), (3, 1), and (0, 1)
has exactly eight lattice points on its boundary and none
inside. If this figure is shifted slightly to the right, the
number of lattice points on the boundary decreases to six,
again with none inside. If the figure is now shifted up-
ward a small amount, the number of lattice points on the
boundary drops to zero and the number inside increases
to three. This simple example shows that the number of
lattice points captured in a given region will depend on
where the region is placed on the unit square lattice. It
also shows that relations between areas of plane regions
and numbers of lattice points captured may be harder to
derive if the regions are not bounded by lattice polygons.

In 1914 the American mathematician Hans Frederick
Blichfeldt discovered a remarkable theorem relating areas
and lattice points: Any bounded plane region with positive
area A placed in any position on the unit square lattice
can be translated so that the number of lattice points in-
side the region will be at least 4. The theorem allows the
shape of the region to be arbitrary. The only requirements
are that the region be bounded (which means that it can
be enclosed inside some large square) and have positive
area. If the area A4 is an integer, say 4 = 14, the theorem
asserts that the region can be translated so that it encloses
at least 14 lattice points inside. If A4 is not an integer, say
A = 14.2, the region can be translated so that the number
of lattice points inside is at least 15, the next integer larger
than 4. An example is shown in Figure 2.

Blichfeldt’s theorem can be extended to higher-dimen-
sional space. The version for three-dimensional figures
states that any bounded solid region with positive volume
V placed on the unit cubic lattice in any position can be
translated so that the number of lattice points inside the
region will be at least V. There is also an n-dimensional
version in which V is the n-dimensional volume.

The use of geometric methods in number theory was
introduced in 1889 by Hermann Minkowski when he cre-
ated a subject he called the “geometry of numbers.” The
cornerstone of this theory is his convex body theorem: A
bounded plane convex region, symmetric about a lattice
point and with area greater than 4, must contain at least
three lattice points in its interior. (A region is called convex
if for every pair of points in the region the line segment
joining them also lies in the region. Familiar examples
of convex regions are those bounded by parallelograms,
circles, or ellipses. A region is symmetric about a point P
if for every point Q in the region, Q' is also present, where
P is the midpoint of the straight line segment QQ’.)

Minkowski’s theorem can be deduced from Blichfeldt’s
theorem. Denote the convex plane region by K and as-
sume that its centre of symmetry is at the origin. Denote
by K/2 the region obtained by multiplying all the coordi-
nates of points of K by !/2. The new region K/2 has the
same shape as K but is only half as large. In the language
of geometry, K/2 is similar to K with similarity ratio 2.
Therefore, the region K/2 is also convex and symmetric
about the origin, but its area is /s that of K, because areas
of similar figures are related by the square of the similarity
ratio. The area of K is greater than 4, so the area of K/2 is
greater than 1. By Blichfeldt’s theorem, some translation
of K/2 contains at least two distinct lattice points in its
interior. Denote these lattice points by x and y in vector
notation, and let a be the vector through which K/2 was
translated to capture x and y. (See Figure 3.) The lattice
points x and y came from two points x —a and y—a
interior to K/2. These are not necessarily lattice points
because the translation vector @ need not have integer
coordinates. Because K/2 is symmetric about the origin,
the point @ — x is also interior to K/2. Now K/2 is convex,
so the point midway between y —a and a — x, that is,
the point (y — x)/2, is also interior to K/2. Therefore, the
point with coordinates twice as large, y — x, is interior to
K. But y —x is a lattice point, different from the origin.
This lattice point, together with the symmetric point x — y
and the origin, are three lattice points interior to K, and
this proves Minkowski’s theorem.
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Figure 2: An example illustrating Blichfeldt’s theorem.

The lower region of area 14.2 (with 12 lattice points
inside), has been translated to the upper region to capture
15 lattice points inside.

The three-dimensional version of Minkowski’s theorem
asserts that a bounded convex body, symmetric about a
lattice point and with volume greater than 8, must con-
tain at least three lattice points in its interior. The most
important applications require an z-dimensional version
of the theorem, in which the number 8 is replaced by 2.
A proof, virtually identical to the one given above for the
two-dimensional case, can be based on the n-dimensional
version of Blichfeldt’s theorem.

Minkowski extended his theorem to nonrectangular lat-
tices in which the unit squares of the rectangular lattice
are replaced by parallelograms of area |A|, where A is
a number called the determinant of the lattice. In the
three-dimensional case the parallelograms become paral-
lelepipeds of volume |A|. For these more general lattices,
the n-dimensional version of Minkowski’s theorem states

translation of K/2

y—x

YValy = %)

origin

x=y
Figure 3: Minkowski’s convex body theorem deduced from
Blichfeldt’s theorem.

The lattice points x and y are in a translation of K/2. The
lattice points x —y and y — x are in K.
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that a bounded convex body, symmetric about a lattice
point and with n-dimensional volume greater than 2”|A|,
contains at least three lattice points in its interior.

Minkowski’s convex body theorem provides a new
method for proving some fundamental facts about alge-
braic number theory. The theorem can also be used to
derive new proofs of some theorems from elementary
number theory. In particular, it can be used to prove
Lagrange’s theorem that every positive integer is the sum
of four squares, or the theorem of Euler and Fermat that
every prime number of the form 4k + 1 is the sum of
two squares.

The theorems of Blichfeldt and Minkowski can be
regarded as existence theorems. Prescribed information
about the size and shape of a region implies the existence
of one or more lattice points inside the region. A number
of results of this type involve both the area and perimeter
of plane regions. For example, in 1947 the Polish mathe-
matician Maria Nosarzewska found that the number N of
lattice points inside a convex plane region of area 4 and
perimeter P satisfies the inequalities

A— lP<NsA+ lP-I— 1.
2 2

In particular, if the area exceeds half the perimeter, the
leftmost inequality implies that N> 0, hence N> 1. In
other words, any convex plane region of area 4 and
perimeter P with A/P > !/> contains at least one lattice
point in its interior. This last result has been extended
to higher dimensions. If the n-dimensional volume V of
a convex body in n-dimensional space exceeds half the
(n — 1)-dimensional surface area S, then the body contains
at least one lattice point in its interior. Nosarzewska’s
inequality improves a theorem of the Czech mathemati-
cian Vojtech Jarnik, which states that | N — 4| < P for any
plane region, convex or not, with perimeter P> 1.

Many problems in number theory involve counting lattice
points in special regions. For example, while investigating
the number of representations of a number as a sum of
two squares, Gauss proposed the problem of counting the
number N(r) of lattice points inside or on the boundary of
a large circle of radius r with centre at the origin. Because
every lattice point in the plane can be regarded as belong-
ing to exactly one square of the unit square lattice (for
example, that square having the lattice point as its lower
left corner), counting lattice points in a region is essentially
the same as counting squares in the region. Therefore, the
number N(r) should be approximately nr2, the area of the
region, with an error of the order of magnitude of the
circumference, 2nr. Gauss showed that N(r) = nr> + E(r),
where the error E(r) satisfies | E(r)| < 2y2nr. Jarnik’s in-
equality implies |E(r)| < 2nar if r = 1/(27), a minor im-
provement. In 1904 the Polish mathematician Waclaw

Sierpifiski showed that |E(r)| < Cr?? for some constant.

C. Later it was shown that the exponent %3 could be re-
placed by a smaller exponent but not by !/2. Determining
the smallest possible exponent 6 for which |E(r)| < Cr?
is called the Gauss circle problem. The best inequality
known is /2 < 0 < 7/11 = 0.6363636 . . . . The Gauss circle
problem has been extended from plane regions bounded by
circles to those bounded by ellipses, hyperbolas, and other
curves. It has also been generalized to higher dimensions.

Another category of lattice point problems is concerned
with the concept of visibility. Two lattice points (x, »)
and (x’, »’) are called mutually visible if the line segment
joining them contains no further lattice points. This is
equivalent to saying that the differences x — x” and y — )’
are relatively prime. Lattice points visible from the origin
(called visible points) have relatively prime coordinates.
There are infinitely many lattice points visible from the
origin, and it is natural to ask how they are distributed
among all the lattice points. One way of answering this
question is to count the total number N’ of visible points
in a large square centred at the origin, then divide this
number by the total number N of lattice points in the
square. As the square expands to cover all lattice points,
the limiting value of the ratio N/N is 6/n% called the
density of the visible points. This result can be stated in
the language of probability. If a lattice point is selected at

random from the unit square lattice, the probability that
it is visible from the origin is 6/z2. Or, if two integers
are selected at random, the probability that they are rel-
atively prime is 6/72. The density of visible points in an
n-dimensional lattice is 1/{(n), where {(n) is the sum of the
reciprocals of the nth powers of all the positive integers.

UNSOLVED PROBLEMS

There are hundreds of unsolved problems in number the-
ory, some of which have already been mentioned in this
article. This concluding section lists examples of problems
that are easy to state but which remain unsolved.

Prime numbers and divisibility. Are there infinitely
many even perfect numbers?

Are there any odd perfect numbers?

Is there an even number greater than 2 that is not the
sum of two primes?

Is there an even number greater than 2 that is not the
difference of two primes?

Are there infinitely many twin primes—that is, primes p
such that p + 2 is also prime?

Are there infinitely many primes of the form 2p+ 1,
where p is prime?

Are there infinitely many Mersenne primes 27 — 1 with
prime p?

Are there infinitely many Fermat primes—that is, primes
of the form 22" + 1?

Are there infinitely many composite numbers 22" + 1?

Are there infinitely many primes of the form x2+k,
where £ is a given integer?

Are there infinitely many primes of the form n! + 1?

Are there infinitely many primes that are the sum of three
cubes—that is, primes of the form x*+ ) + 23, where Xx,
y, z are integers?

Is there always a prime between »? and (n + 1)? for every
positive integer n?

Are there infinitely many primes p satisfying the congru-
ence 22~ '=1 (mod p?)?

Are there infinitely many composite # satisfying the con-
gruence a@"~'=1 (mod n) for all a relatively prime to n?

Diophantine equations. For an arbitrary integer n = 2,
are there positive integers x, y, z such that

4_1,.1,1,
n y z

==

Are there integer solutions to the equation
xX*+y+z2=3

other than the four solutions
xy2=U,1,1),(4,4,—5),(4,—5,4),and (— 5, 4, 4)?

Are there integer solutions to the equation

X3+ 3+ 22 =30?
Are there positive integers x, y, z and #n > 2 such that
X"+ yr=z"

Does the equation x*)” = zZ have solutions in odd inte-
gers x, y, z greater than 1?

Arithmetical functions. Ts there a composite # such that
Euler’s function ¢(n) divides n — 1?

Is there an integer n for which the equation ¢(x)=n is
satisfied for exactly one integer x?

If n(x) is the number of primes <x, is the inequality

n(x + y) < n(x) + n(y)

satisfied for all integers x and y greater than 1?

Irrational and transcendental numbers. Does the digit
1 occur infinitely often in the decimal expansion of 2?

Does the decimal expansion of 7 contain the sequence
of nine digits 123456789 in succession?

Is the number e + 7 transcendental?

The intellectual challenge of unsolved problems in num-
ber theory has kept the subject alive and active since the
time of the ancient Greeks. Because new problems arise
more rapidly than the old ones are solved, number theory
will continue to thrive and to stimulate other branches of
mathematics for centuries to come.
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Numerical Analysis

ties: the study of a problem by the computation

of numerical values that solve the mathematical
equations (called mathematical models) describing the be-
haviour of some system, the development of methods
(called numerical algorithms) for finding those values,
and the analysis of the properties of those methods. The
mathematical models are developed by professionals in
various subject areas of application, that is, by scientists,
engineers, or economists. A numerical analyst is a person
who develops or analyzes methods for computing the nu-
merical values.

Mathematical models are the starting point for the
numerical analyst. Examples of models include an as-
tronomer’s mathematical description of the motion of a
planet or a satellite (called its equations of motion), the
equations used by a designer to describe the radioactiv-
ity in a nuclear reactor and the operation of its control
system, the equations hypothesized by a research chemist
to describe a chemical reaction, the equations used by
government planners to express the relationships between
economic and social indicators such as gross national
product (GNP), prime rate, and unemployment rate, and
the equations used in computer-aided tomography (CAT
scans) to construct a view of the interior of a human body
from an X-ray scan.

Among the uses of models are the following: prediction
of future behaviour—for example, the determination of
the future locations of the heavenly bodies (a matter of
continuing interest in scientific calculation but of great
concern in previous centuries because of its importance
to navigation before the development of modern instru-
ments); the selection of the best design—for example, the
choice of the lowest cost nuclear reactor that meets the
requirements of power output and safety; the comparison
of computed values with experimental observations to test
the validity of the theory represented by the model or to
estimate the values of unknown constants that appear in
the model—for example, the research chemist’s effort to

Numerical analysis comprises three related activi-

determine the rate at which materials react by comparing
changes in chemical concentrations predicted from model
equations with the values measured in the laboratory; and
the determination of values that are not directly observable
from other values that are—for example, in computer-
aided tomography, the use of X-ray observations to pro-
vide the average density of a large set of narrow, pencil-
shaped sections of the body, which then are used to con-
struct a map of the density of the interior of the body.

Some problems are described by models so simple that
they can be manipulated without numerical computation.
For example, if a metal rod is subject to a stretching
force (the stress, F) and it lengthens a certain amount (the
strain, L), the stress-strain relationship might be modeled
by the equation L = AF, in which A is a numerical con-
stant. This says that the stretching is linearly proportional
to the applied force, so that if the force is doubled, the
stretching doubles. A person can understand this relation-
ship and use it to solve problems such as “What force is
needed to stretch the rod L millimetres?” in the symbolic
or explicit form F = L/A, so that it is unnecessary to
compute actual values until they are needed in a design
task. However, many models are so complex that it is
not possible to solve problems explicitly or to understand
the relationships expressed by the model. In that case, the
model user turns to numerical methods, either to compute
specific solutions or to study the behaviour of the model
as it is changed.

The goal of numerical analysis is the efficient computa-
tion of accurate approximations of the values that satisfy
mathematical equations. Two major problems confront
the numerical analyst: the round-off errors that unavoid-
ably arise during computation, and the representation of
problems involving infinite amounts of information with
the finite number of values that a person (or computer)
can handle.

For coverage of related topics in the Macropedia and Mi-
cropeedia, see the Propedia, section 10/23, and the Index.
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ERRORS

Most problems involve infinite sets of values, each of
which can potentially require an infinite number of dig-
its for exact representation. Digital computation, either
human, mechanical, or electronic, is, by its very nature,
finite: it involves a finite set of numerical values, each of
which is represented in a finite set of digits. These two
approximations of infinite quantities by finite ones lead to
the two types of error in numerical computation, round-
off and truncation error. A numerical analyst is interested
in determining the size of possible errors in a calculation.
Analysts try to find bounds on errors or estimates of errors.
A bound is a value that the analyst can guarantee the error
will not exceed. An estimate is a value that the analyst
believes is an approximation of the error (error estimates
typically vary from the true error by a factor of 2). The
word error is unfortunate because it suggests a mistake or
sin. Round-off and truncation errors are unavoidable: the

job of the numerical analyst is to find out how to compute
accurately and efficiently in their presence.

Finite-precision errors: round-off. The precision of a
value is indicated by the number of digits used in its rep-
resentation. It is typically between seven and 15 decimal
digits, depending on the type of computer and calcula-
tion. Finite precision means that most values cannot be
represented exactly, but that there is some round-off er-
ror in the computed approximation. For example, if 43
is represented by five significant decimal digits as 1.3333
(the most accurate possible using five digits), there is a
round-off error of 0.0000333...or /3 X 10 as illus-
trated below:

decimal representation

correct value 1.3333333. ..
5-digit representation 1.3333
round-off error 0.0000333. ..



All calculations are subject to the effects of round-off er-
rors. Round-off errors, which are proportional to the size
of the value containing the error when a fixed number
of significant digits is used, can be as large as 5 in the
first neglected place or one-half in the last retained place.
When a value is added to a much smaller value, the
round-off can be large relative to the smaller value. For
example, if 23,456 is added to 10.518 in five digits, the re-
sult is 23,467, with a round-off error of —0.482. If 23,456
is subtracted from the answer, the result is 11. Thus, in
five-digit arithmetic, (23,456 + 10.518) — 23,456 = 11.0,
which has an error in the third place. After the addition,
the error was less than one-half in the last place, but the
subtraction removed the three leading digits, 234, moving
this error to the third place. This phenomenon is called
cancellation. It does not cause errors but makes the size of
errors already introduced larger relative to the computed
result. Thus, although round-off errors are small, their
effect in the final answer can be large, so that one of the
tasks of the numerical analyst is to devise or modify com-
putational schemes to minimize the effect of these errors.
The effect of a change in the computational scheme is
illustrated by a simple example related to an exterior bal-
listics problem. (Exterior ballistics deals with the trajectory
of a projectile after it leaves the barrel of a gun. Much
early numerical table building and computing was devoted
to this problem, which is related to the orbit problem.)
When a projectile is fired from ground level (that is, from
an initial height, 4 = 0) and with an initial vertical veloc-
ity of v, its height, A, after ¢ seconds is &= tv, — 1?g/2,
where g is the acceleration due to the force of gravity.
The projectile will hit a target at height 4, at a time that
satisfies the quadratic equation
h0=zv0—z2§. 1)
This equation can be rewritten in the form of the standard
quadratic equation ax?+ bx + c¢=0 whose roots, », are
given by the formula

L b Vb —dac
e

Upon replacing a, b, and ¢ by g/2, —v,, and A, the roots
of (1) are found to be

p= Yot Vve = 2ghy

g
For the case v, = 500, 4, = 75, and g = 9.82, the two roots
can be computed from

500 + v250,000 — 2 X 9.82 X 75
r= 9.82 :

The value of the quantity under the square root symbol
is 248,527. If three-digit arithmetic is used, it becomes
249,000 (trailing zeros do not count as significant digits).
The square root of 249,000 is 499 correct to three dig-
its. Hence the two roots are computed as (500 + 499)/
9.82 =102 and (500 —499)/9.82 =0.102 to three digits.
The correct solutions to three digits are 102 and 0.150.
The 50 percent error in the smaller root occurs because
the root is computed by the subtraction of the two nearly
equal values 500 and 499. This illustrates the phenomenon
of cancellation. Because of three-digit accuracy, each of
these two values can be in error by as much as 0.5. In
fact, to six digits the second value is 498.525 so that the
approximation 499 is in error by 0.475. After subtraction,
the computed result of 500 — 499 is 1.0, instead of 1.475,
and is in error in the second place. This large error can
be avoided by computing the smaller root with a different
version of the formula. It is easy to show (by dividing (1)
by #? and solving for 1/¢) that the second root is given by
2h,

B Vo + Vv —2gh,

from which the result, 0.150, can be computed using
three-digit arithmetic. In the article “What Is a Satis-
factory Quadratic Equation Solver?” George E. Forsythe
discusses further the difficulties that can arise even in this
simple problem.
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The quadratic equation above is a problem whose so-
lutions can be computed accurately if the calculation is
organized correctly. Numerical analysis is used to inves-
tigate the errors that can arise in such computations. In
some problems it is very difficult to compute accurate
answers because a slight change in the problem can cause
a large change in the answer. Such problems are said to be
ill-conditioned. In some types of problems, an arbitrarily
small change in the problem can lead to an arbitrarily
large change in the answer. Such problems are said to
be ill-posed. A properly posed problem is one in which
bounded changes to the problem lead to bounded changes
in the answer. A well-conditioned problem is one whose
answers change only in a small way if the initial problem
is changed in a small way. The equation

(x—1.1y=0

has the answer x = 1.1 by inspection. When the expression
on the left-hand side is multiplied out, the equation

X*—4.4x3+7.26x2—5.324x+ 1.4641 =0

is obtained. In this form it is ill-conditioned. If five-digit
arithmetic is used, the coefficients in (2) can be repre-
sented exactly. On the other hand, if four-digit arithmetic
is used, the last coefficient would be represented as 1.464,
to get the equation

x*—4.4x3+7.26x2— 5.324x + 1.464 =0,
which is the same as
X4 —4.4x3 + 7.26x* — 5.324x + 1.4641 = 0.0001 = 10—,

In this particular case, the roots of the changed equa-
tion can be computed exactly because it has the
form (x— 1.1)*= 10", of which one root is given by
(x—1.1)=10"! or x=1.2. Thus, a change in the fifth
decimal place, or 0.01 percent, in the original problem
(2) to get (3) has caused a change in the second place,
or 10 percent, in the answer. Because this problem is ill-
conditioned, no numerical method can avoid the fact that
a slight change to the problem can cause a large change
in the answer. Because round-off errors in the early stages
of the calculation are indistinguishable from changes in
the original problem, such problems are susceptible to
large errors in their numerical answers, and a simple error
analysis shows these errors.

A direct analysis of the effect of the errors on the answers
is called a forward error analysis because it analyzes the
effects of the errors as they propagate forward through
the steps of the calculation to the final result. A forward
analysis leads to the statement “Round-off errors have
caused this much error in the answer.” As illustrated
above, a small round-off can cause a large error in the
answer of an ill-conditioned problem. Another useful mea-
sure of the computational error is the amount by which
the computed answer fails to satisfy the problem. This is
called the residual. For example, if the computed answer
of 1.2 is substituted into equation (2), the left-hand side
is (1.2 — 1.1)* = 10~*. Although the error in the answer is
0.1, the residual is 10~* In this example and in many
others, the size of the residual can be estimated by a back-
ward error analysis. This leads to the statement “Round-
off errors can change the answers so that they are the exact
answers of a problem that is different frem the original
problem by this much.” A backward error analysis applied
to a good method for the problem discussed above might
show that the method solved a problem whose coefficients
were within 0.01 percent of those in (2), so that (3) could
have been the problem solved. Although the answers to
the changed problem may be very different from those of
the original, they are as good as can be expected from an
ill-conditioned problem. A good method is one that has
small backward errors or residuals: for a well-conditioned
problem, such a method always gives accurate answers
because, by definition, in a well-conditioned problem the
answer changes by only a small amount when the problem
changes by a small amount.

Finite-dimension errors: truncation. The types of prob-
lems discussed in the previous section are finite dimen-
sional because only a finite number of values are involved:

Ill-condi-
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problems
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the values of the unknown, x, and the coefficients. In
many problems an infinite amount of information is in-
herently present, and the problem cannot be solved exactly
by numerical methods that deal with only a finite number
of values. This circumstance introduces a fundamental
concept, that of a finite approximation to an infinite-
dimensional object, which is illustrated by the approxima-
tion of a smooth graph of a function by a series of straight
lines (a piecewise-linear approximation).

A function, f(x); is a prescription of a value corre-
sponding to each value of its argument, x. For example,
f(x)=2—x+x? is a function whose value is 2 when
x=0, 2 when x=1, 4 when x =2, etc. A description of
a function by a mathematical formula defines the value
of the function for all values of its argument. The math-
ematical definition of a function is that it is a (possibly
infinite) set of pairs of values, (x;, 3,). A function of a
single variable x can be represented graphically by placing
a point at [x, f(x)] for each value of x. If this is done for
a few values of x, say five values, the set of points shown
in Figure 1 is obtained. This graph can be described with
just 10 numbers, x;, ¥, X5, V5 ..., Vs, where y;= f(x)).
The members of each pair (x;, y;) are the coordinates
of one of the points. These five points, however, do not
prescribe the value of the function for other than the five
given values of x. More pairs of values (x; y;) could be
added, but they cannot specify the value of the function
for every value of x unless there is an infinite number of
pairs of values. Hence, this graph needs infinitely much
information if it is to describe the function completely.
Thus, a general function is an infinite-dimensional object
because it requires infinitely much information to specify
it. If the graph is “smooth,” however, it is reasonable to
approximate it by joining a small set of points with a
continuous line. If consecutive points are joined by a se-
quence of straight lines, as shown in Figure 2, a piecewise-
linear approximation is obtained. Such an approximation
requires the values of only a finite number of values,
the values of the end points of each of the straight-
line segments shown in Figure 2. The piecewise-linear
approximation is a finite-dimensional approximation to
an infinite-dimensional object. This is critically important
in numerical computation by hand or computer because
computers and people can deal only with finite amounts
of information. More closely spaced points can be used
in a piecewise-linear approximation to get a more accu-
rate approximation, as also shown in Figure 2, but the
additional points mean that more information is used to
approximate the function.

The error caused by replacing an infinite-dimensional
object by a finite-dimensional approximation is called
truncation error. A large part of numerical analysis is
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Figure 1: Graph of values of the function
y=fx)=2—x+x2forx=0,1, 2, 3, and 4.
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Figure 2: Piecewise-linear approximations to a
continuous function (see text).

concerned with the accuracy of finite-dimensional ap-
proximations, examining questions such as “What type of
approximation can be used?”, “How much information
is needed for a given accuracy?”, and “Will the approx-
imation become more accurate as more information is
used?”. As more information is used in an approximation,
more computation is required to evaluate it, so that it
is natural to expect more accuracy. A method that can
achieve arbitrarily much accuracy by using sufficient in-
formation is said to be convergent. Most methods have
one or a few parameters that determine the amount of
information used in the approximation. For example, if,
in the piecewise-linear approximation discussed above, the
points x; are equally spaced, that is, if x;,, —x;=h for
all {, where / is the mesh spacing, then the number of
points used over a fixed interval, say (0, 1), is determined
by the parameter 4. As 4 is reduced, the amount of infor-
mation used to approximate the function increases, and
it is visually obvious from Figure 2 that the approxima-
tion becomes more accurate. How much more accurate
it becomes is typical of the questions that numerical an-
alysts investigate. In this case it is relatively easy to show
with calculus that if 4 is haived, the error decreases by a
factor of approximately 4, provided that the function f(x)
is smooth enough, that is, if it is continuous and has no
sharp turns in it, or, mathematically, if it has a second
derivative. The relationship between the error and the
mesh size for the piecewise-linear approximation is that
the error is no larger than 4 times a constant times the
second derivative of the function. This method is said to
have second-order convergence. (If a method depends on a
parameter 4 and its error is proportional to A7, it is said to
have pth-order convergence.) Numerical analysts look for
methods that have high orders of convergence because, as
more information is used, their accuracy increases more
rapidly than lower-order methods. Straightforward meth-
ods for simple problems, such as the approximation of
functions, are usually convergent, but much care must be
exercised in the choice of methods for complex problems
to get convergence. A significant part of the theoretical
work in numerical analysis is concerned with proofs of
the convergence of methods.

In practical calculation, round-off errors are also present.
As the amount of information is increased to decrease
truncation error, the size of each round-off error, which is
determined by the number of digits used in the calculation,
remains constant. Hence, no amount of additional infor-

Convergent
methods



mation can reduce the error below some minimum unless
the precision of the calculation is increased. Furthermore,
in methods for many problems the number of arithmetic
operations in the calculation increases as the amount of
information increases, so that the total error due to round-
off increases because it is the combined effect of an in-
creasing number of round-off errors. In these calculations,
the error in the answer, which is the sum of the effects of
truncation errors and round-off errors, initially decreases
as the amount of information used increases and the trun-
cation error decreases, but then increases as the round-off
errors become dominant. This is illustrated in Figure 3.

APPROXIMATION OF FUNCTIONS

An approximation to a function may be needed for sev-
eral reasons. In some cases, values of the function are
known at only a finite number of points, where they have
been previously obtained by measurement. In that case, a
method of estimating the values of the function between
those points is needed. The process of obtaining these
values is called interpolation. In other cases, it is computa-
tionally expensive to calculate the function every time it is
needed, but less expensive to compute an approximation,
which requires fewer computational operations. In still
other cases, it is not possible to compute the function ex-
actly with the standard arithmetic operations of addition,
multiplication, etc., even with exact arithmetic, so that an
approximate formula must be used.

Many approximations to functions consist of polynomi-
als. A polynomial is a function of the form

Px)=a,+ax+ax*+ - - - +a,x" 5)

This polynomial has degree n. It can be evaluated using n
multiplications and additions when written in the form

(@, Xx+a,_)Xx+a,.))Xx+-+-+a)Xx+a,

A polynomial of degree n contains »n + 1 coefficients a,
i=0,1,..., n so that it has n+ 1 degrees of freedom,
or has dimension n+ 1. It is formed as a linear sum of
multiples of the n+ 1 basis functions x', i=0, 1, ...,
n. These functions are independent, which means that no
linear combination of them will be identically zero for all
x. When an infinite-dimensional object has to be approxi-
mated by a finite-dimensional one, any set of independent
functions can be used. If ¢,(x), i=0, 1, ..., n, are a set of
n+ 1 independent functions, they form a basis, and the
approximation

J) = agpo(x) + aip(x) + - - - +a,0,(x)

can be used. If the {g,(x)}, i=0, 1, 2, ..., are an infi-
nite set of independent basis functions that satisfy certain
technical restrictions, they can be used to get arbitrarily
accurate approximations by including enough of them. If
the basis function ¢(x) is a polynomial of degree i, these
technical restrictions are satisfied. The approximations
generally have better properties if the basis functions are
as different from one another as possible. In this respect,
the functions x’ are not very good because, for example,
the functions x2 and x* are not greatly different in overall
shape, as can be seen by drawing them. An important class
of basis functions are those that are mutually orthogonal,

round-off

error

truncation

amount of information

Figure 3: The effect of the amount of information on error in
numeric computations.

Numerical Analysis

41

which is a mathematical prescription for requiring them
to be as different as possible. (This use of orthogonal is
related to its use in specifying directions that are at right
angles, and thus very different, such as north and east.)

Polynomial interpolation. Interpolation is used to com-
pute the approximate value of a function, given its values
at a set of points. To approximate the function at a point
whose value is not given, the value of a polynomial pass-
ing through a few neighbouring points is computed, as
shown in Figure 4. Usually, the points with known values
closest to the point of unknown value are chosen be-
cause the accuracy of interpolation is proportional to the
distance of the unknown point from each of the known
points. An important fact about polynomials is that a
unique polynomial of degree n can be constructed to pass
through any set of »+ 1 points; that is, if (x, y;), i=0,
1, ..., n, are a set of points with all x; different, there
is a unique set of coefficients a; such that P(x) given by
equation (5) satisfies P(x;)=y,; for 0 <i<n. A different
set of points, and hence a different polynomial, is used to
interpolate for different regions of x values. For example,
if a third-degree polynomial (a cubic) were to be used,
four points would be needed. If the x; are ordered, that
is, if x,<x, <x,<..., and x lies between, say, x, and
X3, the points x4, Xx;, X5, and x, would be used, whereas if
X lies between x5 and x,4 the points x,,, X5, X}, and X,
would be used to construct the interpolating polynomial.
The coefficients of that polynomial could be calculated
for each interval, and then the value of P(x) could be
calculated from the polynomial. However, computational
schemes have been devised to compute the interpolated
value directly without finding the coefficients of the un-
derlying polynomial. The user of such schemes is inter-
ested in rapid calculation with a minimum susceptibility
to round-off error. The Lagrange formula is an important
form of polynomial interpolation. To interpolate an nth-
degree polynomial that matches the n+ 1 points (x; ),
i=0,1,...,n this formula incorporates the set of n + 1
polynomial basis functions, ¢,(x), each of degree n, which
are such that ¢,(x) is zero at all of the n + 1 points except
at x;, where its value is 1. The interpolating polynomial
can be written as

P(x) = yopo(X) + 1191(x) ++ * = + y,04(x).

This clearly satisfies the interpolation conditions: each of
the basis functions is a polynomial of degree », so their
sum is also an nth-degree polynomial; when x = Xx; all of
the terms in the sum vanish except for y,¢,(x;), which is
just y,. Definition of the ¢;(x) is straightforward. On the
basis of the function

TI(x) = (x = X)(x —x1) =+ = (x — X,,),

which is an (n + 1)st-degree polynomial that is zero at
x=x; for 0 <i < n, a set of functions

7(x) = T(x)/(x — x;)

may be defined. These are nth-degree polynomials that are
zero except at x;. Division of each of them by x,(x;) gives
the functions

9i(x) = m(x)/m(x),

each of which has the desired property that its value at x;
is 1. Although these formulas are simple, they are not the
basis for computationally efficient methods. The impor-
tance of the Lagrange formula arises mainly from its use in
the mathematical development of methods and proofs of
their properties. Although there are many different poly-
nomial interpolation formulas, all nth-degree polynomial
interpolation formulas that are correct at n + 1 points are
equivalent except in the amount of computation and the
effects of round-off.

The approximation of a function by a polynomial forms
the basis of many other numerical calculations besides
interpolation. If the integral or derivative of a function is
needed and it is not possible to compute it directly, it can
be approximated by computing the integral or derivative
of a polynomial approximant since there are straightfor-
ward rules for evaluating the integral or derivative of a
polynomial.

Lagrange
formula
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P(x) = f(x,) +

y=1(x)

Figure 4: Polynomial interpolation.

The six points x,, y,, etc., represent values of an
unknown function. A third-degree polynomial has been
constructed so that four of its values match four of
the values of the unknown function. Other third-degree
polynomials could be made to match other sets of four
values of the unknown function, or a polynomial of
higher degree could be found to match all six.

Difference calculus. Differences are the basis for the
development of many methods of polynomial approxima-
tion. If the values of a function f{x) are given at a set
of equally spaced argument values X, X, X,, ..., where
X, = X, + nh, the forward difference of f(x) at x,, written
as Afilx,), is defined as f(x,,,) — f(x,). Piecewise-linear in-
terpolation between X, and x, , , is given by the formula

S = f) + o2

Since the spacing between the x;’s is 4, this can be writ-
ten as

Af(x,).

Sx) = f(x,) + sAf(x,),
where s = (x — x,)/h. Higher degree polynomials can be
used by using higher order differences. The second dif-
ference, written Af(x,), is defined as Af(x,,) — Af(x,),
which can be rewritten as f(x,,,) — 2f(x,+,) +f(x,). In
general, the mth-order difference is given by

Anf(x,) = A~ (i, 41) — A" Hf(x,).
The polynomial of degree m passing through the points

Xpy Xpi1s -« - 5 Xntm Can be written as

(x -xn) (X _ xn+ 1)(x _ xn) 2

(x, Af( )+(xn+2_-xn+l)(xn+2_xn)Af(x")
(x_xn+m—l)"'(-x Xn) m
+“.+(xn+m_xn)"'(xn+1 Af(x")

This can be rewritten as

00 = fe) + safoe) + 0=

4o 4S5 m!(s MED Amfie).

If the function is smooth, its differences get smaller as
their order increases until round-off errors cause them to
increase again. The point at which they become smallest
gives a direct indication of how many differences can be
used to achieve the maximum accuracy possible. A list of
the differences of various orders can be easily computed
and used for interpolation. An important property of dif-
ferences is that if the function is a polynomial of degree m
in x, the differences of order higher than m are zero and
A"f(x,) is independent of #, that is, is a constant.

Difference calculus is a formal manipulation scheme for
developing useful approximations. It uses the operators
A (already introduced as the forward difference opera-
tor); E, which is defined as the step operator so that
Ef(x,) = f(x,+); and others. Because of the relationship

SO 41) = f(x) + (X, 10) = f1x,) = f(x,) + Af(x,),

the formal relationship
E=1+A
can be written. This can be squared to get
E=0+AP=1+2A+A2
This is the formal statement that
SO0 42) = f(x,) + 24f(x,) + AY(x,),

whose truth can be verified by simple algebra. Since E™ is
the equivalent of moving forward m values in the table,
it seems reasonable that E° should be the equivalent of
moving forward half a step in the table, that is, to inter-
polating for the value of f(x) at X, .. Similarly, E* should
represent interpolation s steps forward for any s, whether
integer or not. Formally, E* can be rewritten as

E=(1+Ay
and expanded according to the binomial expansion to get
. s(s—l) s(s—l)(s—2)
E=1+sA+=— 3

When this is applied to f(x,) and the infinite series is
terminated after m + 1 terms, the previous interpolation
formula is obtained. Thus, difference calculus has pro-
vided a formal verification of the formula stated earlier.

To illustrate how differences can be used for many other
approximations, it is convenient to define the operator D
as differentiation. Formally,

d
Dftx) =7 f9).

The Taylor’s series approximation to a function states that

f(x+a) f(x)+adxf(x)+2 dxz f(x)+3| dx3.f(x)+ t
This can be written in operator form as

(aDy: , (aDy

Er=1+aD+ -+

The series on the right-hand side is the power-series ex-
pansion of the exponential function and is equal to €.
On the replacement a = sh this relation becomes
ES = eth = (ehD)s~
This leads to E = €', from which the relationship
hD = log(E) = log(1 + A)
is obtained. Expansion of the logarithm then yields

AN
hD=A ) + 3 ,
which gives a numerical approximation for the derivative
of a function in terms of its differences. If this relation
is terminated after m + 1 terms, it is exactly equivalent
to computing the derivative of a polynomial of degree m
through m + 1 values of the function. This fact follows
from the fact that the differences of order higher than m
of an mth-degree polynomial are zero.

Difference calculus operates on data tabulated at equidis-
tant points. If the mesh points x; are unequally spaced,
different formulas must be used. In this case, divided dif-
ferences are a valuable tool. The first divided difference of
a function f(x) is the slope of the line through two points
on the function. It is written as

SO ) — f(xn)

KXnt+1 Xy

f[-xm X+ l]

Its value depends on the two points, x, and x,.,, that
are used, but not on their order. That is, f[x,, x,.,]=

fIX,+1, Xx,]. The mth-order divided difference on m + 1
points is defined as
S Xts ++ o5 Xl
___ﬂxn+l! Xnt2s oo xn+m] _f[xm KXn41s s+ -xn+m—l]

[xn+ m= xn]
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If the points x; are equally spaced with the distance be-
tween them equal to 1, then the mth-order divided differ-
ence is identical to the mth-order difference divided by m!.
Polynomial interpolation by an mith-degree polynomial
can be written as

f(x) zf(-xn) +(x— xn)/[xm Xn+ l] +-

T =)0 = X 1) (6= Xy WX Xy e
Computation of elementary functions. Elementary func-
tions are functions that occur very frequently in scientific
and engineering calculations. They are usually the solu-
tion of simple relations that cannot be expressed directly
in terms of other, simpler operations or functions. Exam-
ples include sine, cosine, and exponential. The solutions
to many problems can be written explicitly in terms of
elementary functions. Many elementary functions can be
expressed as power series, which are like polynomials but
which have infinitely many terms. For example, the expo-
nential function has the power series expansion
2 3 5
=1 +x+;—!+%+%+2§—!+ Cee L (6)
This summation has the property that as more and more
terms are included it converges; that is, its value comes
closer and closer to the true value. If (6) is evaluated to
seven-digit accuracy with x = 0.1 for a number of terms,
the following results are obtained:

number of  value of sum of
terms (») nth term n terms
1 1.000000 1.000000
2 0.100000 1.100000
3 0.005000 1.105000
4 0.000167 1.105167
5 0.000004 1.105171
6 0.000000 1.105171

Further terms would not change the seven-digit sum. The
series provides a way of computing an approximation of
e to any desired accuracy by adding enough terms. Many
elementary functions are calculated in this way (although
the minimax method described later can be used to reduce
the amount of arithmetic and hence the time taken).

Spline approximation. In many applications the shape
of an object is defined by the positions of a number
of points on its surface, for example, the hull of a ship
or the body of an automobile. The builder, to construct
a smooth-surfaced object from this information, needs a
mechanism for determining the position of any point on its
surface. A simpler case of this problem is the construction
of a smooth curve through a set of points—the problem
solved by a drafter asked to draw a graph. The numerical
problem is to approximate a function smoothly from the
knowledge of a few of its points. Polynomial interpola-
tion provides an interpolant, which is the approximating
function, but it is not usually smooth because different
polynomials are used between different pairs of points.
Thus, a piecewise-linear interpolant has angles between
the straight lines in adjacent regions, as shown in Figure 2.

A spline approximant is a piecewise polynomial inter-
polant with the property that it matches the function
values at the given points, called the knots, and that
it is smooth. The mathematical definition of a smooth
function is that it has a certain number of continuous
derivatives. The first derivative is the slope of the curve.
If the slope is continuous, the curve has no angles, that
is, no sudden changes in direction. The second derivative
is related to the radius of curvature. In a surface such as
that of an automobile body, the radius of curvature deter-
mines how reflections are magnified or reduced. A sudden
change in the radius of curvature results in a surface that
is not visually pleasing if it is supposed to be uniform—
for example, the hood of an automobile might appear to
have a crease in it. For this reason, curves and surfaces
with continuous second derivatives are often desirable. A
common spline approximation is a piecewise cubic with
continuous second derivatives.

Least squares approximation. Interpolation approxi-
mates functions whose form is known approximately with

> xn+m]'

Numerical Analysis

43

a polynomial (or other easily computable interpolant) that
matches the function values assumed to be known exactly.
In some situations the form of the function is known ex-
actly (for example, it is known that it is a linear function),
but the only other information known is the approximate
value at a few points. This happens when, for example,
the values are obtained from experimental measurements.
In this situation it is desirable to compute a function of
the known form that is the best fit to the given values. To
make this definition precise, the meaning of “best” must
be specified. The least-squares approximation is the one
that minimizes the sum of the squares of the differences
between the given values and the values of the function.
For example, if it is known that the function is linear, that
is, that fix) = ax + b, and the three measurements x,, y;;
X, V5, and X, y; are given, where y; = f{x;), the three dif-
ferences are y; — (ax; + b), i = 1, 2, 3, and the least squares
method chooses a and b such that

[y — (@x, + D) + [y, — (ax, + D) + [ys — (ax; + D)P

is as small as possible. If at least two of the x; are distinct,
there is a unique set g and b that achieves a minimum
of this expression. Formulas for the values of ¢ and b
can be derived by the use of calculus. The general linear
least-squares problem, which is a least-squares problem in
which the unknown parameters (a and b in the example)
appear linearly in the original errors (¥, — ax; — b in the
example), has the same properties: if there are # unknown
parameters and there are at least n distinct points x;, there
is a unique minimum,

The calculation of the solution to a least-squares problem
is a good example of the application of numerical analy-
sis. Straightforward application of calculus to the problem
of the least-squares nth-degree polynomial approximant
leads to a system of linear equations whose solution is
discussed below. For large » the system is very poorly
conditioned, so that a poor numerical answer is obtained.
This occurs when the polynomials x' are used as a basis;
the use of orthogonal polynomials as a basis leads to much
better accuracy.

Minimax approximation. Minimax approximation is
another example of choosing the best approximation from
a set of possible approximations. A measure of the error
in an approximation to a function is first defined as the
size of the largest difference between the approximation
and the function at any of the points of interest. The
approximation that has the smallest error measure is the
minimax approximant. For example, the minimax linear
approximation to the three points (x; y,), i=1, 2, and 3,
is the line shown in Figure 5. It is equidistant from each
of the points, as shown. Minimax approximations are re-
lated to least-squares approximations in that both are best
approximations; in both approximations, “best” is defined
as the minimum of some measure of error, but the mea-
sure of the error is different. In least squares, it is the sum
of the squares of the errors; in the minimax case, it is the
size of the largest error. (Both methods can be viewed as
special cases of general minimum-error approximations.)

Minimax approximations are most frequently used to ap-
proximate one known function by another function that
is less difficult to compute. For example, the sine function
might be approximated by a polynomial in a computer
program that computes a numerical value of sin(x) by

y=1x)
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Figure 5: Linear minimax approximation.

The line has been drawn so that its vertical distance,
e, is the same from each of the three points.
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evaluation of the polynomial. In this approach, a polyno-
mial that is the best approximation in the minimax sense
is used. The minimax polynomial may require fewer terms
to get a given accuracy than would be needed if the first
few terms of the power series were used. Although it takes
a large amount of computation to determine the minimax
polynomial for a given accuracy, that computation can
be carried out once, and then the resulting polynomial
can be evaluated whenever an approximation to the func-
tion is needed.

The nth-degree minimax polynomial approximant to a
function has the important property that the difference be-
tween the polynomial and the function (the error) reaches
its maximum value at least # + 2 times, and the sign of
the error has alternate signs at each extremum. Figure 5
illustrates this in the case n = 1. The Chebyshev orthog-
onal polynomials are a set of polynomials, Ty(x), 7\(x),
Txx), ..., where T,(x) has degree n and is such that it
has n + | equal and opposite extrema. The values of the
extrema alternate between +1 and —1. These polynomials
are effective as basis functions for the representation of
minimax approximations.

SOLUTION OF EQUATIONS

An equation is a relation between two expressions, for
example, 3z +4 = (y — 2)% The expressions may contain
known values, such as the numbers in the example, and
unknowns, such as z and y, for which values must be
computed. An equation says that the values of the un-
knowns must be such that the values of the expressions on
either side of the equal sign are the same. An unknown,
say x, appears linearly in an expression if it appears only
in the form ax, where a has a known value independent
of x, after all terms in the expression have been multiplied
out. Thus, z appears linearly in the above example, but y
does not—because the right-hand side is > — 4y + 4 and
the term )? is nonlinear. A linear equation is one in which
all unknowns appear linearly and each is multiplied only
by a constant. Most phenomena that physicists and engi-
neers model are nonlinear, so that the effective solution
of nonlinear equations is important. Many of the models
can be approximated by linear equations, however, so the
efficient solution of linear equations is equally. important.
Indeed, the solution of nonlinear equations often involves
the solution of linear equations within the process.

The first section below discusses the solution of lin-
ear equations. In addition to their importance in many
problems, they also illustrate the problems of round-off
errors, backward error analysis, and the difficulty of ill-
conditioned problems. Linear equations have the property
that they can be solved exactly using the usual arithmetic
operations of addition, subtraction, etc., if no round-off is
involved. Methods that solve a problem exactly in the ab-
sence of round-off are called direct methods because they
lead directly to the solution. Nonlinear equations cannot
be solved exactly; rather, their solution must be approxi-
mated. So-called iterative methods generate a sequence of
closer and closer approximations called iterates.

Linear equations and direct methods. The standard
linear-equation problem is a set of N linear equations in
N unknown variables. An example of a simple system of
two equations is

3x,+ 6x, = 12 ©)
5x,—3x,=17. ®)

These can be solved by the process of elimination and
back substitution originated by the 19th-century German
mathematician Carl Friedrich Gauss. In this process one
of the equations is solved for a variable in terms of the
other variables, and this variable is eliminated from the re-
maining equations to get a system of one fewer equations
in one fewer unknowns. In the simple example above,
equation (7) is divided by the coefficient of x,, namely, 3,
and rearranged to get

X, =4 —2x,. 9)
This is substituted into equation (8) to get

54 —2x,) — 3x,=17, (10)

which can be rearranged to get
—13x,=—13

or x, = 1. This result can now be substituted back into
equation (9) to get x, = 2. The key idea is that, with each
elimination step, the number of equations and number
of unknowns involved is reduced by one. If there are
initially N equations, N — 1 elimination steps reduce the
system to one equation in one unknown, which can be
solved directly. A system of N equations in N unknowns
is usually written as

Apx,+Apx, + ¢ - - HApxy=b,i=1, - N, (11)

where the A4; are the coefficients, the b; are the right-
hand side values, and the x; are the unknowns to be com-
puted. The first of these equations (i = 1) can be solved
for x, to get

X =(by—Apx,— * + + —Apxn)/An (12)

and this value of x; can be substituted into the remain-
ing N — 1 equations, which will then involve only N — 1
unknowns. The same process can be repeated until a set
of equations, each like equation (12) and each specifying
an x; in terms of x; for j> i, is obtained. The Nth such
equation specifies x directly. The value of x, can then be
substituted into the (N — 1)st equation to get xy_;, and
so on. This is an entirely mechanical process that can be
programmed easily for a computer. It is called an algo-
rithm, a specification of a computational process that will
determine the answer to a problem in a finite number of
steps. It should be noted that if exact arithmetic could be
used in this algorithm and if the division in equation (12)
and subsequent divisions were possible (that is, if 4;, and
subsequent A4,; were not zero), the solution of the linear
equations could be computed exactly.

In a practical computation, arithmetic cannot be per-
formed exactly, so round-off errors will affect the answers.
Their effect can be seen by considering a graphic interpre-
tation of an equation: an equation of the form (7) repre-
sents a straight line on a graph relating x, and x,, as in
Figure 6. Any point on the line A, shown has coordinates
x, and x, that satisfy equation (7). Similarly, equation (8)
represents another straight line shown as A, in Figure 6.
Any point on that line satisfies equation (8). Hence, the
values of x; and x, that satisfy both (7) and (8) must lie on
both lines, so that these values are the coordinates of the
intersection of the two lines. If the lines are not parallel,
they have a unique intersection, so that the equations have
a unique solution.

Xz

ho (5%, — B, =7)

A, (3, +6x,=12)

Figure 6: Graphic solution of a pair of linear
equations (see text).

Round-off errors in the computation have an effect sim-
ilar to that of changing the coefficients of the equations.
Hence, in the presence of round-off errors, a computer
will work with a narrow region that can be thought of
as a “thick line,” as shown in Figure 7, rather than an
ideal line. The coordinates of any point inside the shaded
region satisfy the equation of the line within the accuracy
of the errors introduced into the coefficients. A pair of
equations represents two thick lines within the accuracy of
their coefficients, and the solution determined by the pair
of equations lies somewhere within the intersection of the
two thick lines, as shown in Figure 8.

If the equations represent a pair of lines that are nearly
parallel, the numerical problem represented by the pair
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Figure 7: Effect of round-off errors on the graphic .
representation of a linear equation.

If the coefficients could be expressed exactly, the .
equation would be represented by an ideal line
(having zero width), but because the coefficients can
be expressed with limited accuracy, the line must be
replaced by a band of finite width.

of thick lines in Figure 9 does not have an accurately
determined answer because the region of intersection is
large. The problem is said to be ill-conditioned. Any slight
changes in the coefficients can cause large changes in the
answer, so any round-off errors in the numerical - proce-
dure may cause large changes in the answer.

In the Gauss elimination-back substitution procedure
described above, it was noted that it could always be
completed unless one of the A, divisors was zero. If one
of those divisors is very small, intermediate results may
be very large, and the final answer may be obtained as the
difference of two large numbers. This means that cancella-
tion may occur so that there may be a large effect due to
round-off. This effect can be seen in a graphic view of the
process of Gaussian elimination. As described above, the
equations represent a pair of lines. Dividing an equation
by a number, as in dividing (7) by 3 to get (9), does not
change the line the equation represents. Substituting one
equation into another, as in substituting (9) into (8) to get
(10), gives another equation that also represents a straight
line, A,. Since the solution of the original equations lies
on the new line, this new line must pass through the
intersection of the two original lines. It should be noted
that equation (10) does not involve X,, so that line A,
is horizontal, as shown in Figure 10. The final step, the
back substitution, evaluates x, from (10) and substitutes
into (9)—which represents the same line as (7)—to get
x;. Thus, the solution is determined from lines A, and A,.
In Figure 6 they intersect nearly at right angles, as do A,
and A,. Hence, both the original problem of finding the
intersection of A, and A,, and the intermediate problem of
finding the intersection of A, and A,, are well-conditioned.
If the line A, had been nearly horizontal and the line
A, had been nearly vertical, however, the result of the
Gaussian elimination would have been a nearly horizontal
line, A,, to be used with the nearly horizontal line A, to
determine the solution. As described earlier, this is an ill-
conditioned problem subject to large numerical changes
in the answer. In this case, although the initial problem is
well-conditioned (lines A, and A, intersect nearly at right
angles), the intermediate problem given by lines A, and A,
is ill-conditioned because of the poor choice of the num-
bering of the equations. The algorithmic solution to this

Xz

M

intersection region
——containing solution

X

Figure 8: Graphic solution of two linear equations,
showing the effect of round-off error.

Instead of two ideal lines intersecting in a single point,
two narrow bands intersect in a region of finite area.
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is to reorder the equations during the elimination process
to ensure that the A; elements are large. This is called
partial pivoting. Even with partial pivoting, solution errors
for ill-conditioned problems can be large. A formal error
analysis provides a pessimistic bound of the errors that
can occur even for a well-conditioned problem, especially
as the number of equations increases. Before the introduc-
tion of electronic computers this situation did not present
a difficulty because large problems could not be tack-
led. Around 1950 it was thought unlikely that computers
could produce accurate solutions of large systems of lin-
ear equations. The English mathematician J.H. Wilkinson
and other researchers, who had been solving problems by
hand methods, showed that problems could frequently be
solved much more accurately than the conventional analy-
sis predicted. Finally, Wilkinson’s backward error analysis
showed that the Gaussian elimination process would solve
a system of equations with a residual or backward error
that did not increase too rapidly as the size of the problem
increased. Experience has confirmed Wilkinson’s theoret-
ical result: the error does not increase very much with the
size of the problem.

Xz

large intersection region
containing solution

Xy

Figure 9: Graphic solution of two linear equations for
which the slopes of the lines are nearly the same.
Because the region of intersection is large, the error in
the solution is large.

Today it is common to solve sets of hundreds of thou-
sands of linear equations on computers. There is major
interest in ways in which such large problems can be
solved rapidly. If the system is dense, which means that
most of the coefficients, 4;, are not zero, the Gaussian
elimination process takes an amount of time equal to
aN*+ bN*+ cN +d, where a, b, ¢, and d are constants
that depend on the computer. As N gets large, the dom-
inant term in the time is a/N?, and subsequent doublings
in the problem size result in eightfold increases in the
solution time. The method is said to have a running time
asymptotic to N3. The asymptotic behaviour of a method
provides a measure of its speed for very large problems.
For example, if a method has an asymptotic speed of
N?3, it will execute more rapidly than one with asymp-
totic speed N3 for very large N, although for small N it
may not be faster. The asymptotically fastest method for
linear equations is not known, and it is a question of
considerable theoretical interest. It is known that they can
be solved at asymptotic speeds close to N?3. For practi-
cal problems that will fit into computers, the Gaussian
elimination technique remains the best method known for
dense problems.

Many large problems are sparse; that is, most of the
coefficients 4;; are zero (because each equation describes
a small piece of the physical system being modeled, and
each piece is influenced only by a few other pieces). In
such cases, the numerical analyst is interested in methods
that do not change many coefficients from zero to non-
zero (called fill-in). Gaussian elimination can still be used,
and the equations can be re-ordered to minimize fill-in.
In many cases of large sparse problems, however, iterative
methods (discussed below) are preferable.

Nonlinear equations and iterative methods. Most accu-
rate models necessitate the solution of nonlinear equations.
Only in a few cases is it possible to solve such equa-
tions explicitly. The example of the quadratic equation
ax? + bx + ¢ =0 was used above. The roots of this can be
written explicitly, but polynomial equations involving x°
or higher powers cannot be solved explicitly. The general

Partial
pivoting

Comparing
speeds of
computa-
tions
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Figure 10: Graphic representation of the Gaussian elimination-
back substitution procedure (see text).

problem is to find the value of x that gives a zero of a
function f{x), that is, to find a root of

fix)=0. (13)

Generally, the computational solution of this problem is
possible only by approximating the function by one for
which a zero can be computed. If the approximation is
good enough, the zero of the approximate function may
be a sufficiently accurate approximation to the desired
zero. If not, another approximation is used to get a more
accurate answer. Each repetition of this process is called
an iteration. Iteration is an extremely important approach
to the solution of nonlinear equations, and it also has
applications to linear equations.

An iterative method can be described as one in which
knowledge about each succeeding approximate solution
is used to compute a better solution. This knowledge is
used to get a better approximation to the function. To
illustrate the principle, the simplest of iterative methods
is considered here, even though it is of value only in very
limited applications. If x is added to both sides of equation
(13), it becomes

X+ fix) = x, (14)

an equation with the same roots as (13). It is now rewrit-
ten as

x=x—f(x). (15)

Equation (15) is no easier to solve than (13), but the
nonlinear right-hand side can be replaced with an approx-
imation. In the first method, it is replaced by the constant
value obtained by replacing x with a known value, say, c,
to get

x=c—fc). (16)

This is certainly easy to solve for x since it is linear in x;
in fact, it is necessary only to evaluate the right-hand side.
This process can be turned into an iterative algorithm by
taking the value computed for x and using it for the value
of ¢ in a second application of the process, and so on.
An initial guess for the root is obtained somehow. (The
problem solver will probably have some knowledge of an
approximate value of the solution from experience. If not,
any reasonable value, for example, x = 0, is chosen.) This
initial guess is called x©, and each new approximation is
named x¥, i=1, 2, .... Then the relationship

XD = xm — f{(xm) (17)

is obtained. The values x©@, x, x®, ... | form an infinite
sequence. If they are such that x*+!)=x®, it is clear
that x = x® = x(»+1 satisfies (15) and hence the original
problem (13). This method is illustrated with the linear
equation f(x) = 0.9x — 1 to keep the exposition simple (it
is obvious that the zero of 0.9x — 1 could be found di-
rectly with simple arithmetic). The iteration is

X0HD = X0 — (0.9x¢% — 1) =1+ 0.1x".  (18)

If x©=0, the following sequence of values for x® is
obtained:

x®

1.

1.1
1.11
1.111

bW — (X

It is clear that x"*" will never equal x» mathematically
because it will have one more digit, but each succeeding
value is closer to the answer, 10/9 =1.111 . ... Thus, x®
converges to the correct solution as # gets larger, although
it never gets there. As much accuracy as is needed can be
obtained by performing enough iterations.

The iterative process described above (which is called
functional iteration) can be described graphically as fol-
lows: Figure 11 shows a simple function f{x) with a zero at
x*. The current guess, x, is also shown along with f{x®).
The right-hand side of (17) can be constructed by drawing
a 45° right-angle triangle as shown to get x—f{x®) on
the x-axis. This is the next iterate. In Figure 11 the graph
of f{x) has been approximated by a 45° line. This view
suggests that a better approximation to the curve could be
used. This is the basis of many methods, of which two will
be described, the chord method and Newton’s method.

f(x)
1(x)

)

W 45° \

- X )
——— fx) ——>

Figure 11: Functional iteration for successive approximations
to x*, the value of x for which f(x) is zero (see text).

In the chord method, two different values of x, x©, and
x, are selected, and a straight line is drawn through them
to approximate the curve. The next point, x®, is given
by the intersection of this line with the x-axis, as shown
in Figure 12. The process is repeated using x( and x® to
get x®, and so on. It is not difficult to construct examples
for which the chord method will not converge, so many
variants of the method have been devised in attempts to
improve its performance. A particular variant, the method
of false position, always finds an answer if the initial
guesses are such that the values of the function at the two
initial points, f(x®) and f(x®), have opposite signs. The
method computes x® exactly as in the chord method, and
it then uses x® and one of x©® and x as the starting
point for the next iteration so that they also satisfy the
opposite-sign criterion.

In Newton’s method, the curve is approximated by the
straight line tangent to the curve at the current point x®,
as shown in Figure 13. If s is the slope of the curve at the
point x (s is the derivative df{x)/dx) and s® is its value at
x, then the approximation is given by

f(x)

straight line
approximation

fix)

Figure 12: Chord method of iteration, in which each
successive approximation is based on two previous
approximations (see text).

Chord
method

Newton’s
method



S0) = fxm) + s — x),

The zero of the approximation is computed to get the
Newton formula

(n)
(n+1) = n) — ﬂ'L)

X X TR (19)
This is one of the fastest methods for finding zeros when
the initial guess is fairly close to the answer, but x® may
not converge to the root if the initial guess is far away.
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f(x)
Figure 13: Newton’s method of iteration, in which each
successive approximation-is based on the preceding one and
the slope of the tangent line (see text).

Newton’s methods and other methods can be applied to
systems of nonlinear equations in 7 unknowns of the form

file, Xo oo, x)=0,i=1,2,...,n, (20)

by forming a linear approximation to the functions of
many variables and using the techniques for solving linear
equations discussed above.

The first example of the iterative solution was devoted to
a linear equation. Iterative methods are an efficient way
to solve large, sparse linear systems.

General nonlinear equations can be very difficult to solve
computationally, in part because it is not possible to know
where a solution may exist from local knowledge of the
functions. (Local knowledge means information derived
from the values of the function at a few points near a
particular x.) Methods that use a local approximation to
estimate the solution may compute an approximant that
is in error by more than the current best approximant,
so that the approximants diverge. For this reason, many
iterative methods work only if the initial approximant is
near the solution. Continuation methods are ones that
construct a class of problems based on a parameter such
that problems with nearby values of the parameter have
solutions that are close. Hence, if the solution for one
value of the parameter is known, it forms a good initial
guess to the solution for a nearby value of the parameter.
After the problem has been solved for the nearby parame-
ter value, the process can be repeated. If the process starts
with a value of the parameter for which the solution is
known, the solution can be computed for a sequence of
other values of the parameter until the original problem
has been solved. For example, if the class of problems
f(x) = tf(x,) is solved, where ¢ is the parameter, a function
x(1) is defined. For ¢ =1 the solution is x,. For =0, the
solution is the solution of the original problem, f(x)= 0.
Thus, x(¢) is computed for a sequence of values f,=1,
tt=1—h,...,t,=1—nh,...,until the solution for ty =
0 has been computed. The step size, A, is chosen to be
small enough such that x(z,) forms a close first approxi-
mation to x(Z,, ).

Differential equations. Models of systems that change
involve differential equations. A derivative describes the
rate of change, or slope, of a function, and a differential
equation is a relation between the rate of change of vari-
ables and expressions involving those and other variables.
For example, the equations of motion for a space rocket
relate the rate of change of the velocity of the rocket
(called its acceleration) and its mass, to the forces on the
rocket due to the thrust from its engines, the drag due to
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air resistance, and the force of gravity. This is Newton’s
second law, written as

dv total force on body ,
dt  mass of body

where a is the acceleration, v the velocity, and ¢ the
time. This is called an ordinary differential equation: the
unknowns (v, etc.) are functions of a single independent
variable, ¢, only. The equations describing air flow around
an airplane wing describe the rate of change, in time of
the velocity of the air at every point in terms of the rates
of change, with respect to spatial position, of pressure,
density, and velocity of the air at that point. These are
partial differential equations: the unknowns are functions
of both space and time.

There are two different types of problems to be solved in
differential equations, initial value problems and bound-
ary value problems. The former type arises when the
values of the unknowns are given at a particular point,
for example, at a given time, and the values at future
times are to be computed. For example, the position of
the rocket before launch may be known, and future values
of its position and velocity are to be computed. The latter
type arises when the values of the unknowns are given on
the boundary of a region and the values in the interior of
the region are to be computed. For example, the flow of
air a great distance from the airplane wing may be known
to be uniform with a specified velocity and pressure, and
the flow near the wing is to be computed. The methods
used for these two types of problems are somewhat differ-
ent, but they share the most important feature: a differ-
ential equation describes an infinite-dimensional object,
a finite-dimensional object must be chosen to represent
the solution, and the value of that approximation must
be computed.

There are two main forms of approximation: finite dif-
ferences and finite elements. In finite difference methods,
the solution is represented by its values at a finite number
of points, called mesh points. For example, if the velocity
of the space rocket is to be computed, its velocities v, at
the set of times z,=nh, n=0,1,..., N, where & is the
mesh spacing, could be computed as an approximation. If
a differential equation of the form

d
s=5 =100

is given, where s is the slope, or derivative, of the un-
known function y(¢), s can be replaced with the slope of a
polynomial through a few neighbouring points to get

(21

where y, is the computed approximation to y(¢,). For ex-
ample, if a straight-line approximation through points y,
and y, ., is used, the approximate equation becomes

slope of polynomial through (v, + |} = f(¥, t,),

yﬂ _yll
H t =f(y’l’ tn)’

Iny1 —

This method is called Euler’s method. It is usually written
VYos1=Va+ W, t,). If y, is given as an initial value, this
formula can be used to compute successive values of y,,
¥,, etc. Euler’s method is the simplest of all methods but
is seldom the most efficient.

In the finite element method, the region over which the
solution is to be computed is divided up into a number of
small subregions called elements. The unknown solution
is expressed as a sum of basis functions ¢(x), which are
polynomials in each of the elements, continuous across the
boundaries of the elements (and possibly having continu-
ous derivatives), and such that each is zero except in a very
small number of elements. The simplest basis functions
are the linear functions, which will be illustrated in one
dimension. In this case, an interval (say, [0, 1]) of the real
line is divided into a series of subintervals. These are called
[x;, xi+,] for i=0,1,...,N, where x,=0, x; <Xx;,,, and
Xy+1 = 1. The ith basis function is as shown in Figure 14.
It is zero except in the intervals from x;_, to x;, ,, where it
rises to 1 linearly and then falls back to zero. It is known
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as a hat function. (The zeroth hat function is 1 at x, and
falls to zero at x,, while the (V + 1)st rises from zero at x,
to 1 at xy4,.) The unknown y is expressed as

V=appy(x) + aip,(x) + - -+ + ay i 1@ (X).

This is a piecewise-linear function.

The next step in the finite element method is to use the
differential equation to compute the unknown parameters
a; in (22). ‘This function cannot satisfy the differential
equation in general because the differential equation im-
plies relations at all points in the interval. There are an
infinite number of points, but there are only a finite
number of parameters to be chosen. There are several
ways to proceed. One is to apply the differential equation
at a finite number of points only. This is called colloca-
tion and is applicable in some situations. Another way,
valuable when the original problem satisfies a minimum-
energy principle, is to seek the minimum-energy form of
the approximation. This is an important method for many
physical problems because they frequently satisfy a min-
imum-energy principle. For example, the shape assumed
by a soap bubble is the one that has the least energy.

(22)

o(x)

X X % e X X X Xy X+

Figure 14: Example of a hat function used as a basis function
in the finite-element method of finding approximate solutions
of differential equations (see text).

As more points or elements are used, the mesh spacing
diminishes, and the truncation error or residual in meth-
ods such as Euler’s method becomes smaller. Methods for
which these errors diminish as the mesh spacing is reduced
are called consistent. Unfortunately, consistency alone is
not enough to guarantee accuracy, because the number of
mesh points or elements, and hence the number of equa-
tions such as (22), is increasing at the same time. Each
of these approximate equations contributes a small error,
and it is possible that the contribution of an increasingly
large number of increasingly small errors could have a
large effect. A critical property of methods is their stability.
The technical definition of stability depends on the type
of problem, but the essential idea is that as the number
of mesh points (and approximate equations) increases, the
effect of a single small error remains bounded. The so-
called equivalency theorem for properly posed initial value
problems in differential equations states that the consis-
tency and stability of a method guarantee the convergence
of the answer—that is, the errors in the answer shrink to
zero as the mesh spacing is reduced.

APPLICATIONS AND IMPLEMENTATION

Methods for the numerical approximation and solution
of equations are applied to complex problems that arise
in the utilization of computers for a variety of tasks. The
numerical solution of these problems requires their de-
composition into sequences of subtasks that can be solved
by standard methods. Many of these methods are made
available to users through mathematical software that con-
sists of programs organized to provide reliable solutions
to large classes of problems on various types of comput-
ers. This section discusses two important applications and
the implementation of methods in software for high-speed
computation.

Numerical optimization. Many problems involve find-
ing the best—in some defined respect—of many possible
solutions. The best solution might be the one leading to

the lowest cost, the largest profit, or the shortest journey.
Such problems are ones of optimization. Because of their
economic importance, their efficient computational solu-
tion is extremely important. The mathematical problem
is to find a set of values x; such that ¢([x]) is as small
(or as large) as possible, where (x;] means the set of all
x, i=1,2,..., n. The function ¢ represents the cost,
the profit, or other value to be optimized. It is called
the cost function, or objective function, and the problem
is usually defined so that the cost is to be minimized.
In many problems, the variables, x; are subject to con-
straints. These can be equality or inequality constraints,
or both. They take the form f; ([x))=0, j=1,2,..., p,
for the equality constraints and g, ((x)) =0, k=1,2,...,
g, for the inequality constraints. Either or both of p and ¢
can be zero, meaning that there are no constraints in that
class. The cost function and the constraints may be linear
or nonlinear. If both are linear, the problem belongs to
the specialty called linear programming. For a discussion
of this topic, see the article OPTIMIZATION, THE MATHE-
MATICAL THEORY OF.

Linear programming problems can involve thousands
of variables and require the solution of numerous linear
equations at each step of an iterative process. Nonlinear
optimization is an important problem that is computation-
ally more difficult than linear programming. The simplest
case is the minimization of a function of a single variable,
@(x). If the function is as shown in Figure 15, the problem
is to find the point marked P. At that point the curve has
a horizontal tangent; that is, its derivative is zero. One
method is to solve the nonlinear equation dg(x)/dx =0
using the methods discussed for nonlinear equations. This
method, however, requires a technique for evaluating the
derivative, which may not be convenient or possible in
some applications. In such cases, the function ¢(x) may
be evaluated at a number of points and this information
used to construct an approximation to the function lo-
cally, usually as a quadratic function that has a minimum.
This approximation, however, is not a reliable indicator
of the minimum, and it is normally used to indicate in
which direction to look for a smaller value of the func-
tion. In the case of a function of several variables (n > 1),
the derivative or the function approximation indicates a
direction in which to move, that is, a line in the space of
x; variables. The users of most optimization algorithms,
in effect, search along that line for a smaller value of the
cost function.

Because of the nonlinearities, these problems. are very
difficult, and it is not possible to develop methods that
always work. Even in the simple example shown in Figure
15, a method might find the local minimum at Q instead
of the global minimum at P.

f(x)

horizontal tangent

Figure 15: Nonlinear optimization.
In seeking the global minimum P, computational difficulties
may lead the procedure to the local minimum Q (see text).

Inverse problems. An inverse problem takes the form:
“Here is the answer, what was the question?” These
problems arise when a person needs to determine some
information, such as the density of different regions in the
interior of a human head to check for medical problems,
but it is not possible to gather all of the information
needed by direct methods, as it clearly is not in this
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example. What the person can determine is information
concerning the amount of X rays that can be transmitted
along various line segments through the head. This infor-
mation will give an estimate of the average density along
the whole line but not at any specific interior point. The
inverse problem in this example is to start with measure-
ments along many different lines and with these data to
calculate the density at all interior points.

Inverse problems are ill-posed because there are usually
many different questions that could have yielded the same
answer. This is simply illustrated in the interpolation and
approximation problems discussed above. A function is
infinite dimensional, so that if its values are given at a
finite set of points, its values cannot be determined every-
where; in fact, there are infinitely many functions passing
through any given set of points (as many different func-
tions can be drawn as desired). In computing an approx-
imation, assumptions are made concerning the nature of
the function—for example, that it is a polynomial or has
some other form. The same approach is taken to inverse
problems: assumptions are made about the nature of the
unknown function so that the finite amount of data in the
observations is sufficient to determine that function. This
is called regularization and converts the ill-posed problem
into a properly posed one. )

Large-scale scientific computation. The increasing speed
of computers and advances in numerical methods have
made it possible to solve most small problems rapidly by
means of readily available software, and the attention of
many numerical analysts has turned to the solution of
problems so large that they require inordinate amounts of
computer time. The use of the most efficient method has
much greater importance in large problems than it does
in small ones. In the latter the flexibility of human use
of the program may be of much greater importance. One
measure of the efficiency of a numerical method is the
number of arithmetic operations needed to solve a prob-
lem. (Others include the amount of memory used and the
order in which it is used, but these issues are more properly
subjects of computer science.) Computational complexity
is the study of the inherent computational cost (measured
by number of operations) of solving a problem. The result
of a complexity analysis is an estimate of how rapidly the
solution time increases as the problem size increases. It
can be used to analyze problems and assist in the design
of algorithms for their solution.

On a serial computer, which is one with a single processor
capable of performing only one arithmetic operation at a
time, the time needed to solve a problem is proportional
to the number of operations, so that this is the number
that the numerical analyst tries to reduce in algorithm de-
sign. Because parallel computers have more than one pro-
cessor, they are capable of performing several arithmetic
operations simultaneously. To make effective use of a par-
allel computer, an algorithm must have parallelism; that
is, it must require the simultaneous performance of cer-
tain operations. For example, evaluation of the expression
a X b+ c requires two operations, but the multiplication
must be completed before the addition can be started: they
must be done serially. On the other hand, in evaluating
the expression w + x + y + z, two of the additions can be
performed in parallel, for example w+ x and y + z, and
then their results can be added. In this case there are three
arithmetic operations, but a suitably organized parallel
computer can complete the sum in the time it takes to do
two additions. In the design of numerical algorithms for
parallel computers, one relevant criterion is the number
of nonoverlapped operations needed.

Mathematical software. An important product of the
numerical analyst’s activity is mathematical software. It
consists of computer programs designed to solve classes of
numerical problems both automatically and reliably. Such
software can be used by people with little knowledge of
numerical techniques, and the programs themselves de-
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termine, on the basis of evaluations of the mathematical
expressions provided by the user, the best method to use
and the parameters of that method. For example, in soft-
ware for differential equations, the program might decide
which of several methods to use and what mesh spacing to
use for the method chosen. Since there are infinitely many
problems and a program can evaluate a function only at
a finite number of points, it is possible for such software
to make mistakes (but so can people who try to solve
problems). Robust software. is software that is not only
reliable but that also attempts to determine when it has
encountered an-intractable problem and informs the user
that an answer cannot be found, rather than returning an
incorrect one. The oft-heard statement that “any answer
is better than none” is not true for most computational
problems, as any passenger on an airplane—pondering the
amount of numerical computation used in its safe and
efficient design—realizes. The challenge to numerical an-
alysts is to develop methods that compute accurate results
efficiently or to recognize that they cannot do so.
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Nutrition

utrition is the process by which an organism ab-
Nsorbs and utilizes food substances. The study of

nutrition involves the identification of individual
nutrients essential for growth and for the maintenance
of individual organisms; it includes the determination of
interrelationships among nutrients within individual or-
ganisms, as well as the evaluation of the quantitative
requirements of organisms for specific nutrients under var-
ious environmental conditions. Treated in this article are

the identification and determination of the requirements
of nutrients, the ways in which they vary from one organ-
ism to another, and the ways in which requirements for
certain of them arose. Human nutritional requirements
are then discussed, followed by a review of the diseases
and disorders related to nutrition.

For coverage of related topics in the Macropadia and
Micropedia, see the Propedia, sections 421, 422, and 423.
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General features of nutrients and nutrition

FUNCTIONS OF FOOD

Food serves three functions in most living organisms.
First, it provides materials that are metabolized either by
oxidative or by fermentative processes to supply the energy
required for the absorption and translocation of nutrients,
for the synthesis of cell materials, for motility and loco-
motion, for excretion of waste products, and for all other
activities of the organism. Second, food supplies the elec-
tron donors (reducing agents) required for the formation
of the reduced coenzymes (enzyme components) neces-
sary for the synthetic processes that occur within the cell.
Third, food provides the materials from which all of the
structural and catalytic components of the living cell can
be assembled by processes sometimes called anabolism.
The three roles of food are not mutually exclusive; energy-
yielding substances in many organisms may function in
all three ways, and essential nutrients, if present in excess,
may frequently be metabolized to supply energy.

The essential precursors (i.e., the substances from which
other substances are formed) of cell materials can be
divided into two groups—nonessential nutrients, which
can be synthesized by the cell from other materials, and
essential nutrients, which, because they cannot be syn-
thesized by the cell, must be supplied in foods. All of
the inorganic materials required for growth, together with

an assortment of organic compounds whose number may
vary from one to 30 or more, depending on the organism,
fall into the latter category. Although organisms are able
to synthesize nonessential nutrients, such nutrients are fre-
quently utilized directly if present in food, thereby saving
the organism the need to expend the energy required to
synthesize them.

Nutritional patterns. One method of classifying living
organisms on a nutritional basis centres on the way in
which the functions of food are carried out. Thus, organ-
isms such as green plants and some bacteria that need only
inorganic compounds for growth are called autotrophic
organisms; and organisms, including all animals, fungi,
and most bacteria, that require both inorganic and organic
compounds for growth are called heterotrophic. Although
these general terms are widely employed, the classification
has been broadened to describe various nutritional pat-
terns that have been observed. In one scheme, organisms
are classified according to the energy source they utilize.
Phototrophic, or photosynthetic, organisms trap light en-
ergy and convert it to chemical energy in the form of
an energy-rich compound, adenosine triphosphate (ATP);
chemoautotrophic, or chemosynthetic, organisms utilize
inorganic or organic compounds to supply their ATP
requirements. An additional method of differentiation is
based on the type of electron-donor material utilized to
form the reduced coenzymes required for synthesis of cell
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constituents. If the electron-donor material consists of in-
organic compounds, the organism is said to be lithotrophic;
if organic, the organism is organotrophic. Combinations
of these patterns may also be used to describe organisms;
higher plants, for example, are photolithotrophic; i.e., they
utilize light energy, with the inorganic compound water
serving as the ultimate electron donor. Certain photosyn-
thetic bacteria that cannot utilize water as the electron
donor and require organic compounds for this purpose
are called photo-organotrophs. Animals, by this classifi-
cation, are chemoorganotrophs; i.e., they utilize chemical
compounds to supply ATP and organic compounds as
electron donors.

Despite wide variations in the nature of the external
energy source utilized by various organisms, all organisms
form from the external energy source the immediate in-
tracellular source of energy, ATP, which is common to all
cells. Through the breaking of the high-energy phosphate
bonds of ATP and thus by its conversion to a less energy-
rich compound, adenosine diphosphate (ADP), ATP pro-
vides the energy for the chemical and mechanical work
required by an organism. The energy requirements of the
organism can be measured in either joules or calories; the
need for cell-precursor materials cannot be.

All animals, fungi, and most bacteria are chemoorgan-
otrophs (i.e., organic compounds supply both ATP and
serve as electron donors). In these organisms the multiple
roles played by foodstuffs are partially obscured because
the carbon-containing compounds that serve as energy
sources also serve as electron donors and provide inter-
mediate compounds from which many cell materials are
synthesized. Similarly, essential organic nutrients, when
present in excess, may be utilized in part to provide the
energy needs of the organisms.

Nutritional evolution of organisms. Little is known
about the nutritional evolution of living organisms. Nu-
cleic acids, proteins, carbohydrates, and fats, which are
present in all living cells, are formed by specific reaction
sequences from a limited number of smaller compounds,
most of which are common to all living organisms and,
according to current theories, were available on Earth be-
fore life arose. Since less complex metabolic organization
and less energy are required to synthesize cellular proteins
from preformed amino acids than from carbon dioxide
and other precursors, it is assumed that the simplest
early forms of life were heterotrophic organisms requiring
many organic nutrients for growth and that they selected
such nutrients from their surroundings. As the supply of
these preformed substances was exhausted the organisms
presumably developed the capacity to synthesize these
preformed substances from simpler (precursor) materials
present in the environment; in some organisms, this syn-
thesizing capacity eventually evolved to the extent that
carbon from carbon dioxide could be utilized to synthesize
organic compounds.

At this point, autotrophy, as it now is known, became
possible; autotrophy, in fact, may have evolved as a result
of the exhaustion of the supply of preformed organic ma-
terials in the environment and the consequent necessity
of organisms to synthesize the requirements themselves
in order to survive. Implicit in this theory is the demon-
strable assumption that autotrophic cells contain the most
complex biosynthetic organization found in living things
and that heterotrophic cells are simpler in that certain
biosynthetic pathways do not occur. After the evolution of
photosynthesis, a constantly renewable source of the or-
ganic compounds necessary for heterotrophic cell growth
became available. It became feasible that those organisms
whose environments provided a constantly available sup-
ply of a given compound could lose, through changes in
their genetic material (mutations), the ability to synthesize
that compound and still survive. Entire biosynthetic path-
ways may have been lost in this way; as long as such mu-
tant organisms remained in an environment that supplied
the necessary compound, the simplification in cellular or-
ganization and the energy saved by using preformed cell
components would have given them a competitive advan-
tage over the more complex parents from which they were
derived and permitted stabilization of the mutation within
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the cell type. A theory that the requirements of modern
organisms for essential organic nutrients arose through the
loss of synthetic abilities present in more complex parent
organisms was confirmed between 1940 and 1950 by the
discovery that artificially produced mutant offspring of mi-
croorganisms can be readily obtained and may require the
presence of one or more preformed organic compounds,
which the parent microorganisms could synthesize.
Methods of ingestion or penetration of nutrients. Food-
stuffs of chemoorganotrophs are composed chiefly of large

molecules, such as nucleic acids, proteins, lipids, and-

carbohydrates, which are derived from other organisms.
When these materials: are eaten as food, they usually
must be broken down into the low-molecular-weight sub-
stances from which they were formed (e.g., purine and
pyrimidine bases from nucleic acids, amino acids from
proteins, fatty acids from fats, and simple sugars from
carbohydrates) before they can be absorbed and utilized.
The breakdown process is generally accomplished outside
the cells (extracellularly) of both unicellular and multicel-
lular organisms through hydrolysis (breakdown involving
water), catalyzed -by specific enzymes secreted for this
purpose.-Some uniceéllular ‘organisms (e.g., the protozoan
genus Amoeba), however, engulf particulate matter and
hydrolyze it intracellularly.

The organic products of digestion produced extracel-
lularly, together with essential inorganic nutrients, must
cross one or more cell membranes before they can be uti-
lized for ‘growth. When nutrient concentrations are high,
some materials may diffuse through the cell membrane
to enter the cell. Absorption of some materials can occur
from an extracellular solution containing small quantities
of the nutrients to' an intracellular solution containing
larger quantities (active transport) and is catalyzed within
the cell membrane by systems that are specific for the type
of compound being transported. Those catalysts best char-
acterized involve either specific proteins with high affinity
for the nutrient substance being transferred or enzymes
that chemically modify the nutrient during its passage
through the membrane or both.

DETERMINATION OF ESSENTIAL REQUIREMENTS

It has been estimated that the approximate quantities of
chemical elements in the human body (in percent of wet
weight) are oxygen, 65; carbon, 18; hydrogen, 10; nitrogen,
3; calcium, 2; phosphorus, 1.1; sulfur, 0.25; potassium,
0.20; sodium, 0.15; chlorine, 0.15; magnesium, 0.05; iron,
0.004; copper, 0.00015; manganese, 0.00013; and iodine,
0.00004. Also present are traces of about 20 other ele-
ments—e.g., zinc, cobalt, silicon, molybdenum, selenium,
aluminum, arsenic, barium, boron, bromine, cadmium,
chromium (Table 1). Analytical figures such as those for
humans given above serve to distinguish between chem-
ical elements that occur in relatively large amounts—
oxygen, carbon, nitrogen, sulfur, and phosphorus—and
the so-called trace elements, an obsolescent term applied
to elements that are present in small amounts and that
in the past could be detected in tissues but not analyzed
accurately.

‘The methods used to determine the pure substances nec-
essary for growth are similar in principle for all organisms.
Occasionally, crude diets lacking only one or a few nutri-
ents result in some naturally occurring deficiency disease;
the substance that cures such a condition can be deter-
mined directly by adding it to the diet. Certain vitamins
were recognized in this way. In the absence of a deficiency
condition, a crude nutrient medium (or diet) adequate
for growth 1is selected for the organism to be studied, and
attempts are then madé to replace the various ingredients
of the medium with purified materials and, finally, with
substances of known composition. If replacement with
substances of known composition permits growth, the
added materials can be determined with relative ease; if
the pure substances do not allow growth, however, chem-
ical testing must be carried out to isolate and identify the
substances in crude materials that permit growth. Detailed
nutritional requirements of many organisms are known,
and essentially all of the organic nutrients are available as
pure compounds, so determination of the nutrient require-
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ments of a previously unstudied organism is a compara-
tively easy task. Elucidation of trace-element requirements
remains troublesome, however, because these substances
occur commonly as contaminants in other materials.

ESSENTIAL INORGANIC NUTRIENTS

Table 1 is a list of inorganic elements (minerals) that are
essential for the growth of living things, together with one
or more examples of organisms that exhibit a requirement
for them. The effects of certain mineral deficiencies on the
development of higher plants and animals are illustrated
by several photographs. Naturally occurring deficiencies
of a number of different trace elements occur in various
parts of the world in special types of soils and are therefore
of tremendous economic and agricultural importance.

Several examples of specialized mineral requirements
are present in Table 1. Boron, for example, has been
demonstrated to be required for the growth of many—
perhaps all—higher plants but has not been implicated as
an essential element in the nutrition of either microorgan-
isms or animals. Trace amounts of fluorine (as fluoride)
are certainly beneficial, and perhaps essential, for proper
tooth formation in higher animals, but no essential role
for fluorine in other organisms has been found. Similarly,
iodine (as iodide) is required in animals for formation of
thyroxine, the active component of an important regula-
tory hormone; it plays no known role in other organisms.
Silicon (as silicate) is a prominent component of the outer
skeletons of diatomaceous protozoans and similar organ-
isms and is required in them for normal growth. In higher
animals, the requirement for silicon is much smaller. A
less obvious example of a specialized mineral requirement
is provided by calcium, which is required by higher an-
imals in comparatively large amounts because it plays a
role in the formation of bone and eggshells (in birds); for
other organisms, calcium is an essential nutrient but only
as a trace element. Several additional examples of spe-
cialized requirements are evident from Table- 1. Mineral
elements in wide variety are present in trace amounts in
almost all foodstuffs. It cannot be assumed that, because
a given mineral element is nonessential, it plays no useful
role in metabolism.

Important antagonistic relationships between certain min-
eral nutrients also are known. A large excess of rubidium,
for example, interferes with the utilization of potassium
in some. lactic-acid bacteria; zinc can also interfere with
manganese utilization in the same organism. In animal
nutrition, excessive molybdenum or zinc (both of which
are essential minerals) interferes with the utilization of
copper, another essential mineral, and, in higher plants,
excessive zinc can lead to a disorder that is known as iron
chlorosis. Proper nutrient growth media for microorgan-
isms and plants or diets for animals, therefore, require
not only that the essential mineral elements be provided
in sufficient amounts but also that they be used in the
proper ratios to each other.

ESSENTIAL ORGANIC NUTRIENTS

Considered in this section is the nature of the essential
organic nutrients, necessary building blocks of various cell
components that certain organisms can no longer synthe-
size and therefore must be supplied to them preformed.
These essential compounds include certain amino acids,
which are the precursors of protein; purine and pyrimi-
dine bases or their derivatives, which are the precursors of
nucleic acids; fatty acids, which are precursors of fats and
phospholipids; and, occasionally (in mutant organisms),
simple sugars (e.g., glucose). Other essential organic nu-
trients include the vitamins, which are required in small
amounts (relative to, for example, the amino acids), be-
cause of either the catalytic role or the regulatory role they
play in metabolism.

Amino acid requirements. Proteins usually contain
about 20 different amino acids or their derivatives, and
there are organisms that require none, several, or most
of them for growth. Many yeasts and bacteria (e.g., Es-
cherichia coli) are able to synthesize all of their amino
acids from other compounds (glucose and ammonium
salts). Animals may require up to nine or 10 different

Table 1: Essential Inorganic Nutrients for Living Organisms*

element utilizable representative organisms

ionic form exhibiting the requirement

Boron B0~ certain vascular plants and algae; no
evidence of an animal requirement

Calcium Cat plants, animals, most microorganisms

Chlorine CI- higher animals; no evidence for
requirement in plants

Chromium Cr3+ probably essential in higher animals

Cobalt Co2+ essential in ruminants; probably func-
tions chiefly through microbial
incorporation into vitamin B,,

Copper Cu?+ plants, animals, most microorganisms

Fluorine F- highly beneficial to bone and tooth
formation in animals, including
humans

Iodine I- higher animals; no evidence for
requirement in plants or
microorganisms

Iron Fe2+ animals, higher plants, most
microorganisms

Magnesium Mg+ animals, plants, microorganisms

Manganese Mn2+ animals, plants, microorganisms

Molybdenum  MoO2~ animals, plants, nitrogen-fixing
bacteria '

Nitrogen NO,;-, NH* plants, microorganisms (animals
derive nitrogen mostly from
organic sources and utilize limited
amounts of NH,*, but not NO;~)

Phosphorus PO~ animals, plants, microorganisms

Potassium K+ animals, plants, microorganisms

Selenium SeO,~ higher animals

Silicon SiO 4+~ certain Protozoa and Porifera

Sodium Na+ animals, some plants, some marine
bacteria

Sulfur SO~ plants, many bacteria (animals
derive sulfur mostly from organic
sources)

Vanadium VO~ various tunicates and holothurian
echinoderms; some algae;
possibly higher animals

Zinc Zn2+ all animals, plants, most
microorganisms

*Carbon dioxide (CO,) and water (H,0), although not formally

tabulated, are important nutrients for all organisms; external sources

of carbon dioxide, however, are required for only a few heterotrophic

organisms since it is a prominent waste product of energy metab-

olism in these organisms.

amino acids in their diets. Species of lactic-acid bacteria
have been identified as requiring none (Streptococcus bo-
vis), a few (Lactobacillus plantarum), or as many as 17
amino acids (Streptococcus equinus).

Purine and pyrimidine bases and related compounds. A
large number of species of microorganisms require one or
more of these substances as precursors for the synthesis
of nucleic acids. All higher animals examined have re-
tained the capacity to synthesize purine and pyrimidine
bases. Certain compounds (putrescine, spermidine, sper-
mine) that are closely associated with nucleic acids in
living cells, although synthesized by most organisms, are
required preformed by certain bacteria; e.g., Haemophilus
parainfluenzae, Neisseria perflava.

Lipids and related compounds.  Phospholipids are es-
sential components of all cell membranes. Those organ-
isms that have lost the ability to synthesize certain lipids
(since they are supplied in their diets), require them as
essential nutrients. Essential fatty acids for rats (and most
vertebrates) include linoleic and arachidonic acids and,
perhaps, linolenic acid as well. For many bacteria (e.g.,
Erysipelothrix rhusiopathiae, several species of lactic-acid
bacteria), oleic acid is essential for growth, although it
can be replaced in most cases by linoleic acid and by an
unusual fatty acid called lactobacillic acid.

Choline, a nitrogen-containing compound found in the
phospholipid lecithin, is usually listed among the nutrients
required by rats, although it can be synthesized by them if
sufficient vitamin B,, is present. Choline is also required
for growth of certain pneumococcal bacteria. Inositol, an-
other structural component of certain lipids, is an essential
nutrient for many yeasts but appears to be synthesized
by most animals. Finally, the steroid cholesterol is an
essential nutrient for a wide variety of protozoans and
for the bacteria-like organisms known as mycoplasmas.
Higher animals are able to synthesize this important cell
constituent; it is not present in most bacteria.

Choline,
inositol,
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cholesterol
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Effects of mineral deficiencies on the development of higher
plants and animals.

(Top left) Normal 72-hour embryo from hen fed 10 parts per
million of supplementary copper. (Top right) Anemic 72-hour
embryo from hen receiving copper-deficient diet. (Centre) A
normal chick, left, from hen receiving an adequate amount of
zinc in its diet and two chicks from hens given zinc-deficient
diets. (Bottom) Tomato leaves from plant grown in (left to
right) copper-deficient soil, complete nutrient solution, and
zinc-deficient soil.

By courtesy of (bottom) D. Arnon; from (top left, top right, centre)
J.E. Savage, Federation Proceedings, vol. 27, p. 927 (1968)

Vitamins. Vitamins may be defined as nutritionally es-
sential organic substances that play a catalytic role within
the cell, usually as components of coenzymes or other
groups associated with enzymes. More than half of the
water-soluble vitamins required by humans were discov-
ered when' they were found to be growth factors for mi-
croorganisms. Vitamin requirements are specific for each
organism, and their deficiency may cause disease. Vita-
min deficiencies in young animals usually result in growth
failure, various symptoms whose nature depends on the
vitamin, and eventual death. Certain vitamins (retinol,
calciferol, tocopherol, and ascorbic acid) do not appear
to play an essential role in unicellular organisms. Para-
aminobenzoic acid is a vitamin for several bacteria only
because it is an essential precursor of the vitamin folic
acid, which, since it is unable to cross the bacterial cell
membrane, must be synthesized from para-aminobenzoic
acid. Heme and lipoic acid are typical vitamins for organ-
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isms that cannot synthesize them, but they have a catalytic
role in all organisms; they are synthesized by higher ani-
mals. A few bacteria have lost the ability to convert certain
vitamins to their functional forms, the coenzymes; the
preformed coenzymes (or intermediates in their synthesis)
thus are vitamins for such organisms.

Interdependency of nutritional requirements. The effects
of ‘one mineral nutrient in reducing or increasing the
requirement for another have been mentioned previously
(see above Essential inorganic nutrients). Similar relation-
ships occur among organic nutrients and originate for
several reasons, the most common of which are discussed
briefly below.

Competition for sites of absorption by the cell. Since
absorption of nutrients frequently occurs by way of ac-
tive transport within cell membranes, an excess of one
nutrient (A) may inhibit absorption of a second nutrient
(B), if they share the same absorption pathway. In such
cases, the apparent requirement for nutrient B increases;
B, however, can sometimes be supplied in an alternate
form that is able to enter the cell by a different route.
Many examples of amino acid antagonism, in which in-
hibition of growth by one amino acid is counteracted by
another amino acid, are best explained by this mecha-
nism. For example, under some conditions Lactobacillus
casei requires both D- and L-alanine, which differ from
each other only in the position of the amino, or NH,,
group in the molecule, and the two forms of this amino
acid share the same absorption pathway. Excess p-alanine
inhibits growth of this species, but the inhibition can
be alleviated either by supplying additional L-alanine or,
more effectively, by supplying peptides of L-alanine. The
peptides enter the cell by a pathway different from that of
the two forms of alanine and, after they are in the cell, can
be broken down to form L-alanine. Relationships of this
type provide one explanation for the fact that peptides are
frequently more effective than amino acids in promoting
growth of bacteria.

Competition for sites of utilization within the cell. This
phenomenon is similar to that regarding competition for
absorption sites, but it occurs inside the cell and only
between structurally similar nutrients (e.g., leucine and
valine; serine and threonine).

Precursor-product relationships. The requirement of rats
and humans for the essential amino acids phenylalanine
and methionine is substantially reduced if tyrosine, which
is formed from phenylalanine, or cysteine, which is formed
from methionine, is added to the diet. These relationships
are explained by the fact that tyrosine and cysteine are
synthesized in animals from phenylalanine and methio-

By courtesy of The Upjohn Company, Kalamazoo, Mich.

Effects of vitamin deficiencies in animals.

(Top) Rat fed biotin-deficient diet. Same rat after three months
on a diet with an adequate amount of biotin. (Bottom) Chick
fed a diet deficient in pantothenic acid. Same chick after three
weeks on a diet sufficient in pantothenic acid.
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nine, respectively. When the former (product) amino acids
are supplied preformed, the latter (precursor) amino acids
are required in smaller amounts. Several instances of the
sparing of one nutrient by another because they have sim-
ilar precursor-product relationships have been identified
in other organisms.

Changes in metabolic pathways within the cell. Rats fed
diets containing large amounts of fat require substantially
less thiamine than do those fed diets high in carbohydrate.
The utilization of carbohydrate as an energy source (i.e.,
for ATP formation) is known to involve an important
thiamine-dependent step, which is bypassed when fat is
used as an energy source, and it is assumed that the less-
ened requirement for thiamine results from the change in
metabolic pathways.

COMPARISON OF NUTRIENT REQUIREMENTS

Trace elements and vitamins are distinguished from other
nutrients on the basis of the relatively smaller amounts
required. For example, potassium, a mineral element pres-
ent in comparatively large amounts in all organisms, is
required by Lactobacillus casei in amounts more than
200 times greater than the requirement for manganese.
The magnitude of the requirement for potassium is sim-
ilar to that for the amino acid leucine. Nutrients such as
manganese and the vitamins, which are required in small
amounts, are sometimes referred to as micronutrients be-
cause of these quantitative relationships. For Lactobacillus,
glucose is the energy source, and, to permit the amount
of growth described, approximately 1,000 times more glu-
cose is required than the nutrients potassium and leucine.
These ratios are fairly representative of organoheterotrophs
in general. Lactic-acid bacteria, however, form lactic acid
from glucose; other organisms, which oxidize this sub-
stance to carbon dioxide and water, require only about 5
percent of the amount of glucose required by lactic-acid
bacteria for equivalent ATP production and, hence, for
equivalent growth.

SYNTROPHISM

Since the nutritional requirements and metabolic activities
of organisms differ, it is clear that two or more different
organisms growing relatedly may produce different overall
changes in the environment. A rough example is provided
by a balanced aquarium, in which aquatic plants utilize
light and the waste products of animals—e.g., carbon
dioxide, water, ammonia—to synthesize cell materials and
generate oxygen, which in turn provide the materials nec-
essary for animal growth. Such relationships are common
among microorganisms; i.e., intermediate or-end products
of metabolism of one organism may provide essential
nutrients for another. The mixed populations that result
in nature provide examples of this phenomenon, which
is called syntrophism; in some instances, the relationship
may be so close as to constitute nutritional symbiosis, or
mutualism. Several examples of this phenomenon have
been found among thiamine-requiring yeasts and fungi,
certain of which (group A) synthesized the thiazole com-
ponent of thiamine molecule but require the pyrimidine
portion preformed; for a second group (group B), the
relationship is reversed. When group A and group B are
grown together in a thiamine-free medium, both types
of organisms survive, since éach organism synthesizes the
growth factor required by its partner; neither organism
grows alone under these same conditions. Thus, two or
more types of microorganisms frequently grow in snua-
tions in which only one species would not.

Such nutritional interrelationships may explain the fact
that the nutritionally demanding lactic-acid -bacteria are
able to coexist with the nutritionally nondemanding co-
liform bacteria in the intestinal tracts of:animals. It is
known that the bacterial flora of the intestinal tract synthe-
size sufficient amounts of certain vitamins (e.g., ‘vitamin
K, folic acid) so that detection of deficiency symptoms in
rats requires special measures, and the role of rumen bac-
teria in ruminant animals (e.g., cows, sheep) in rendering
otherwise indigestible cellulose and other materials avail-
able to the host animal is well-known. These few examples
indicate that syntrophic interrelationships are widespread

in nature and may contribute substantially to the nutrition
of a wide variety of species. (E.E.Sn./A.S.T.)

Human nutrition and diet

The scope of human nutrition extends far beyond the clas-
sical study of the physiological and biochemical processes
involved in nourishment; i.e., how substances in food are
converted into energy and body tissues. Human nutrition
has come to involve all the effects on humans of any com-
ponent found in food; these include most chronic degener-
ative diseases (dental decay, coronary heart disease, some
cancers, etc.), which are now major targets of research
activity. The scope of nutrition extends to the effects of
food on human function; e.g., mental function, athletic
performance, resistance to infection, and fetal health and
development. There is a growing interaction between. nu-
tritional science and genetics because of the diversity of
human chemical make-up and because food components
of which most people are unaware can have marked effects
on some individuals. Last, nutrition also considers why
people choose to eat the foods they do, even after they
have been advised that doing so may be unhealthy. The
study of food habits and people’s attitudes, beliefs, likes,
and dislikes overlaps with the social sciences of physiol-
ogy, anthropology, sociology, and economics. Dietetics is
the application of nutrition in the health sciences.

UTILIZATION OF FOOD BY THE BODY

The human body can be thought of as an engine that

releases the energy present in the foods and utilizes it
partly for the mechanical work performed by muscles and
in secretory processes and partly for the work necessary to
maintain its structure and functions. The performance of
this work is associated with the production of heat; heat
loss is controlled so as to keep body temperature within
a narrow range. Unlike other engines, the human body
is continually breaking down (catabolism) and building
up (anabolism) its component parts. Certain foods supply
nutrients essential to the manufacture of the new mate-
rial and provide energy needed for the chemical reactions
involved.

The supply of energy. The energy taken in food and
that utilized in daily life can be measured. The measuring
unit has been the kilocalorie (kcal), which is 1,000 gram
calories; a gram calorie is the amount of heat required to
raise one gram of water from 14.5° to 15.5° C at one
atmosphere of pressure. Nutritionists are now coming into
line with other branches of science and using joules as the
unit of energy. One joule is the energy expended when one
kilogram is moved one metre by a force of one newton.
The amount of energy spent by the whole body and that
present in foods. are relatively large and are expressed as
kilojoules (kJ = 10° J) or megajoules (MJ = 10¢ J). One
kilocalorie is equivalent to 4.186 kilojoules.

The energy present in food can be determined directly by
measuring the output of heat when the food is oxidized in
a calorimeter. Heats of combustion of individual proteins,
fats, and starches are about 5.4, 9.3, and 4.1 kilocalories
(23, 39, and 17 kilojoules) per gram, respectively.

Not all of this energy is available to the body because
some ingested material is not absorbed from the gut and
is lost in the feces; further, the nitrogenous compounds
are not completely combusted, and some of the energy in
proteins is lost in the urine, mostly as urea. Corrections
for these losses give physiological values for dietary pro-
tein, fat, and carbohydrate of approximately:four, nine,
and four kilocalories (17, 38, and' 17 kilojoules) per gram,
respectively. These are called the Atwater factors, after
the American physiologist Wilbur Olin Atwater, who, be-
tween 1895 and 1905, calculated the quantitative aspects
of -energy exchanges. Tables of energy value and nutrient
content of common foods provide background data for
general dietetic advice (see Table 2).

Proteins, fats, and carbohydrates can, within wide limits,
be interchanged as sources of energy. Among the members
of prosperous communities most diets provide 12 percent
of the energy as protein, about 40 percent as fat, and 48
percent as carbohydrate. In many poor agricultural soci-
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Table 2: The Energy Value and Nutrient Content of Some Common Foods
(values per 100 g edible portion)
energy water - carbo- ‘protein fat alcohol

— hydrate

kcal kJ (8) (8 (2) (8) ()
Whole wheat flour 318 1,351 14 65.8 13.2 2.0 —
White bread 233 991 39 49.7 7.8 1.7 —
Rice, boiled 123 522 699 29.6 2.2 0.3 —
Milk, fresh, whole 65 272 876 4.7 33 3.8 —
Butter 740 3,041 15.4 trace 0.4 82.0 —
Cheese, Cheddar 406 1,682 370 trace 26.0 335 —
Beef steak, grilled 218 912 593 0 27.3 12.1 —
Tuna, canned in oil 289 1,202 54.6 0 22.8 22.0 —
Potatoes, boiled 80 343 805 19.7 1.4 0.1 —
Peas, frozen, boiled 41 175 80.7 4.3 5.4 0.4 —
Cabbage, boiled 9 40 95.7 1.1 1.3 trace —
Orange, peel removed 35 150 86.1 85 0.8 trace —
Apple, raw 46 196 84.3 11.9 0.3 trace —
White sugar 394 1,680 trace 105.0 trace 0 —
Beer*, canned 32 132 96.1 2.3 0.3 trace 3.1
Spirits* (gin, whiskey 70 proof) 222 919 59.9 trace trace 0 31.7
*Values per 100 ml. ‘
Source: A.A. Paul and D.A.T. Southgate, McCance and Widdowson’s The Composition
of Foods (1978). . .

eties, for whom cereals provide most of the energy, the
figures for the individuals’ diets are 10 percent for pro-
tein, 10 percent for fat, and 80 percent for carbohydrate.

Throughout most of the world, protein provides between

8 and 14 percent of the energy ingested. High-fat diets are
associated with a high incidence of atherosclerosis (deposits
of lipid material in the larger arteries). Wide variations in
the proportions of fat and carbohydrate in the diet may,
nevertheless, be compatible with good health, at least in
the short term. Ethyl alcohol is another source of energy
to the body. Only a small part of the alcohol intake,
usually less than 5 percent, is excreted in the urine and
expired air; most is oxidized in the liver, where it serves
as a source of energy with a value of seven kilocalories
(29 kilojoules) per gram (almost that of pure fat). Muscle
cannot utilize alcohol, and alcohol intake reduces the use
of fat and carbohydrate by the liver. In this way alcoholic
drinks increase the energy value of a diet and often con-
tribute to obesity and fat deposits in the liver.

Building and maintenance. The body of a young adult
male weighing 65 kilograms (143 pounds) consists of some
11 kilograms of protein, nine of fat, one of carbohydrate,
four of minerals, and 40 of water. During the first 20 years
of life, an average of about 1.5 grams of protein and 150
milligrams of calcium must be retained from the diet ev-
ery day in order to build soft tissues and skeleton. Tissues,
however, are not static, and their components are being
continually catabolized and replaced at varying rates. The
inner epithelial lining of the gut is replaced every three or
four days and red blood cells have a lifespan of only 120
days. On the other hand, collagen, a protein constituent of
tendons, is turned over at intervals of a few years. Much
of the material derived from the breakdown of tissues is
reutilized, but new material is also required from food.
Probably some 200 grams of tissue protein is replenished
daily in an adult, but the minimal dietary requirement of
protein is only about 40 grams per day.

Essential nutrients. The principal evidence that an or-
ganic compound is essential is that it consistently cures a
specific deficiency disease. An inorganic element is essen-
tial if it regularly occurs in the body and is demonstrated
to have a function (such as being an integral part of
an enzyme). Humans require oxygen, water, food energy,
protein, 14 other organic compounds (vitamins and essen-
tial fatty acids), and some 18 inorganic elements, as well
as carbon, hydrogen, and nitrogen.

Protein. Growing children need more protein per kilo-
gram of body weight than do adults. Protein requirement
at all ages is increased by infections not only because
there is an increased utilization of protein but also because
illness usually impairs the appetite and thus reduces di-
etary intake of all substances, including protein. In many
countries children are weaned on a diet of cereal paps
with little or no supplement of milk or other protein-
containing foods. Such a diet at the least retards growth
and development. If a child on such a diet suffers from an

acute infection, notably measles or gastroenteritis, a severe
illness, which may take several forms—known variously as
protein-calorie malnutrition, kwashiorkor, or nutritional
marasmus—may ensue. The death rate from protein-calo-
rie malnutrition in many poverty-stricken communities is
high. (See below Energy (calories), under the heading De-
ficiency diseases.) Primary protein deficiency is not com-
mon among adults, for whom cereals in general satisfy the
protein requirement.

Foods vary in the quantity of proteins they contain per
100 grams (or per typical serving). They also vary in the
nutritional value, or quality, of their protein. This is be-
cause of differences in the pattern of essential amino acids
that they contain (see Table 3). Eight amino acids are
essential (i.e., required, but not produced, by the body)
for humans: isoleucine, leucine, lysine, methionine (which
can be partly replaced by cystine), phenylalanine (which
can be partly replaced by tyrosine), threonine, tryptophan,
and valine. Histidine appears to be essential as well in
some situations. These amino acids are not all required
in the same amount each day; for example, leucine is re-
quired most, and tryptophan least. Vegetable food proteins
usually have lower nutritive values because they have sub-
optimal proportions of one or more essential amino acids,
called the limiting amino acids; e.g., lysine in wheat (see
Table 3). When vegetable protein sources are combined,
however, the amino acid pattern of the combination is
usually improved.

Minerals. Iron is required for the synthesis of
hemoglobin, the oxygen-binding pigment in red blood
cells. Normally the iron liberated from old cells is retained
and can be reutilized. When, however, there is chronic
bleeding from wounds or there is severe and prolonged
menstruation, the normal amount of dietary iron may be
insufficient to replenish the body’s supply. Losses of iron
in the menses, the needs of a fetus, and the inevitable loss
at labour and in the milk of a lactating woman increase
the iron requirements of women during their reproductive
life.

Most dietary iron is in a form that is poorly absorbed
from the gut. Many diets contain about 12 milligrams of
iron, of which less than 10 percent need be absorbed by
a normal adult male. Absorption of iron in plant foods is
usually less than 10 percent. The iron in meat is absorbed
better and so is that in human milk. As body stores of iron
become depleted, the efficiency of intestinal absorption
is enhanced. If menstrual losses are large, iron-deficiency
anemia follows unless the diet is supplemented with ab-
sorbable iron compounds. -

Calcium is the most obvious and persistent of the mineral
nutrients, yet it is more difficult to measure the adequacy
of its intake than for other nutrients. More than 99 per-
cent of the body’s calcium is in the skeleton, where it not
only provides structural support but also is a large reser-
voir for maintaining a constant calcium concentration in
plasma. Several hormones, including parathormone, cal-
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Table 3: Essential Amino Acid Patterns in Proteins of Some Common Foods*
human cow’s beef hen’s wheat cornmeal soy-
milk milk muscle egg flour (maize) bean
Histidine 24 27 41 25 25 28 30
Isoleucine 47 53 48 55 39 39 51
Leucine 90 97 86 88 75 128 82
Lysine 60 81 95 72 @ 68
Methionine
+ oystine } 36 35 41 59 46 41 33
e earine] 75 84 76 93 84 104 95
+ tyrosine
Threonine 39 41 49 46 30 40 41
Tryptophan 13 13 11 15 11 @ 14
Valine 51 64 50 68 44 52 52
*Milligrams of amino acid per one gram of protein. In wheat flour, lysine (ringed) is the
limiting amino acid; in cornmeal, lysine and tryptophan (ringed) are both limiting.
Source (except for cornmeal): Japanese Standard Tables of Amino Acid Composition of
Foods, 1986, published by Resources Council, Science and Technology Agency.

citonin, and a derivative of vitamin D, are all involved
in this regulation. The amount of calcium in the bones
is nearly 30 grams at birth and builds up to about 1,200
grams in an adult. Hence, an average of 180 milligrams
of calcium must be retained in the body throughout child-
hood, and the individual daily amounts should reach 400
milligrams during the adolescent growth spurt. Absorption
of calcium, like that of many other metallic elements, is
inefficient. The diet must therefore supply more calcium
than the amount theoretically retained for skeletal growth.
Three major questions about calcium are as yet not fully
answered by nutritional science: (1) whether generous in-
takes of calcium during childhood and adolescence will
lead to taller adults or heavier bones, (2) whether a gen-
erous intake of calcium from about 45 years of age will
delay the progress of osteoporosis (thinning of the bones),
which occurs in older people and is more likely to cause
symptoms in women after menopause, and (3) what mech-
anisms enable people in Africa, for example, who grow up
on cereal diets low in calcium, to retain enough calcium
to achieve a skeleton of similar height to those in northern
countries where milk and cheese (both rich in calcium)
are staples in the diet.

Sodium is present only in small quantities in most nat-
ural foods, but salt is added, often in large amounts, in
food processing and by cooks to enhance flavour. Sodium
is the predominant ion in extracellular fluid; an excess
can cause edema (an accumulation of extracellular fluid),
especially in conditions such as congestive heart failure.
A low sodium intake leads to a lowering of the blood
pressure and brings about diuresis, ridding the body of the
excess extracellular fluid. There is now much evidence that
excess dietary salt may contribute to high blood pressure
in some individuals, but other factors are also responsible.

Potassium, present in all natural foods, is the predomi-
nant intracellular ion. Deficiency of it does not occur as
a result of a primary dietary lack, but it may arise when
there is chronic diarrhea or from repeated diuresis. All
wasting diseases are associated with loss of potassium from
the tissues. Potassium deficiency disturbs the excitability
of tissues and leads to paralysis of muscle, including car-
diac muscle. Sodium and potassium are two of the most
important ions in maintaining the homeostatic equilib-
rium of the body fluids.

Other elements required by humans are magnesium, io-
dine, zinc, phosphorus (in the form of phosphate), sulfur
(usually in the forms of the amino acids methionine and
cystine), and chlorine (in the form-of chloride, often
combined ‘with sodium). Other elements required in trace
amounts are copper, chromium, molybdenum, selenium,
cobalt (in the form of vitamin B,,), probably fluorine (in
the form of fluoride), and possibly vanadium.

Vitamins. For normal nutrition and metabolism the
body requires certain organic substances, called vitamins,
which it cannot make for itself, at least in sufficient quan-
tities. Many of them function as components of enzyme
systems. Because they are required in such small quanti-
ties, vitamins do not contribute significantly to the energy

needs of the body. In their absence, however, the carbohy-
drates, fats, and proteins required for energy production
and tissue maintenance cannot be properly metabolized.
Vitamins were originally identified by letters as each new
one was discovered, but this method of nomenclature is
being replaced as the vitamins become known by their
chemical names (Table 4). For a detailed treatment of de-
ficiency diseases, see below Deficiency diseases: Vitamins.

The evidence that vitamins promote health in any way
apart from preventing deficiency diseases is controversial
and not established scientifically. The recommended in-
takes or allowances of vitamins (Table 5) carry a safety
margin that allows for a wide range of individual needs, so
there are usually no deficiency effects if the intake is only
a small percentage below the recommended intake. High
intakes are of no benefit and may be dangerous in the
cases of the fat-soluble vitamins A and D and the water-
soluble vitamin B.

CLASSES OF FOODS

The following set of 17 groups covers most of the nu-
tritional differences between foods: (1) cereals and cereal
products, (2) starchy roots, (3) legumes (pulses), (4) other
vegetables, (5) fruits, (6) nuts and seeds, (7) sugars, syrups,
sweets, and preserves, (8) meat, including poultry, and
meat products, (9) seafood—finfish and shellfish, (10) eggs
and roe, (11) milk, cream, and cheese, (12) fats and oils,
(13) herbs and spices, (14) nonalcoholic, nondairy bever-
ages, (15) alcoholic beverages, (16) dietetic preparations,
(17) miscellaneous (e.g., salt and vinegar).

Cereals. Of the present world population, half lives in
Asia and three-quarters in developing countries. In these
areas cereals play the leading dietary role. On the whole,
the carbohydrate-rich cereals compare favourably with the
protein-rich foods in energy value; in addition they are
significantly less expensive to produce. Therefore most of
the world’s diets are arranged to meet main calorie re-
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Table 4: Nomenclature of Vitamins
name recommended  alternative name usual pharmaceutical
by IUNS* preparation
Vitamin A Retinol Retinol
Thiamin Vitamin B, Thiamine hydrochloride
Riboflavin Vitamin B, Riboflavin
Niacin Nicotinic acid and Nicotinamide

nicotinamide
Vitamin By Pyroxidine Pyroxidine hydrochloride
Pantothenic acid Calcium pantothenate
Biotin Biotin
Folate Folacin Folic acid
Vitamin B, Cobalamin Cyanocobalamin

or hydroxocobalamin

Vitamin C Ascorbic acid Ascorbic acid
Vitamin D Vitamins D, and D;  (Ergo) calciferol
Vitamin E a-Tocopherol
Vitamin K Vitamin K,
*International Union of Nutritional Sciences. Note that in some
instances IUNS spelling differs from standard usage.
Source: A. Stewart Truswell et al., ABC of Nutrition (1986).
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Table 5: Size of Adult Requirements for Essential Nutrients

adult daily nutrients

requirement* in foods

2-10 ug vitamin D, vitamin B,,, vitamin K, chromium

100 ug biotin, iodine, selenium

200 ug folic acid, molybdenum

1-2 mg vitamin A, thiamine, riboflavin, vitamin By,
fluoride, copper

5-10 mg pantothenate, manganese

15 mg niacin, vitamin E, iron, zinc

50 mg vitamin C

300 mg magnesium

lg calcium, phosphorus (as phosphate) .

1-5¢g sodium, chloride, potassium, essential fatty acids

50g protein (8-10 essential amino acids)

50-100 g available carbohydrate

1 kg (litre) water

*Figures are approximate and in places rounded. The range of size of

requirements is about 109,

Source: A. Stewart Truswell et al., ABC of Nutrition (1986).

quirements from the cheaper carbohydrate foods, and the
protein-rich foods are used sparingly to provide essential
amino acids. Cereal products generally contribute a large
proportion of the dietary protein of vegetable origin, in
addition to their carbohydrate content.

Cereals are largely consumed as bread and to a lesser
extent as cakes, crackers, and breakfast cereals. They are
also consumed in other forms in some countries; e.g.,
boiled, crushed, or rolled, made into pasta, etc. There has
been controversy as to the relative merits of white bread
and bread made from whole wheat flour of much longer
extraction, which is darker in colour. White flour consists
of about 72 percent of the grain but contains little of the
germ, or embryo, and of the outer coverings (bran). Since
the B vitamins are concentrated mainly in the scutellum
(covering of the germ), and to a lesser extent in the bran,
the vitamin B content of white flour, unless artificially en-
riched, is much less than that of brown flour. The dietary
fibre is mostly in the bran, and white flour contains only
about one-third of that in whole wheat flour. White flour
is routinely fortified with synthetic vitamins in a num-
ber of countries, including the United States and United
Kingdom, so that the vitamin content is similar to that of

the darker flours. In the United Kingdom white bread is

also fortified with calcium carbonate.

Table 6 shows the contribution of cereals to the intakes
of a number of key nutrients in the United Kingdom. As
a group they provide almost half the carbohydrate, one-
quarter of the protein and calcium, more than one-third
of the iron, and nearly half the thiamine. The protein of
cereals does not have as high a nutritive value as that of
many animal foods because of the low lysine content. It
is possible to fortify bread with synthetic lysine. Corn has
been altered to produce a higher lysine and tryptophan
content than standard corn (see Table 3), but the yield is
lower. The usual solution to the suboptimal amino acid
pattern of cereals is to eat them mixed with other foods
(legumes, animal foods) that have more than enough ly-
sine. This is the traditional, intuitive way in which cereals
have been eaten in settled communities in many different
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cultures. The amino acids of mixed protein foods tend
to complement one another and increase the percentage
of the limiting amino acid. In less developed countries,
the contribution of cereals to the intake of nutrients is
greater than in the United Kingdom, which is an example
of an industrial country in which the cereal consumed by
humans is predominantly wheat.

Wheat and rice are the two major cereals for human con-
sumption; wheat in Europe, North America, and northern
India, and rice in East and Southeast Asia. The nutritional
weakness of rice is its low thiamine and riboflavin content
when it is milled to polished rice. Beriberi was formerly
common in poor Asian communities in which a large
proportion of the diet consisted of polished rice. Beriberi
has almost completely disappeared from Asia with the
advent of greater availability of other foods, of better ways
of handling the rice (e.g., parboiling), and, in some areas,
of fortification with thiamine.

Corn differs from other cereals in that the yellow form
contains carotenoids with provitamin A activity. Its other
special feature is its low content of tryptophan. The niacin
in .corn is in a bound form that cannot be digested and
absorbed by humans unless pretreated with lime (calcium
hydroxide) or by roasting. Niacin is also formed in the
body as a metabolite of the amino acid tryptophan, but
this alternative source is not available when the trypto-
phan content is too low.

Most cereals contain little fat, although oats contain 7
percent. Wheat contains a type of dietary fibre (arabi-
noxylan hemicellulose) that is particularly valuable for
treatment and prevention of constipation. It increases the
bulk of the feces and shortens the mouth-to-anus transit
time. Bran is a concentrated source of the same dietary
fibre. . (D.WK.-J./AS.T.)

Starchy roots. Potatoes, cassava, and yams are easily
cultivated and are valuable as cheap sources of energy.
Their nutritive value, in general, resembles that of cereals,
but their protein content is lower. Protein deficiency may
be common in tropical communities in which the staple
food is cassava or yams. The potato, however, provides
some protein—less than cereal does—but also contains
some vitamin C, and sweet potatoes contain the pigment
beta-carotene, convertible in the body into vitamin A.
Although the quantity of protein in potatoes is only small
(2 percent), its nutritive value appears to be high. Cas-
sava contains half the protein of potatoes. There are toxic
substances in, or adjacent to, some of the starchy root
foods that have to be avoided or dealt with by careful
preparation; e.g., solanine in the green sprouts of potatoes
and a cyanide compound in the leaves and outer parts of
the roots of cassava.

Legumes (pulses). Peas and beans, the seeds of Faba-
ceae, resemble the cereals in nutritive value but have a
higher protein content and, since they are not subject to
milling, are a good source of B vitamins. They are thus
a valuable supplement to a cereal diet, especially in trop-
ical or subtropical countries; moreover, they, particularly
the soybean, are also valued for their taste. The soybean
is especially rich in protein (38 percent) and is a major
commercial source of edible oil.

Table 6: Percentage of Several Major Nutrients Supplied by Food Groups in the United Kingdom*
energy protein fat carbo- iron cal- thi- vitamin vitamin
hydrate cium amine C A
Milk, cream, and
cheese 14 22 19 7 3 59 12 7 13.5
Meat 16 32 27 2 24 3 15 2 37
Fish 1 4.5 1 0.3 2 1 1 — —
Eggs 2 45 3 — 5 1.5 2 — 3
Butter, margarine, .
and other fats 15.5 — 37 — 1 — — — 20
Sugar, syrups,

' preserves 9 —_ —_ 20 1 — - -— —_—
Total vegetables 9 9.5 2 15 19 6 19 48 24
Total fruits 3 1 — 5 4 2 4 41 1
Total cereals 29 24 10 48 37 24 42 — 1

(Breads) (13.5) (14) ) (24) 17) (12) (21) () (—)
*From the Household Food Consumption Survey (1981). The figures for breads are in parentheses
because they are part of the total for cereals.
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Vegetables and fruits. Vegetables and fruits all have
similar nutritive properties. Because 70 percent or more
of their weight is water, they provide comparatively lit-
tle energy or protein, but many contain vitamin C and
carotene, two nutrients not found in cereals. Fresh fruits,
particularly the citrus variety, and their juices are usually
rich in vitamin C, but cooked vegetables are an uncertain
source, as this vitamin is easily destroyed. Vegetables and
fruits contain fibre, which adds bulk to the intestinal con-
tent and is useful in preventing constipation. Vegetables
also provide calcium and iron but often in a form that is
poorly absorbed. :

Sugars, preserves, and syrups. In adults in the United
States, the average intake of added sugars is 60 grams per

day in males, or one pound per week. The sugars, mostly

sucrose and high-fructose corn syrup, are added both in
processing and at the table. Together sucrose and fructose
provide 12 percent of the average total calories in adults
and a little more in children. There are also naturally -oc-
curring sugars in foods (fructose, glucose, sucrose in fruits
and some vegetables, and lactose in milk). The intake
of these in the United States is about 8 percent of total
caloric intake in adults and much more in young children
(due to the lactose). Sugar, however, contains no protein,
no minerals, and no vitamins and thus has been called a
source of “empty calories.”

Sugar is an excellent preservative because it adsorbs water
and prevents the growth of microorganisms. Jams contain
from 30 to 60 percent sugar, and honey and natural syrups
(e.g., maple) are composed of more than 75 percent sugar.

Meat, fish, and eggs. Meats generally consist of about
20 percent protein, 20 percent fat, and 60 percent water;
the amount of fat present in a particular portion of meat
varies greatly, not only with the kind of meat—pork, beef,
lamb, etc.—but also with its quality; the “energy value”
varies in direct proportion with the fat content. Meat is
valuable for its protein, which is of high biological value.
Meat also is an excellent source of B vitamins, including
thiamine, one of the most important. Pork is the best
source of thiamine, liver is next, and skeletal muscle, from
any meat source, is third. Meat is also a good source of
niacin, vitamin By, vitamin B,,, other vitamins of the B
group, and the mineral nutrients, iron, zinc, phosphorus,
potassium, and magnesium. Liver is the storage organ for,
and very rich in, vitamins A and B,,. It is also an excellent
source of riboflavin and of folic acid.

The muscular tissue of fishes consists of 13-20 percent
protein; varying amounts of fat, ranging from less than 1
to more than 20 percent; and 60-82 percent water, varying
inversely with fat content. Exact proportions vary among
different species, and seasonal and feeding variations result
in differences among individuals of the same species. The
fatty acids in fish are largely polyunsaturated. One of the
major fatty acids, eicosapentaenoic acid, in large amounts
reduces the tendency to thrombosis.

Eggs have a deservedly high reputation as a food. The
white is protein and the yolk is rich in both protein and
vitamin A. Eggs also provide calcium and iron; egg yolk,
however, has a high cholesterol content.

Milk and milk products. The milk of each species of
animal is a complete food for its young. One pint of cow’s
summer milk contributes about 90 percent of the calcium,
30 to 40 percent of the riboflavin, 25 to 30 percent of
the protein, 10 to 20 percent of the calories and vitamins
A and B, and up to 10 percent of the iron and vitamin
D needed by an adult. Although human milk supplies a
higher proportion of the daily needs of a five-year-old child
for calories, protein, vitamin A, thiamine, and riboflavin,
the contribution of calcium is reduced to about 70 percent
because of the higher calcium requirements of a child.

The milks of mammals contain all essential nutrients.
Human milk (Table 7) is the perfect food for infants,
provided it comes from a healthy, well-nourished mother
and the infant is full-term. Breast milk contains important
antibodies, white cells, and nutrients, and, in communi-
ties where hygiene is poor, breast-fed babies have fewer
infections than formula-fed babies.

Cow’s milk (Table 7) is good food for human adults,
but the cream (i.e, fat) contains 52 percent saturated

Table 7: Some Nutrients in Milks
human* whole modified infant
milk cow’s milk formulat
milk (powder diluted
(full cream) as directed)
Energy (kilocalories) 70 67 69
Protein (total; g) 1.1 35 1.5
Casein (% protein) 40% 80% 40%
Lactose (g) 7.3 5.0 7.2
Fat (total; g) 4.0 3.7 3.6
Saturated fat(% fat) 46% 66% 44%
Linoleic acid (% fat) 7-11% 3% 17%
Sodium (millimoles) 0.7 22 0.71
Calcium (mg) 35 120 49
Phosphorus (mg) 15 95 30
Iron (mg) 0.075 0.050 0.9
Vitamin C (mg) 3.8 1.5 6.9
Vitamin D (ug) 0.8 0.15 1.1
*The composition of breast milk varies considerably with stage
of lactation, between individuals, and with maternal nutrition.
tMean of Cow and Gate Premium and SMA-S26 infant formula brands.
Source: A. Stewart Truswell et al.,, ABC of Nutrition (1986).

fatty acids (longer than 10 carbon atoms in length) as
compared to only 3 percent polyunsaturated fat. This fat
raises the plasma cholesterol and is thought to be one of
the dietary components that contributes to coronary heart
disease, along with the same fat in concentrated forms
(cream and butter). To circumvent this, the dairy industry
has developed low-fat cow’s milk (with 2 percent instead
of almost 4 percent fat), very low-fat skim milk, or skim
milk -with extra nonfat milk solids (lactose, protein, and
calcium), which gives more body to the milk.

Lactose, the characteristic sugar of milk, is a disaccharide
made of the monosaccharides glucose and galactose. While
these monosaccharides are easily absorbed, lactose is not.
Lactose passes to the large intestine, where it is fermented
by the resident bacteria to produce gas and sometimes
diarrhea. Galactose is incorporated into the complex fatty
substance ceramide, which is the major component of the
myelin sheaths of nerves (the white matter of the central
nervous system).

In the late 1960s it was- discovered that the adults of
many ethnic groups cannot break down the lactose of
large quantities of milk into galactose and glucose; they
lose most of their intestinal lactase enzyme activity as they
grow up (lactose intolerance). It is now recognized that
such individuals share this deficiency with adults through-
out the world, such as in Asia and Africa, and with most
of the animal kingdom. People .originating in northern
Europe are the exception from the global viewpoint: they
usually retain full intestinal lactase activity into adult life.
People who have little of the enzyme lactase in their
bodies can still take large amounts of milk if it has been
allowed to go sour, if lactobacilli have split most of the
lactose into lactic acid, or if the lactose has been treated
with commercially available lactase.

The vitamin C present in milk. is destroyed by heat-
ing (pasteurization), which in many countries is required
to prevent the milk from spreading bacterial and other
infections. i

Cheese making is an ancient art formerly used on farms
to convert surplus milk into a food that could be stored
without refrigeration. Cheese is rich in protein and cal-
cium and is a good source of vitamin A and riboflavin.
Most cheeses, however, contain about 25 to 30 percent
fat (constituting about 70 percent of the calories of the
cheese), which is mostly saturated, and they are usually
high in salt (sodium).

Fats and oils. The animal fats used by humans are but-
ter, suet from beef, lard from pork, and fish oils. Important
vegetable oils include olive oil, peanut (groundnut) oil,
coconut oil, cottonseed oil, sunflower seed oil, soybean
oil, safflower oil, rape oil, sesame (gingelly) oil, mustard
oil, red palm oil, and corn oil. All these are high in
calories. Only butter (other than the previously mentioned
fish-liver oils) contains any of the vitamins A and D, but
red palm oil does contain carotene, which is converted to
vitamin A in the body. Vitamins A and D in controlled
amounts are added to margarines.

Lactose

Cheese
making
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All natural fats and oils contain variable amounts of vita-
min E, the fat-soluble vitamin antioxidant. They provide
more calories per gram than any other food, and they
contain no protein and few micronutrients.

The predominant substances in fats and oils are triglyc-
erides, chemical compounds containing any three fatty
acids combined with a molecule of glycerol. The fatty
acids consist of a chain of carbon atoms with a carboxylic
acid group (—COOH) at one end. The number of car-
bon atoms ranges from four to more than 22, but the
most common chain length is 16 or 18. Because they
are synthesized in the body from two-carbon units (acetyl
coenzyme A), chain lengths are nearly always even num-
bers. Each carbon has four valences, or potential sites for
bonding—two valences for the adjacent carbons and one
for each hydrogen.

Butyric acid is an example of a saturated fatty acid. The
four valences of each carbon atom are attached to two
hydrogen atoms and to the two adjacent carbons:

When adjacent carbon atoms are linked by a double bond,
each has only one valence available for hydrogen:

i i
ST
H HHH

When no double bonds are present, the fatty acid is said to
be saturated; with the presence of one (monounsaturated)
or more (polyunsaturated) double bonds, the fatty acid is
said to be unsaturated.

Fats with a high percentage of saturated fatty acids tend
to be solid at room temperature; e.g., butter and lard.
Those with a high percentage of unsaturated fatty acids
are usually liquid oils; e.g., sunflower, safflower, and corn
oils. The names and shorthand numbers for the principal
fatty acids in foods are shown in Table 8. In this short-
hand notation, the number to the left of the colon is the
number of carbon atoms, and the number to the right
of the colon represents the number of double bonds; e.g.,
4:0 has four carbon atoms and no double bonds (i.e., is
saturated). This is the shorthand notation for butyric acid.

A small group of fatty acids are essential in the diet.
They occur in body structures, especially the different
membranes inside and around cells, and cannot be syn-
thesized in the body from other fats. Linoleic acid (18:2)
is the most important of these fatty acids because it is
convertible to the other essential fatty acids. Linoleic acid
has two double bonds and is a polyunsaturated fatty acid.
As well as being an essential fatty acid it tends to lower
the plasma cholesterol. Linoleic acid occurs in moderate

Table 8: Important Natural Fatty Acids
acids shorthand
Saturated acids
Butyric 4:0
Caproic 6:0
Caprylic 8:0
Capric 10:0
Lauric 12:0
Myristic 14:0
Palmitic 16:0
Stearic 18:0
Arachidic 20:0
Behenic 22:0
Monounsaturated acids
Palmitoleic 16:1
Oleic 18:1
Erucic 22:1
Polyunsaturated acids
Linoleic 18:2
Linolenic 18:3
Arachidonic 20:4
Eicosapentaenoic 20:5
Docosahexaenoic 22:6
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to high proportions in many of the seed oils; e.g., corn,
sunflower, cottonseed, and safflower oils. Some margarines
(polyunsaturated margarines) use a blend of oils selected
so that they have a moderately high linoleic acid content.

Edible fats and oils contain smaller amounts of other
lipids as well as triglycerides (see below Habitual dietary
pattern and disease: Diet and coronary heart disease).

Beverages. Although most adults drink one to two litres
(about one to two quarts) of water a day, much of this
is in the form of liquids such as coffee, tea, fruit juices,
soft drinks, beer, wines, or spirits. In general, these are
appreciated more for their taste or for their effects than
for their nutritive value. Fruit juices are, of course, useful
for their vitamin C content and good sources of potassium
while low in sodium. Coffee and tea by themselves are
of no nutritive value, except that coffee contains some
niacin and tea contains fluoride and manganese, but they
may be a vehicle for intakes of sugar, milk, or lemon.
Beer contains 2 to 6 percent alcohol, natural wines 10—
13 percent, and most spirits up to 40 percent. Since
ethyl alcohol has an energy value of seven kilocalories per
gram, very significant amounts of energy can be obtained
from alcoholic drinks, and beer and wine contain natural
sugars as well. With one or two exceptions, they contain
no nutrients and are-only a source of “empty calories.”
The only vitamin present in significant amounts in beer
from a brewery is riboflavin. Wines are devoid of vitamins
but sometimes contain large amounts of iron, probably
acquired from iron vessels used in preparation, especially
of cheap wine. It is possible for excess iron to be absorbed
and stored in the liver where it may contribute to toxic
manifestations.

RECOMMENDED INTAKES OF NUTRIENTS

Some forty countries now have their own recommended
intakes of nutrients. In addition, international recommen-
dations are published jointly by the Food and Agricultural
Organization (FAO) and the World Health Organization
(WHO). Several names are used to describe these dietary
standards, but recommended dietary allowance (RDA) is
the most common. In general, RDAs can be defined as
the levels of intake of essential nutrients considered, in
the judgment of the (national or international) committee
on dietary allowances, to be adequate to meet the known
nutritional needs of practically all healthy persons. This
means that the RDA for each nutrient (except calories) is
set at the top end of the frequency distribution of experi-
mentally determined individual requirements (Figure 1A).
For energy (calories), the RDA is different (Figure 1B)—it
should be set in the middle of the frequency distribution
of individual calorie requirements so that the value is too
little for half the population and too much for the other
half; i.e., it is the mean for the group.

The RDAs have a number of uses. The prescriptive and
original use of RDAs is for planning diets of groups or in-
dividuals. The RDAs have been used as well for planning
national or regional food supplies. International agencies
compare the RDAs of countries to see which has the
greater need for aid because they are the fairest basis for
calculating rations during food shortages or disaster. The
RDAs provide a standard reference so that, when the food
intake of groups or individuals is assessed, the relative
levels of different nutrients can be seen in perspective.
Since the RDA of each nutrient is enough for almost all
healthy people, an intake just below the RDA may be
quite adequate for a particular individual. If the intake of
a whole group is below the RDA, however, the probability
is high that some individuals in the group are eating a diet
inadequate in that nutrient. Finally, RDAs can be used as
a denominator for nutrition labeling of foods. Thus, rather
than indicating the amount of nutrient available (e.g.,
0.35 milligram of thiamine), the percentage relative to the
RDA may be cited (e.g., percent of the RDA of thiamine).

The following information is required to work out the
RDAs: (1) the level of nutrient intake at which a defi-
ciency disease starts to occur in the community, (2) the
least amount of nutrient required to cure clinical signs of
deficiency, (3) the lowest intake of the nutrient that main-
tains chemical balance in the body over a long period, and
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Figure 1: Theoretical frequency distribution of
individual requirements (same sex and age group) for
(A) a typical essential nutrient and (B) energy.

(A) The recommended dietary allowance is set at the
upper end of the distribution. For a few nutrients—
for example, iron in women—the frequency
distribution of requirement is not Gaussian but
skewed. (B) The recommended allowance is in the
centre of the distribution—the mean or median—so
that half of the population need more and half need
fewer calories per day than the recommended daily
allowance (RDA).

(4) the minimum intake needed to give normal function
tests for the nutrient or for tissue saturation (an index of
adequacy for some of the vitamins).

Most RDAs are for nutrients as eaten in foods after pro-
cessing and cooking. They are for healthy people and do
not allow for illnesses or major stresses in life, and they
may be affected by a variety of medications, as well as
smoking. The RDAs do not have to be reached every day,
and a low intake on one day can be balanced by taking
more than the recommendation the next day. They are
more than enough for most people, and, although they
should not be considered the upper limit, they do not (usu-
ally) indicate at what higher level toxic effects might start.
The RDA assumes that enough of other major nutrients
and energy are consumed. -The RDAs are for standard
body size (usually predefined) and for a usual range of
exercise and assume a moderate or good nutritive qual-
ity, biological value, or availability of the nutrient to the
body. They do not cover minor vitamins and minor trace
elements and assume that adequate intakes of the main
nutrients generally mean a mixed diet and an adequate in-
take of the minor nutrients. The RDAs cannot fully allow
for the adaptation that can occur to high or low intake of
some nutrients (e.g., iron and calcium) and they do not
allow for interactions between some of the nutrients.

The RDAs of the United States have been regularly re-
vised about every five years since they first appeared in
1941. During the 1980s a proposal was made to bring the
RDAs for vitamins A and C into line with the RDAs of
most other countries. The British RDAs cover only about
10 nutrients as well as calories. As an example of a mod-
ern set of RDAs, the Australian recommendations (1982-
88) are reproduced in Table 9.

Energy. The body needs dietary energy in amounts
equal to the energy expended in the external work of daily
physical activities, in the internal work of tissue mainte-
nance, for repair in the case of disease or injury, and, in
the case of children, for growth. ;o

The French chemist Antoine-Laurent Lavoisier initiated
the quantitative study of energy exchange in animals using
a small calorimeter, which allowed the rates of oxygen
utilization and carbon dioxide release to be measured.
Lavoisier also measured the rate of oxygen consumption
in humans and showed that it rose with exercise. It was

not until the end of the 19th century, however, that a
calorimeter chamber was constructed in which a person
could live for three or four days. During this 72-96-hour
period all the energy expenditure could be measured as
heat and equated with the net energy intake (energy in
food minus energy in feces and urine). In this way the law

of conservation of energy in humans was demonstrated..

There is no doubt that the human body operates within
the limits imposed by the law of conservation of energy.
Energy output is related to the rate of oxygen utilization,
with one litre of oxygen equivalent to approximately 4.8
kilocalories of energy.

Measurements of the heat output of humans, direct
calorimetry, are difficult. By contrast, measurements of
oxygen consumption by indirect calorimetry are relatively
easy and can be made on humans in their normal day-to-
day environment, at home, and at work in offices, facto-
ries, fields, and mines, and during recreations, including
most sports.

The rate at which energy is expended for maintenance at
rest, known as the basal metabolic rate (BMR), amounts
to about 1.25 kilocalories per minute for a man weighing
65 kilograms (one kilogram = 2.2 pounds) and 0.90 kilo-
calorie per minute for a woman weighing 55 kilograms.
The basal metabolism, if expressed per unit of body weight
or per unit of surface area, as has been the tradition for
a long time, appears higher in men than in women. This
is so because women have relatively more fat (adipose
tissue) and less muscle than men and because men tend
to be much more active.

The metabolic rate is raised by as much as 30 percent
after a meal. This is the thermic effect of meals and is due
in part to the work of secretion of the digestive juices and
in part to chemical processes, mainly in the liver, involved
in the metabolism of amino acids and other absorbed
products of digestion.

The metabolism of a seated person usually is not raised
by more than 50 percent above the basal level (i.e,
1.5 X BMR). The arms are light, and little physical work
is involved in writing or sewing. Although the metabolism
of the brain is high and accounts for 20 percent of rest-
ing energy expenditure, it is not raised significantly by
mental activity.

Energy expenditure is increased fourfold, up to about
five kilocalories per minute, by a brisk walk and is usu-
ally between two and four times the resting rate during
the accomplishment of such light work as most assembly-
line labour in industry, domestic activities, painting, and
carpentry and in participation in recreations such as golf
or bowling.

An increase of up to sixfold, or 7.5 kilocalories per
minute, constitutes moderate work and is characteristic
of most manual labour, gardening, tennis, and bicycling.
Work involving energy expenditures above this is graded
as heavy. Although many jobs in coal mining, lumber-
ing, and the steel industry involve periods of strenuous
work, relatively few persons in a modern industrial society
do significant amounts of continuous heavy work. Cross-
country skiing is the recreation with one of the greatest
demands for energy and involves rates of 15 kilocalories
per minute, or even more, for long periods.

Most individuals in urban societies have their days di-
vided into three eight-hour portions. Normally, one period
is spent in bed and asleep, one at work, and one in recre-
ation or in other nonoccupational activities. The period in
bed at approximately basal rates involves about 500 kilo-
calories of energy. A rough guide for occupational work
is as follows: sedentary (about 900 kilocalories per eight-
hour period), including office workers, drivers, teachers,
and shop workers; and moderately active (about 1,200
kilocalories per eight-hour period), including virtually all
engaged in light industry and assembly plants, postal
workers, most farm labourers, and construction labourers.

A man’s energy expenditure, however, is determined in
an urban society more by how he uses his spare time than
by the nature of his job. Nonoccupational activities may
range from 800 to 1,800 kilocalories per eight-hour pe-
riod. Energy requirements from food may vary from 2,200
kilocalories per day for sedentary activities to more than
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4,000 for the very active. These figures are generalities
and cannot be applied to nonmechanized farming, still the
way of life for the majority of the world’s male popula-
tion. There may be marked seasonal variations with men
“very active” at seed and harvest time, and “sedentary”
during some periods in between. Surveys in Africa and
Asia indicate that a yearly average shows most farmers to
be moderately active.

Corresponding figures for women show a total of about
2,200 kilocalories per day. The range of expenditure is
not as wide as for men, and the great majority of women
need food providing from 1,800 to 2,400 kilocalories per
24-hour period.

Much of the work done by humans consists in contracting
muscles to move the body or its parts. Energy expenditure
during exercise is directly related to body weight, and the
basal metabolism is related to body size. In theory, then,
large people should require more food than smaller people
do. Activity level, however, is important, and some less
physically active large men and women may have lower
energy requirements than smaller persons. Exercise alone
is not the most important factor in weight loss. The types
and amounts of food consumed, as well as the balance
of nutrients, play major roles as well. As age advances,
physical activity is curtailed, lean body mass gradually
declines, and the need for dietary energy is reduced.

(R.Pa./AS.T)

Protein. Protein constitutes the soft tissues of the lean
body as well as the hundreds of enzymes involved in. its
activity. These proteins are continually broken down. and
replaced, some faster than others. In.the process, proteins
are converted to their constituent amino acids, some of
which are deaminated in the liver and used up in en-
ergy production (e.g., in the citric acid cycle). The amino
groups are concentrated in urea and excreted in the urine
(Figure 2). Because of this turnover, some protein is re-
quired in the adult diet. Additional protein is required in
the growth of new tissues in children and pregnant women
and for the secretion of milk in lactating women. Protein
requirements vary with lean body mass, and they are usu-
ally expressed as the amount per kilogram of body weight.

Since the League of Nations nutrition committee first
recommended one gram of protein per kilogram of body
weight for adults in 1938, pronouncements on protein re-
quirements by successive international (FAO/WHO) com-
mittees in 1957, 1965, 1973, and 1985 have fluctuated
between recommending 0.66 and 0.89 grams per kilogram
of body weight. In 1985 the international recommenda-
tion was 0.75 grams of good-quality protein-per kilogram
of body weight for adults. This is'52.5 grams for a 70-
kilogram man and 41 grams for a 55-kilogram woman.
For children, the recommendation starts at 1.85 grams per
kilogram of body weight in young infants and falls to.one
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gram per kilogram of body weight by the age of five years.

Proteins are made up of some 20 amino acids, at least
eight of which are indispensible for humans. Their pro-
portions vary from food to food (Table 3), and human
requirements of individual amino acids range widely. The
requirement for tryptophan is smallest. If tryptophan is
taken as 1, the requirements for the others are approx-
imately as follows: threonine, 2; valine, 3; isoleucine,
3; histidine, 3; lysine, 3.4; methionine + cystine (i.e., to-
tal sulfur-containing amino acids), 3.7; leucine, 4; and
phenylalanine + tyrosine, 4. (These requirement ratios are
not related to molecular weights; they do not come closer
if expressed in molar units.) Tryptophan has the highest
molecular weight but the smallest requirement.

The reasons for the different requirements for individual
amino acids are that they are present in different amounts
in the major body tissues; e.g., muscle (the most abun-
dant tissue) contains about seven times as much leucine
as tryptophan. There are differences as well in the rates
of involvement of amino acids in different pathways of
interconversion and metabolism.

If the diet is deficient in one of the essential amino acids,
the protein requirement has to be adjusted upward. In
practice, however, when protein foods are eaten together
their amino acids complement one another. Mixtures of
foods are less likely than single foods to have any individ-
ual amino acids far below the requirement.

Inorganic elements. Although requirements for nutri-
ents are generally lower in women, who have lower lean
body mass and eat less food, the RDA for iron is an
exception. Women of reproductive age need about twice
as much iron as men. Some degree of iron deficiency is a
worldwide problem in women. In the Third World most
of the iron in food is in vegetables, from which it is poorly
absorbed. In affluent communities meat is available, but
many women have low iron intakes because they restrict
food consumption in order to lose weight. The RDA for
iron in pregnant women (Table 9) may be considered very
high, but it represents the upper end of the distribution of
requirements, because some women who begin pregnancy
with depleted body iron stores are likely to become ane-
mic unless they take an iron supplement.

Requirements for calcium are difficult to determine be-
cause 99 -percent of it in the body is in the bones. Any
reduction of absorbed calcium is not evident in the plasma
concentration because calcium loss increases the secretion
of parathormone, which mobilizes some calcium from
bones. In parts of the world -without a ‘dairy industry,
adults appear to maintain strong bones on calcium intakes
around 500 milligrams, while in industrial countries adults
have been found to go into negative calcium balance on
such low intakes. .

The RDAs for zinc have only been considered and re-
searched since the 1970s. Human zinc deficiency was not
described until 1963, and it took an additional 10 years
before it was confirmed and accepted that zinc is an im-
portant nutrient for humans. Although most reports agree
with the RDA of 12-16 milligrams per day for adults in
Table 9, more recent evidence suggests that the present
RDAs are set too high.

Sodium levels are more than adequate in the great ma-
jority of human diets. Sodium chloride (common table
salt) is added during processing to many foods, and
smaller amounts of sodium bicarbonate and monosodium
glutamate are also widely used as additives in food pro-
cessing and preparation. The concern of nutritionists is
not whether people are consuming enough sodium but
whether they are consuming too much. This is why the
Australian RDAs suggest an upper level of intake as well
as a lower, but still generous, requirement.

Because it is the major cation inside all living cells,
potassium is present in moderate amounts in most unre-
fined plant and animal foods (e.g., meat, fruits, vegeta-
bles). Potassium presents a problem only in people with
a variety of diseases in which potassium intake must
be - carefully monitored: Potassium intake may need to
be supplemented in people with chronic diarrhea and in
those with heart disease or high blood pressure who take
regular diuretic tablets. On the other hand, those with im-
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Table 9: Recommended Dietary Intakes for Use in Australia*
group age vitamin A thiamine riboflavin niacin vitamin total vitamin vitamin C  vitamin E
(ug retinol (mg) (mg) (mg niacin B¢ folic acid B, (mg) (mg a
equivalents) equivalents) (mg) (ug) (ug) tocopheral
equivalents)
Infants 0-6 months
breast-fed 425 0.15 0.4 4 0.25 50 0.3 25 2.5
bottle-fed 425 0.25 0.4 4 0.25 50 0.3 25 4.0
7-12 months 300 0.35 0.6 7 0.45 75 0.7 30 4.0
Children
(male and 1-3 years 300 0.5 0.8 9-10 0.6-0.9 100 1.7 - 30 5.0
female) 4-7 years 350 0.7 1.1 11-13 0.8-1.3 100 1.5 30 6.0
Boys 8-11 years 500 0.9 1.4 14-16 1.1-1.6 150 1.5 30 8.0
12-15 years 725 1.2 1.8 19-21 1.4-2.1 200 2.0 30 10.5
16-18 years 750 1.2 1.9 20-22 1.5-2.2 200 2.0 40 11.0
Girls 8-11 years 500 0.8 1.3 14-16 1.0-1.5 150 1.5 30 8.0
12-15 years 750 1.0 1.6 17-19 1.2-1.8 200 2.0 30 9.0
16-18 years 750 0.9 1.4 15-17 1.1-1.6 200 2.0 30 8.0
Men 19-64 years 750 1.1 1.7 18-20 1.3-1.9 200 2.0 40 10.0
64+ vyears 750 0.9 1.3 14-17 1.0-1.5 200 2.0 40 10.0
Women 19-54 years 750 0.8 1.2 12-14 0.9-1.4 200 2.0 30 7.0
54+ years 750 0.7 1.0 10-12 0.8-1.1 200 2.0 30 7.0
Pregnant +0 +0.2 +0.3 +2 +0.1 +200 +1.0 +30 +0
Lactating +450 +0.4 +0.8 +5 +0.7-0.8 +150 +0.5 +30 +2.5

paired kidney function (renal failure) may develop a blood
potassium level that is too high, even while consuming an
ordinary amount.

Magnesium and phosphorus (in the form of phosphate)
are essential elements but few, if any, natural diets do not

meet the requirements. Iodine deficiency is important in a-

number of underdeveloped inland and mountainous areas
in the world. Intakes are adequate in nearly all the indus-
trialized countries because foods come from a variety of
places and so some at least have been grown in soils with
adequate iodine. In addition, iodized salt is available and
a few food additives contain iodine.

Vitamins. Table 4 shows the 13 vitamins essential for
humans.

Vitamin A. A fat-soluble compound, vitamin A (retinol)
is found in animal foods, especially in liver of land an-
imals or fish, where it is stored and concentrated. Most
of the world’s population, however, derive most or all of
their vitamin A from plant foods, many of which contain
the yellow-orange pigment S-carotene. One molecule of
B-carotene can be cleaved by an intestinal enzyme into
two molecules of vitamin A. The pigment f-carotene oc-
curs in fruits such as apricots, peaches, melons, mangoes,
and pumpkins. It is also a companion of chlorophyll; the
green pigment in leaves, so that green vegetables are good
sources. Enough vitamin A is stored in the liver of a well-
nourished adult to last about two years of deprivation.

Vitamin A (not carotene) is one of the vitamins whose

toxicity at doses 10 times the RDA or more is well estab-
lished. It can lead to bone changes and fetal malformations
and has been responsible for occasional fatalities.

Thiamine. - Found in whole-grain cereals, meats, yeasts,
and nuts, thiamine (a water-soluble vitamin) plays an in-
dispensible role as cofactor for enzymes involved in the
metabolism of carbohydrates, alcohol, and some amino
acids. The requirement is therefore proportional to an in-
dividual’s calorie intake from foods other than fats. There
are hardly any stores of thiamine in the body, and it
only takes about 30 days without thiamine intake before
signs of deficiency appear, provided the calorie intake is
maintained. Alcoholics are at special risk of thiamine de-
ficiency because the more alcohol a person drinks, the less
thiamine-containing food he consumes. Alcohol requires
thiamine for its metabolism, and body stores of thiamine
are smaller than for any other vitamin.

Riboflavin. Another of the water-soluble vitamins, ri-
boflavin is unusual in that it has a fluorescent yellow-
green colour. It too plays a vital role in intermediary
metabolism, but deficiency disease is rare. In industrial
countries this may be because milk is a good source.

Niacin. Niacin is a water-soluble vitamin that is also
made in the human liver by the conversion of the amino
acid tryptophan. If the protein intake is low, preformed
niacin must be provided in the diet; if the protein intake is
generous, niacin normally can be made by the body from

the tryptophan. Some animals (such as cats) do not have
this ability. One form of niacin (nicotinic acid) in doses
about 200 times the RDA is used in medicine as a drug
that lowers the cholesterol level in the plasma. This is an
example of a pharmacological action of a nutrient.

Vitamin B,. Vitamin By is a water-soluble vitamin of
the B group. The five closely related substances with By
activity, of which the best-known is pyridoxine, act as
cofactors for the many enzymes involved in amino acid
metabolism. Vitamin B, requirements, therefore, are pro-
portional to the protein intake. Primary deficiency is rare
but several drugs (e.g., isoniazid) can produce secondary
vitamin By deficiency. Pyridoxine in megadoses (100 and
more times the RDA of around two milligrams per day)
has been taken to ameliorate the effects of premenstrual
syndrome (prescribed or self-medication), but its efficacy
has not been established. It is known that prolonged dosage
of 500 milligrams and above. causes damage to peripheral
nerves, with a loss of sensation in legs and hands.

Folic acid. A number of related water-soluble com-
pounds have folic acid activity. Because the main function
of folic acid is in the synthesis of DNA, in folic acid
deficiency replication of DNA and cell division are slowed
or stopped. Cells that rapidly turn over, such as blood
cells and epithelial cells lining the intestine, are affected
first. The requirement for folic acid is notably increased in
pregnancy. The name comes from Latin folia (“leaf”), but
this vitamin is found in animal organs and whole-grain
cereals, as well as vegetables. It is sensitive to heat and
is mostly destroyed when vegetables are overboiled. Folic
acid deficiency is common in a number of conditions
encountered in hospital patients.

Vitamin B,,. Vitamin B,, was the last of the vitamins
to be isolated (in 1948). It is water-soluble, has the highest
molecular weight (1,355) of any vitamin, and is absorbed
by a complex mechanism. Failure of absorption (perni-
cious anemia) is more common than dietary deficiency.
Vitamin B, is found only in animal foods, so that vegans
(pure vegetarians) are at risk of deficiency over the course
of several years. The requirement of vitamin B,, is (with
vitamin D) the smallest of all the vitamins, only two mi-
crograms per day, with liver stores usually enough to last
for five years of deprivation. Vitamin B,, participates with
folic acid in DNA synthesis so its deficiency leads to a
similar anemia. There is a separate effect of vitamin B,
deficiency on the nervous system.

Vitamin C. Also water-soluble, vitamin C is the oppo-
site of vitamin B,, in that it is found in almost all plant
foods but not in meat. It is a powerful antioxidant and
is required for the formation of collagen; i.e.,, in wound
healing. The RDA of vitamin C in Table 9 is more than
enough to prevent scurvy. It is not clear whether there
is any advantage in larger intakes than 40 milligrams per
day. Indirect epidemiological data suggest the possibility
that generous intakes of salads and citrus fruits may re-
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Table 9: Recommended Dietary Intakes for Use in Australia* (continued)
group age zinc iron iodine magnesium calcium phosphorus selenium sodium potassium protein
(mg) (mg)  (ug) (mg) (® (mg) (ug) g/kg
(mmol) (mg) (mmol) (mg) body
weight
Infants 0-6 months
breast-fed 3-6 0.5 50 40 300 150 10 6-12 140-280 10-15 390-580 —
bottle-fed 3-6 3.0 50 40 500 150 10 6-12 140-280 10-15 390-580 2.0
7-12 months  4.5-6 9.0 60 60 550 300 15 14-25  320-580 12-35 470-1,370 1.6
Children
(male and 1-3 years 4.5-6 6-8 70 80 700 500 25 14-50 320-1,150 25-70 980-2,730 1.2
female) 4-7 years 6-9 6-8 90 110 800 700 30 20-75  460-1,730 40-100 1,560-3,900 1.0
Boys 8-11 years 9-14 6-8 120 180 800 800 50 26-100 600-2,300 50-140 1,950-5,460 1.0
12-15 years 12-18 10-13 150 240 1,200 1,200 85 40-100 920-2,300 50-140 1,950-5,460 1.0
16-18 years 12-18 10-13 150 320 1,000 1,100 85 40-100- 920-2,300 . 50-140 1,950-5,460 1.0
Girls 8-11 years 9-14 6-8 120 160 900 800 50 26-100 600-2,300 50-140 1,950-5,460 1.0
12-15 years 12-18 10-13 120 240 1,000 1,200 70 40-100 920-2,300 50-140 1,950-5,460 1.0
16-18 years 12-18 10-13 120 270 800 1,100 70 40-100 920-2,300 50-140 1,950-5,460 1.0
Men 19-64 years 12-16 7 150 320 800 1,000 85 40-100 920-2,300 50-140 1,950-5,460 0.75
64+ years 12-16 7 150 320 800 1,000 85 40-100 920-2,300 50-140 1,950-5,460 0.75
‘Women 19-54 years 12-16 12-16 120 270 800 1,000 70 40-100 920-2,300 50-140 1,950-5,460 0.75
54+ years 12-16 5-7 120 2170 1,000 1,000 70 40-100 920-2,300 50-140 1,950-5,460 0.75
Pregnant +4-5  +10 +30 +30 +300 +200 +10 +0 +0 +0 +0 +6¢
Lactating +6 +0 +50 +70 +400 +200 +15 +0 +0 +0 +0 +16 g
*Expressed as a mean daily intake. This table expresses the amounts of nutrients that should be available per head of population if the needs of practically all
members of the population are to be met. All RDIs are based on estimates of requirements with a generous “safety factor” added. Recommendations for all nutrients
were revised between 1982 and 1988. Recommendations for dietary intakes of Vitamin D were not considered necessary since the Vitamin D status of Australians is
determined by exposure to sunlight. For people confined indoors, however, 10 ug per day is recommended.
Source: National Health and Medical Research Council, Canberra.
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duce the chance of developing cancer of the stomach.
Megadoses, 100 to 250 times RDA, have been claimed to
prevent colds, but most controlled trials have shown that
it does not. Like folic acid, vitamin C is easily destroyed
by cooking. Large doses of vitamin C are well tolerated
but they may contribute to the formation of kidney stones
in the urinary tract.

Vitamin D. Vitamin D is fat-soluble, and cholecalcif-
erol is the major active substance. Its main function is to
stimulate the absorption of calcium. The natural source
of vitamin D is from the action of short-wave ultraviolet
light from the Sun on a derivative of cholesterol in the
skin. Vitamin D also occurs in some foods. It is only when
people live in high latitudes, consistently wear conceal-
ing clothes, and spend nearly all their time indoors, and
when the sky is usually cloudy and smoky, that there is
insufficient skin exposure to ultraviolet light to make the
required amount of vitamin D. Under these conditions
dietary intake becomes critical and cholecalciferol assumes
the role of a vitamin. Overdose of vitamin D leads to
an increased blood calcium concentration and symptoms
such as vomiting.

Vitamin E. Eight chemically similar substances have
vitamin E activity: a-tocopherol is the most active of these
and the most abundant in most foods. Vitamin E is fat-
soluble and an antioxidant that is present in cell mem-
branes. Its requirement is increased by high intakes of
polyunsaturated fats. Vitamin E deficiency that produces
signs and symptoms is rare; it can occur in premature
infants and in older individuals with chronic defects of fat
absorption. It is possible that generous intakes protect cell
membranes from oxidation damage and consequent de-
generative diseases, but this is speculation. No controlled
trial has been carried out. Dosages of vitamin E up to 20
times the RDA appear to be well tolerated.

Vitamin K. Vitamin K is a fat-soluble vitamin involved
in the processes of coagulation. Although the alphabetical
letters for most vitamins are arbitrary, the letter K came
from the German Koagulationsvitamin. This activity is
found in several chemically different substances. One (vi-
tamin K,) occurs in some plant foods; others (the vitamin
K, group) are formed by bacteria in the large intestine.
Some of this is absorbed by the host. In newborn infants
the latter source has not yet come into operation, and
transfer of vitamin K from the mother’s blood across the
placenta is evidently unreliable. Vitamin K, is commonly
given to newborn babies to prevent the possibility of hem-
orrhagic disease. Vitamin K deficiency in older individuals
can occur when fat absorption is defective. Oral antico-
agulants (warfarin, etc.) act by antagonizing the action
of vitamin K.

Biotin and pantothenic acid. Biotin and pantothenic
acid are the last two of the established vitamins for hu-
mans. Spontaneous deficiency of biotin is extremely rare
and that of pantothenic acid is unknown. They are, how-
ever, required in infant formulas and in fluids for total
parenteral (intravenous) nutrition.

The following compounds are not vitamins required for
humans, or in infant formulas or fluids for total par-
enteral nutrition: bioflavonoids, carnitine, inositol, orotic
acid, para-aminobenzoic acid (PABA), “pangamic acid”
(vitamin B,;), laetrile (vitamin B,;), and vitamin P.

Diet and diseases

SOURCES OF INFORMATION

Animal experiments. The results of studies on animals
provide suggestive associations to humans, but for each
nutritional biochemical process some or many animals
may not be suitable models for humans. For example, rats
do not need vitamin C in their diet because they synthe-
size it in their bodies from glucose. For a model of human
scurvy, therefore, rats cannot be used. Only a very small
number of higher animals are similar to humans in that
they lack the enzyme to complete the synthesis of vitamin
C. In 1907 it was discovered in Norway that guinea pigs
must have vitamin C in their diets; research on vitamin C
made rapid progress after this.

Comparative and evolutionary studies. Homo sapiens
and his predecessors have been on the Earth for at least
1,000,000 years. For 99 percent of this time they lived
as hunter-gatherers; agriculture did not begin until 10,-
000 years ago. There has not been time for humans to
evolve biochemical mechanisms to deal with the mixture
of foods that has become usual in Western communities.
Presumably human bodies are well adapted to the habits
and diet of their hunter-gatherer forebears. There is some
information about these diets (and a little about their ef-
fects) from archaeological records and some information
from studies of the few isolated groups of hunter-gatherers
remaining today.

Experiments of nature and travelers’ tales. People in
the United States and Britain cannot be persuaded to take
an unfamiliar and unpleasant diet long-term in order to
follow its effect on body functions. In other parts of the
world, however, groups of people may be on restrictive
diets due to reasons such as culture and the availability of
food. Diets may consist of a lot of fatty fish, or of blood
and sour milk, or of mostly starchy low-protein roots, or
of food cooked in salt water. It may be no coincidence
that many of the leading human nutritionists have worked
in several different countries, returning with their experi-
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ences (the so-called travelers’ tales). The trouble with such
experiences is that the data are not very reliable.

Epidemiological studies. Epidemiology is the study of
the distribution of disease in different sections of the pop-
ulation. Modern epidemiology is a more important tool
for studying human nutrition than is animal nutrition. It
has been particularly useful in finding which diets are as-
sociated with each of the chronic degenerative diseases—
dental caries, coronary heart disease, high blood pressure,
diverticulosis, and various cancers. Association, however,
does not prove cause and effect.

Prospective (or cohort) studies are more reliable than ret-
rospective or cross-sectional ones. In a prospective study
a large group of several thousand people in one place (a
town or large firm) at risk of later developing a com-
mon disease have their medical histories taken and are
examined, including laboratory tests (blood biochemistry,
etc.). Their health is then monitored for a period of time,
usually five years or longer. If one of the variables at the
initial examination is significantly associated with early
development of disease X, this is considered evidence that
a high value of the variable is a “risk factor” for dis-
ease X. If the same association should hold up in other
prospective studies made in different places, the evidence
becomes very strong.

Clinical records. Measurements of the food intake of
patients with deficiency diseases are an important part of
the classic evidence about these diseases. Precise informa-
tion has come from experiences with patients fed entirely
with solutions given by vein (total parenteral nutrition).
Patients with extensive disease of the small intestine can
be kept alive in this way. When patients rely on this route
for all their nutrients for weeks, months, or years, the es-
sentiality of trace elements becomes obvious. If a particu-
lar nutrient is not included in the fluid for total parenteral
nutrition, the patient develops specific symptoms, which
are then corrected when that nutrient is supplied. The role
of diet in treatment of diseases such as diabetes mellitus or
kidney failure is important. The dietary changes that will
give the lowest blood glucose or blood urea, respectively,
is explored by the nutritionist.

Food composition analysis. The independent variables
in nutritional epidemiology and in dietary treatment of
diseases are food constituents (protein, vitamin C, iron,
etc.). Foods keep changing because of new methods
of production, different formulations of ingredients, and
changing consumption patterns. To facilitate international
sharing of the available food composition data, Infoods
(International Network of Food Data Systems) was set up
in 1983, with its secretariat at the Massachusetts Institute
of Technology in Cambridge.

Human experiments and trials. There are many differ-
ent types of human experiments and trials. They range in
duration from hours to years and in number of subjects
from a handful to thousands. The variables measured can
be clinical symptoms; biochemical substances in any avail-
able body fluid or accessible tissue, including expiratory
air; body composition (estimates of size of the different
compartments of the body); or the chemical transforma-
tions of radioactively labeled nutrients. Such studies are
usually performed on healthy subjects. Some examples
illustrate the scope.

The first type of study involves the depletion of a single
nutrient in human volunteers under experimental condi-
tions (with all other essential nutrients provided, either in
the food or as supplements). Ethical considerations are
important, so that subjects often have been the scientists
themselves and numbers usually have been very small.
Such experiments, however, have provided important in-
formation. Some experiments have been continued (under
close supervision) until the first clinical signs of deficiency
appear; this takes three or four months for vitamin C and
folic acid and much longer for vitamin A (because of large
stores: in the liver). Other experiments have used indexes
such as low blood levels as measures and have stopped
before any symptoms or signs.

A second type of study, involving absorption and uptake
studies using test meals, takes only a few hours to carry
out. Many are needed, however, because humans digest

and absorb nutrients in different amounts and at different
rates, depending on the food. For example, measures of
iron uptake vary considerably, and a number of tests have
been done with radioactive isotopes of iron (short half-
life) to find the effects of different foods on uptake of this
nutrient element.

In a third type of trial, the metabolic study, the diet is
usually changed in one way only, and the result is mea-
sured in a change in blood or excreta. One type of study
is the balance experiment, where the intake of a nutrient
is controlled and measured and its output (in urine, fe-
ces, etc.) is measured. Because of variability in defecation,
measurements have to be made for a metabolic “period”
of about a week. The amount of the nutrient measured
can be changed (with time allowed for adjustment) and
the effect of this on the balance determined. When, for
example, the output of nitrogen exceeds intake, there is a
negative nitrogen balance; when output is less than intake
the balance is positive.

Another type of metabolic experiment measures the ef-
fect of a change of diet on plasma cholesterol. Such an
effect takes 10 to 14 days to appear and requires control
periods for comparison before and after the dietary change
being examined. Whenever one component is added to,
or removed from, a person’s diet, another food must be
removed or added to keep the calories and other impor-
tant nutrients constant. That substitution may itself affect
the variable under study.

In a fourth type of study, the double-blind trial, control
groups receive identical-looking placebo tablets, and indi-
viduals are randomly allocated to experimental or control
group by someone who is not going to assess the clinical
results. The researchers also do not know who took which
tablets. Controlled double-blind trials of vitamin C tablets
during winter months to see if they prevent colds mea-
sured incidence, severity, duration, and type of respiratory
symptoms. Most of the trials have shown no statistically
significant reduction in the incidence of colds with the use
of vitamin C.

A fifth type of trial, the prevention trial, measures the ef-
fects of one combination of foods versus another. It is not
possible to achieve double-blind conditions, but the con-
trol group is kept separate from the experimental group
and the emphasis is on objective rather than subjective
changes, such as biochemical measurements on blood sam-
ples and electrocardiographic changes. For example, the
effects of a low saturated-fat, increased polyunsaturated-
fat diet were measured in half of 850 middle-aged male
war veterans in Los Angeles. The other half (the control
group) consumed their usual foods. Variables measured
were blood lipids, tissue fatty acid patterns (reflecting com-
pliance with the prescribed increase of polyunsaturated
fat), electrocardiographic changes, and the incidences of
coronary and other diseases.

Classification of nutritional disorders. Undernutrition.
Undernutrition is a condition in which there is not
enough food energy as measured in calories or kilojoules.
Undernutrition usually means that not enough total food
is consumed. The main characteristics are loss of body
weight and wasting of body fat and later muscle. Severe
forms are starvation in adults and marasmus in young
children. Undernutrition may be due to a failure of the
food supply or to deliberate fasting, or it may be secondary
to prolonged disease. Epidemic failure of the food supply
is called famine.

Malnutrition. Malnutrition covers at least 25 different
deficiency diseases resulting from lack of one of the essen-
tial nutrients: protein, vitamins, essential fats, or nutrient
elements. Kwashiorkor, rickets, and iron-deficiency ane-
mia are examples of the results of malnutrition. Multiple
deficiencies are more likely than single, though one type
often predominates. The deficiency disorder may be sub-
clinical (recognizable only by laboratory tests) and not
show characteristic features.

Obesity. Obesity is an excess of fat in the body (sub-
cutaneous or internal) that results from a prolonged net
positive energy balance; i.e., the energy (calories or joules)
consumed has been greater than the energy expended.
Obesity is the opposite of undernutrition. Any or all of the
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proximate energy-yielding nutrients can be responsible:
usually fat, carbohydrate, and/or alcohol.

Nutrient excess. Nutrient excess is due to too much of
one nutrient. For many nutrients a very high intake in the
short term or a high intake over a long period (chronic
nutrient toxicity) can be harmful. The nutrient may be an
essential one (e.g., as in vitamin D intoxication and iron
overload), or it may be a nonessential nutrient (e.g., alco-
hol or saturated fat, resulting in raised blood cholesterol).

Effects of toxicants. Unless very refined, foods contain
hundreds of substances other than the nutrients, most
in tiny amounts. Some naturally occurring toxicants can
cause illness if people rely too heavily on a single food-
stuff—e.g., lathyrism, a paralysis of both legs (which oc-
curs in India) from eating too much of the pulse Lathyrus
sativus (grass pea). Potatoes contain alkaloids, including
solanine, mostly in the green sprouts, and occasionally
cases are reported of vomiting and other symptoms at-
tributed to solanine poisoning. Other substances affect
only a few individuals who are hypersensitive to them—
e.g., celiac disease (from sensitivity to wheat gluten) and
urticaria (from sensitivity to such substances as naturally
occurring salicylates). (AS.T)

DEFICIENCY DISEASES

Deficiency diseases may best be considered under six main
headings, according to the principal deficiency: water,
energy (calories), proteins, vitamins, inorganic elements,
and fats and carbohydrates. There is considerable overlap
among these groups.

Water. Some 65 percent of a normal body consists of
water distributed between three compartments: within the
cells, between the cells, and within the circulatory system.
A great variety of diseases disturb the water balance, but
in healthy people dehydration and overhydration result
from wrong intake of water. The prominent symptom of
dehydration is thirst, which develops quickly when water
is unavailable. Dehydration becomes rapidly worse, and
death may ensue within two or three days. Water is lost
from the body by evaporation from the lungs and skin,
through the urine, and through the stools, a loss that
can become serious in diarrhea. Lung and skin losses are
increased by work that causes sweating, particularly in a
hot, dry climate. The kidneys usually excrete between one
and two litres of urine per day, but when dehydration
threatens they can conserve water through concentration
of the urine.

Overhydration from overdrinking is not a common oc-
currence in healthy people because the combined effects
of excretion by the kidney and satiation, the opposite of
thirst, are usually adequate even for the most enthusi-
astic drinker.

The distribution of water between the three compartments
is largely determined by the ions sodium and potassium.
The important positively charged ion, or cation, in the
interstitial (between the cells) fluid is sodium. Mammals,
which have acquired an energy-dependent mechanism for
removing sodium from the individual cells, the sodium
pump, have potassium as their principal cation within the
cells. (The cell membrane is permeable to sodium ions,
and the sodium concentration outside the cells is stronger
than within, so that one would expect sodium to pass from
the tissue fluids into the cells; its movement in the op-
posite direction requires energy. The process that involves
this expenditure of energy is called the sodium pump.) Ion
and fluid balance are both normally maintained by the
regulatory power of the sodium pump and of the kidney
tubules. Upset of the delicate ion and fluid balance may
be aggravated by deficient or excess intake of water.

The most severe dehydration occurs from diarrhea, with
or without vomiting, in undernourished infants in poor
communities who develop gastroenteritis, and in adults
with cholera. The most efficient lifesaving treatment is
intravenous infusion of sterile water containing glucose,
sodium chloride, and potassium chloride. Water is poorly
absorbed when drunk, but a good first aid formula consists
of sodium chloride, 3.5 grams; sodium bicarbonate, 2.5
grams; potassium chloride, 1.5 grams; glucose 20 grams
(or sucrose 40 grams); and clean water up to one litre. The
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glucose assists absorption of the sodium and vice versa,
and as they are absorbed water is absorbed with them.

Energy (calories). Chemical energy in food, ultimately
dependent on solar energy, occurs in carbohydrates, fats,
and proteins (and alcohol). It is expended in mechanical
work, in the work of the internal organs, in maintaining
body temperature, and in growth. Undernutrition (calorie
deficit) can result from (1) failure of the food supply,
(2) loss of appetite, (3) fasting and anorexia nervosa, (4)
persistent vomiting or inability to swallow, (5) incomplete
absorption, comprising a group of diseases (malabsorption
syndrome) in which digestion and intestinal absorption
are impaired and there is excess loss of nutrients in the
feces, (6) increased basal metabolic rate, as in prolonged
fever, overactivity of the thyroid gland, or some cancers,
and (7) loss of calories from the body; e.g., glucose in.the
urine in diabetes.

Cessation of growth is an early feature of undernutrition
in children. There is otherwise little difference between
starving adults and marasmic -infants. Body tissues are
used as energy reserves. Body fat (adipose tissue) is the
largest and most concentrated energy store and it is used
first and most. As energy deficit continues, the proteins
in muscles are used as well. Typically there is a large loss
(wasting) of subcutaneous fat and a smaller loss (wasting)
of the muscles. Some compensatory changes reduce the
rate of energy expenditure: reduced voluntary activity,
thyroid secretion, basal metabolic rate, and heart rate.

Severity of undernutrition is usually graded by comparing
actual weight to the standard weight for a certain height.
In adults undernutrition is defined as mild when weight is
81 to 90 percent of standard weight for the height; moder-
ate when weight is 71 to 80 percent of standard weight for
the height; and severe when weight is 70 percent or less of
standard weight for the height. During famine people with
mild starvation are in no danger; those with moderate
starvation need extra feeding; those severely underweight
need hospital care. Table 10 gives moderate (80 percent
of standard weights) and severe (70 percent of standard)
underweights for adults of different heights, and it can be
used for men or women.

Table 10: Underweights in Adults by Height
height weight
(m) (in.) 80% of standard  70% of standard
(kg) (Ib) (kg) (Ib)
1.45 57.1 38 84 33 73
1.48 58.3 39.5 87 34.5 76
1.50 59.1 40.5 89 35 77
1.52 59.8 41.5 91.5 36 79
1.54 . 60.6 425 94 37 82
1.56 61.4 44 97 38.5 85
1.58 62.2 45 99 39 86
1.60 63.0 46 101 40 88
1.62 63.8 47 104 41 90
1.64 64.6 48.5 107 42 93
1.66 65.4 49.5 109 43 95
1.68 66.1 50.5 111 44 97
1.70 66.9 52 115 45.5 100
.72 6717 53 117 47 104
1.74 68.5 54.5 120 48 106
1.76 69.3 56 123.5 49 108
1.78 70.1 57 126 50 110
1.80 70.9 58 128 51 112.5
1.82 71.7 60 132 52 115
1.84 72.4 61 134.5 53.5 118
1.86 73.2 62 137 54 119
1.88 74.0 63.5 140 55.5 122
1.90 74.8 65 143 57 126
Protein. Because children have higher protein require-

ments per calorie and are more at risk of being given
a low-protein diet, protein deficiency is more prominent
among them. In most malnourished children, calorie defi-
ciency and protein deficiency are combined, and features
of both are detectable. There is a spectrum that begins
with marasmus at one end, showing severe wasting but no
signs of protein deficiency, and kwashiorkor at the other
end, showing edema, severe reduction of the major plasma
protein (albumin), and usually little weight loss.

The most common severe form of protein-energy mal-
nutrition, nutritional marasmus usually occurs in the first
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year of life. The affected child is extremely underweight
and has lost all subcutaneous fat. The body is wizened, the
face gaunt, and the limbs like matchsticks. The cause is a
diet very low in calories from all sources (including pro-
tein), often from early weaning to bottled formula diluted
because of poverty. Poor hygiene leads to gastroenteritis
and a vicious cycle of poor appetite and even more diluted
formula. In turn further depletion leads to thinning of the
inner lining of the intestine and reduction of its resistance
to infection. In marasmus, the child’s weight is 60 percent
or less of standard weight for age (which is the median
weight for healthy children in the United States). With
such a large loss of tissue it takes about three months of
good nutrition before the child’s weight is normal, but
the general condition is usually much improved after the
first two weeks.

In its fullest form, kwashiorkor is less common than
marasmus. It was first described in Ghana in the 1930s,
and the word kwashiorkor comes from the Ga language of
that country. There is edema, with puffy feet or face, and
patches of excess skin pigmentation and peeling. There
may be little wasting or loss of weight. The hair is pale and
thinned; the child is miserable and apathetic and will not
eat. The liver is infiltrated with fat and the concentration
of albumin in blood plasma is about one-quarter of the
normal. While- all agree that marasmus results from not
enough food, the classical hypothesis of the pathogenesis of
kwashiorkor—insufficient protein with adequate starchy
food and sugar—is not fully accepted by all researchers. A
major reason is that the dietary histories of children with
kwashiorkor are inaccurate.

Treatment of protein-energy malnutrition is essentially
the same whether it is marasmus or kwashiorkor. There
are three phases to treatment. (1) Resuscitation is the
correction of dehydration, deficiency of potassium, low
blood sugar, and low body temperature and treatment of
infections. (2) The cure is begun with mixed foods, usually
including milk, providing increasing calories and protein
per kilogram of body weight. Appetite may be poor and
the child must be fed by hand. A multivitamin prepara-
tion and supplements of potassium, magnesium, and zinc
are needed. (3) Rehabilitation takes place after about three
weeks when the child usually has improved and has a good
appetite, but is still underweight. It will take many weeks
of good nutrition before catch-up growth is complete. If
the home background is unfavourable because of poverty
or social disorganization, the mother will need support as
well as advice.

Other nutrients are often deficient in malnourished chil-
dren: potassium, magnesium, zinc, folic acid, vitamin A,
iron, and others that differ from one region (and staple
diet) to another. Children malnourished for a long pe-
riod in early childhood are likely to grow up to be short
adults. A more serious and complex question is whether
severe malnutrition impairs a child’s mental ability. Mal-
nourished children often come from an emotionally and
educationally deprived home; however, the balance of
evidence from psychological follow-up studies shows that
children who have been malnourished have the potential
to reach normal intellectual development, though they
may not. The outcome is likely to be favourable if the
child returns to an encouraging and stimulating home
and unfavourable if the malnutrition was prolonged and
occurred in the first year of life.

For every child in a developing country with marasmus,
marasmic kwashiorkor, or kwashiorkor (the severe forms)
there are likely to be about 10 with mild to moderate
forms, the most useful sign of which is a low weight for age
(between 61 and 80 percent of the normal standard). It has
been estimated that around 2 percent of young children
in Third World countries have severe malnutrition while
about 20 percent show mild to moderate forms. Such
children are not growing at their genetic potential, and
they have an increased risk of severer attacks of the com-
mon infections of childhood (gastroenteritis, respiratory
infections, measles, etc.). Two keys to recognizing mild
to moderate protein-energy malnutrition are widespread
inexpensive maternal and child health clinics, each with
a weighing machine, and a clear and simple growth chart
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Figure 3: Standard weights for children.
The top line is the World Health Organization standard weight
for age (the 50th percentile of the National Center for Health
Statistics reference) and the bottom line is the 3rd percentile
of the reference, close to 80 percent of the standard. In
prosperous communities children’s weights should be close to
the top line. In poor communities they should not fall too far
below the bottom line.
By courtesy of the World Health Organization

(Figure 3). Another simple measurement is the mid-upper
arm circumference: from 12 to 60 months of age a mea-
surement of 13.5 centimetres (or above) is normal, which
remains the same for these four years. A circumference of
12.5 to 13.5 centimetres suggests mild malnutrition and
under 12.5 centimetres indicates definite malnutrition.

Vitamins. Each of the vitamin-deficiency diseases is
commonly attributed to a deficiency of a single vitamin,
and many have been produced in animals and in human
volunteers by diets apparently complete except for the
vitamin under trial. In human experience, these supposed
single-vitamin diseases usually arise from unhealthy and
unbalanced diets that are also deficient in other vitamins
or in nonvitamin nutrients. In these complex nutrient-
deficiency states, the nutrient whose deficiency plays the
largest part in the causation of symptoms is often re-
ferred to as the most limiting nutrient; e.g., niacin is the
most limiting nutrient in pellagra, but there are often
deficiencies of other B vitamins, and protein deficiency is
commonly present. ’

A good example of a single-nutrient disease is scurvy,
the scourge of mariners in the days of long ocean voyages.
In 1754 a Scottish naval surgeon, James Lind, established
the concept of deficiency diseases by showing that scurvy
can be both cured and prevented by the use of orange and
lemon juice. Scurvy is an eminently preventable disease,
and it is now seen mainly at the extremes of life and
where there is disregard of the principles of nutrition. At
an early stage scurvy results in swelling and bleeding of
the gums and bleeding into the skin. Bleeding into the
muscles and under the periosteum, the membrane that
covers the bones, in small children may also occur. It is
probable that in the classical epidemics among mariners
and in prisons the diet was unsatisfactory in many ways
and that other deficiency states contributed to the more
serious complications and to death, but experiments on
human volunteers fed diets lacking in vitamin C but
otherwise satisfactory have shown that scurvy can be and
often is a single-nutrient-deficiency disease.

The earliest manifestation of vitamin A deficiency is
night blindness, because the retinal pigment rhodopsin
(visual purple) in the retina of the eye requires retinol
(vitamin A) for its functioning. Retinol deficiency mani-
fests itself as inability of the eyes to adapt in dim light.
Moreover, epithelial cells throughout the body—the var-
ious cells covering or lining the body and its organs—
degenerate in vitamin A deficiency. In the eyes, the con-
junctiva and cornea undergo changes (xerophthalmia) that
can lead eventually to breakdown and complete blindness.
Other epithelial cells, including the skin and the mucous
lining of the respiratory and urinary tracts, degenerate,
with characteristic results such as hardening and drying
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of the skin, respiratory infections, and kidney stones. (All
of these changes can be simulated to more or less de-
gree by diseases that have nothing to do with vitamin
A deficiency.) (J.F.B./AS.T.)

Xerophthalmia is a late manifestation of vitamin A defi-
ciency. It has been estimated that there may be as many
as 500,000 new cases of xerophthalmia each year, half
of which lead to loss of vision. The highest incidence of
xerophthalmia is found in East Asia—e.g., Bangladesh,
India, Indonesia, Philippines. It is virtually confined to
infants and young children and usually is associated with
protein malnutrition. In the early stages of xerophthalmia,
the conjunctiva is dry, wrinkled, and thickened. If not
treated with vitamin A at this stage the cornea becomes
involved (keratomalacia). The result is a scar, but there
is a danger the cornea will perforate, resulting in total
blindness in the eye. Where xerophthalmia occurs in a
community, other children may be found to have low
plasma levels of vitamin A. Children with mild eye signs
(night blindness or early xerophthalmia) have an increased
risk of acquiring severe measles and respiratory infections.
These children develop vitamin A deficiency first because
the mother was undernourished, so that they are born with
small liver stores of vitamin A and their mother’s milk has
a low vitamin A content; second because they are given
little or no dietary preformed vitamin A or p-carotene;
and third because absorption of vitamin A is impaired
in protein malnutrition. The World Health Organization
has made prevention of xerophthalmia one of its priori-
ties in nutrition. In the short term, the incidence of the
disease is being reduced by giving young children a high-
dose vitamin A capsule (50 times the adult RDA) every
six months. The long-term solution is education, so that
mothers and babies regularly eat foods rich in g-carotene,
such as dark green leafy vegetables or pumpkin, squash,
mangoes, pawpaw, even sweet potatoes and yellow corn,
which all provide -carotene.

Vitamin D is involved in the absorption of calcium
and, less important, phosphorus from the gastrointestinal
tract. The process is affected by both the ratio of calcium
to phosphorus and the amount of phytate in the diet.
(Phytate, which is present in cereals, interferes with the
availability of calcium.)

Whether formed in the skin from a derivative of choles-
terol or taken from the diet (e.g., in fatty fish and
dairy products), vitamin D is changed in the liver to 25-
hydroxyvitamin D. This is further changed in the kid-
ney by an enzyme (regulated by parathormone) to 1,25-
dihydroxyvitamin D (1,25-(OH), vitamin D), the active
form. The best-known action of activated vitamin D at the
cellular level is to turn on synthesis of calcium transport
protein in the cells lining the small intestine.

Vitamin D deficiency affects the bones. The signs and
symptoms of rickets in growing children are different from
those of osteomalacia in adults. Features of rickets vary
with age, depending on which bones are growing fastest.
In young infants there may be softening of the skull (cran-
iotabes). At about one year the wrist bones are thickened
and there is a line of beadlike bony nodules (the rachitic
rosary) at the junctions of the ribs and the breastbone
(sternum). When the child is walking, the growing bone
ends (epiphyses) most affected are just above and just
below the knee joints and there is either knock-knee or
bowlegs. A complication of severe rickets in older children
is a contracted pelvis, now rare, which later gives difficulty
in childbirth. In adults with osteomalacia, in one or more
of the large bones there are pain and tenderness, reduced
bone density, and cracks.

Rickets and osteomalacia are rare in tropical countries
unless infants or young women are by custom kept in-
doors or completely covered while outside. In the indus-
trial countries these diseases have been eliminated largely
by a combination of cleaner air, sunshine, fortification of
some basic foods with vitamin D (margarine and infant
formulas generally, milk for adults in North America and
Sweden), and administration of cod-liver oil or low-dose
vitamin D capsules prophylactically when required. Rick-
ets remains a health problem in Asian people living in
northern industrial cities in Britain, and osteomalacia is
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a possibility in housebound and institutionalized elderly
people unless they are given a vitamin D supplement or
regularly sit in the sunshine.

Vitamin E deficiency is rare and only known in two situ-
ations: in premature infants and in some prolonged cases
of defective absorption; e.g., cystic fibrosis. In the former
only the earliest manifestation is seen, a mild hemolytic
anemia. In the latter, where the deficiency is more chronic,
parts of the spinal cord may be affected, with loss of
position sense in the legs. Pure dietary deficiency has only
been seen under experimental conditions in adults who
were given a diet low in vitamin E for over a year; the
effect was a mild hemolytic anemia. Vitamin E, like other
fat-soluble vitamins, is transported with difficulty across
the placenta to the fetus. In adults vitamin E is stored
primarily in adipose tissue, and generally enough is stored
to last about a year.

Vitamin K is necessary for the formation of prothrom-
bin and other clotting factors in the liver. Vitamin K
deficiency causes hemorrhagic disease in which there is
excessive bleeding from a wound as well as internal bleed-
ing that can occur anywhere in the body even without
injury. Vitamin K deficiency occurs in four situations: (1)
in hemorrhagic disease of the newborn, for which many
obstetricians routinely give vitamin K to infants at birth;
(2) in disorders of fat absorption (e.g., biliary obstruction)
and extensive intestinal disease since vitamin K is fat-solu-
ble; (3) in patients who combine a restricted diet, lacking
vegetable foods, with one of the antibiotics that destroys
the normal bacterial flora in the large intestine—thus
producing a situation in which dietary vitamin K, and
colonic vitamin K, are both lacking; and (4) in therapy
with anticoagulant tablets (e.g., warfarin), prescribed to
reduce clotting in veins, which antagonizes (or competes
with) vitamin K and can be counteracted by an injection
of vitamin K. .

When thiamine is deficient, the two most prominent
biochemical abnormalities are (1) the accumulation of
pyruvic acid, because the enzyme that processes pyruvic
acid for entry into the tricarboxylic acid cycle cannot
function without thiamine, and (2) disturbances in areas
of the nervous system, a system highly dependent on glu-
cose as fuel and thus requiring thiamine as an essential
coenzyme for three steps in glucose metabolism. Thiamine
deficiency can lead to beriberi, Wernicke’s encephalopathy
in association with Korsakoff’s syndrome, or a peripheral
neuropathy (a disorder of the peripheral nervous system).
Beriberi is a high-output cardiac failure associated with
general dilatation of small blood vessels in response to
accumulation of pyruvic and lactic acids. It was formerly
common in rice-eating peoples of East Asia but is now
rare. It is occasionally seen in Western alcoholics. In Wer-
nicke’s encephalopathy the abnormalities are in the central
part of the brain. There is progressive mental deterioration,
disorientation, and a characteristic paralysis of eye move-
ments. It is mostly seen in alcoholics but was reported in
Japanese prisoner of war camps in World War II. Like
beriberi it responds dramatically to injection of thiamine,
but unlike beriberi there may be a residual abnormality
of memory. Thiamine deficiency is one of many causes of
peripheral neuropathy, generally involving an impairment
of the sensory, motor, and reflex functions of the limbs.
But other B-vitamin' deficiencies and a number of toxins
can produce a similar effect. Response to nutrient therapy
always takes weeks and it is advisable to treat the disease
with multiple B vitamins.

Pellagra, before the 20th century, occurred in Italy (the
name is Italian for “rough skin”) and in the southern
United States. It has now disappeared from Europe and
North America but still occurs in Egypt and southern
Africa. It affects poor people who subsist primarily on
corn and little other food. In industrial countries it is
occasionally seen in alcoholics. The principal nutritional
deficiency in pellagra is of niacin. In corn the niacin is
in bound form, not able to be broken down by humans
unless prepared in a special way. In addition, unlike other
cereals, corn is low in the amino acid tryptophan, a pre-
cursor of niacin. Pellagra is the disease of dermatosis, di-
arrhea, and dementia. The first clinical features of pellagra
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are demarcated, symmetrical areas of pigmentation and
thickening and cracking of the skin where it is exposed to
sunlight. The collar area is usually affected and provides
a useful diagnostic sign (“Casal’s collar”). In severer cases
there are mental disturbances such as fatigue, depression,
and progressive confusion. Gastrointestinal effects include
diarrhea. Other B vitamins, especially riboflavin and vita-
min B, are usually deficient, and complete treatment calls
for multiple B vitamins (in diet or tablets), not just niacin.

The major effect of deficiency of either folic acid or vita-
min B,, is the failure of cell division because one of the fam-
ily of folic acid compounds (5, 10-methyltetrahydrofolate)
is required for addition of a methyl group to uracil to form
thymine, one of the four bases of DNA. An important
function of vitamin B,, involves interconversion of folic
acid compounds. (When it is lacking, the methyltetra-
hydrofolate compound accumulates and the compound
required for DNA synthesis is not made.)

Cells that turn over rapidly are most affected by defi-
ciencies of folic acid and vitamin B: red blood cells, white
blood cells, and platelets all decrease in number. Replace-
ment of the lining cells of the intestine and formation
of germ cells are also affected. In the bone marrow the
red cell precursors are larger than normal, with an imma-
ture nucleus, called megaloblastic change. Thus folic acid
deficiency and vitamin B,, deficiency each causes mega-
loblastic anemia. :

Vitamin B,, plays-another biochemical role, unrelated to
folic acid, in the maintenance of myelin (the sheath that
forms around a nerve fibre) in the nervous system. In
vitamin B,, deficiency, unusual odd-numbered fatty acids
appear in myelin, apparently because of the accumula-
tion of three-carbon compounds instead of the usual two-
carbon raw material for fatty acid synthesis. The usual
symptom is subacute degeneration of both sensory and
motor tracts in the spinal cord.

Folic acid deficiency can occur in late pregnancy, when
the requirement is double that in other adults. It is also
fairly common in patients with diseases in which cell
division is increased; e.g., in blood diseases or cancer.
The most common cause of vitamin B, deficiency is
pernicious anemia, in which absorption of the vitamin is
defective because of the failure of the stomach to secrete
a special protein (intrinsic factor) that assists absorption
of vitamin B,, in the lower intestine. Dietary deficiency
occurs in vegans, who eat no animal food. It takes five or
more years of such a diet before symptoms appear because
the stores of vitamin B, in the liver, although only about
1.5 milligrams; are enough to last about five years with
the daily requirement as small as one microgram.

Fats and carbohydrates. Most human diets contain be-
tween 10 and 15 percent of the total calories as protein. In
poor communities this is mostly from vegetable foods; in
rich communities it is more from animal foods. The rest
of the dietary energy comes from carbohydrates, fats, and,
in some people, alcohol. The proportion of calories from
fats is only about 10 percent in poor communities, but it
is 40 percent or even more in rich communities. Carbo-
hydrates vary reciprocally: from 75 to 80 percent in poor
communities to 45 percent in rich communities (Figure 4).

Humans are adaptable omnivores and survive on a
greater variety of foods and metabolic fuels than many
other animals. Adaptations occur to a low or high carbo-
hydrate/fat ratio. Dietary carbohydrates can be considered
for nutritional purposes in three groups: (1) metabolically
available sugars, (2) starches, and (3) carbohydrates not ab-
sorbed in the small intestine (unavailable carbohydrates)—
mostly cellulose, hemicelluloses, and pectin. These are the
main types of dietary fibre. The minimum requirement
for available carbohydrate is low, only about 50 grams
for an adult. Below this intake ketosis occurs. In practice,
few diets contain as few carbohydrates as this, except for
discredited very-low-carbohydrate weight-loss diets.

There is also a minimum requirement for fat—not for
total fat, but only for a small group of fatty acids, of which
linoleic acid is the most abundant and arachidonic acid
and a-linolenic acid the only other important ones (see
Table 8). The basic requirement for essential fatty acids
to prevent deficiency is 1 to 2 percent of dietary energy;
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Figure 4: Dietary energy derived from fats, carbohydrates, and
proteins as a percentage of total energy, related to the income
or gross domestic product of 85 countries at 1962 values of
money on a logarithmic scale.

From J. Perisse, F. Sizaret, and P. Francois, Nutrition Newsletter (1969); Food and
Agriculture Organization

i.e., two to six grams of linoleic acid. The characteristics
of essential fatty acid deficiency include a scaly dermatitis,
poor wound healing, anemia, reduced platelet count, and
fatty infiltration of the liver. Deficiency of essential fatty
acids as a result of an inadequate diet is rare. Even if
people do not eat separated fats (butter, oils, etc.), they
usually obtain enough linoleic acid from the cell mem-
branes of plant foods and meats. With total parenteral
nutrition, however, essential. fatty acid deficiency is well
described. It will occur if this form of feeding is pro-
longed unless a lipid emulsion rich in linoleic acid (e.g.,
Intralipid) is added to the administered fluids. There is
good evidence that amounts of linoleic acid several times
the basic requirement can contribute to reducing the risk
of coronary heart disease by different mechanisms, such
as lowering the plasma cholesterol and reducing the ten-
dency to thrombosis.

Inorganic elements. Twenty-two of the 103 chemical
elements are required as nutrients by humans. Another
three or four might yet be shown to be needed in minute
amounts. Carbon, nitrogen, hydrogen, and oxygen make
up the organic nutrients, and the latter two are also con-
sumed as water. Cobalt is only required as vitamin B,,
and sulfur as part of the essential amino acids methionine
and cystine. Requirements for the rest range from 0.1
milligram or less for iodine, selenium, and chromium to
up to one to five grams per day for sodium, chloride, and
potassium. Elements required in minute amounts, usually
present in food and body tissues in small amounts, were
formerly called trace elements because analysts could only
report presence of an amount too small to quantify. With
modern methods, such as advanced atomic absorption
spectrometry, extremely low concentrations can be accu-
rately determined, and there is no reason to separate trace
elements from minerals. Table 5 shows that there is no
grouping of requirements for the inorganic elements.

Sodium depletion occurs, usually with accompanying wa-
ter loss, as a result of massive loss of fluids; e.g., diarrhea,
vomiting, and excessive urination. Sodium is the major
ion in the extracellular fluid, the total volume of which
contracts as does the blood volume; the blood pressure
falls and the heart rate increases. The patient is weak and
exhausted. Sodium depletion occurs in a number of dis-
ease states, and chloride depletion usually accompanies it.

Potassium depletion occurs in similar situations and may
become obvious if sodium and water, but not potassium,
are replaced. Potassium loss is especially likely to occur
with diarrhea or overuse of purgatives, with regular use
of diuretic drugs, with corticosteroid treatment, and with
wasting diseases. In potassium depletion the serum potas-
sium level is low, there is weakness of voluntary muscles,
intestinal peristalsis may stop, and an electrocardiograph
shows low T waves.

Calcium depletion, unlike that of sodium and potassium,
is difficult to recognize because 99 percent of the calcium
in the body is in the bones. A 1 percent reduction of
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bone calcium is impossible to detect, but it is quite a large
amount of the element (10 to 12 grams). The major ques-
tions about calcium are: whether a generous intake during
childhood and adolescence will contribute to taller adult
height or heavier bones (less likely to fracture or become
osteoporotic in old age), and whether a generous intake
of calcium from about 45 years onward will delay the de-
velopment of osteoporosis. Osteoporosis is reduced bone
mass (i.e., for a particular length or volume of bone, there
is less mineral [calcium phosphate] and less bone protein).
Osteoporosis is common in postmenopausal women in
industrial societies. It causes bone pain and a tendency
to fractures. It clearly has multiple causes, including lack
of exercise as well as the possibility of insufficient di-
etary calcium.

Iron deficiency is common throughout the world, much
more so in women than in men. Bleeding depletes the
body of iron because each millilitre of blood contains 0.5
milligram of iron and the body does not actively excrete
iron, so that excretion cannot be shut down to adapt
to a negative iron balance. There are stores in the bone
marrow and other tissues that are drawn on, and absorp-
tion of iron, which is always inefficient, becomes more
efficient. The main function of iron is in the formation
of hemoglobin, the red pigment of the blood that carries
oxygen from the lungs to other tissues. When iron stores
are empty there is anemia (reduced red blood cell count)
with small cells containing less hemoglobin than normal
(microcytic, hypochromic anemia).

Iodine deficiency is now rare in the industrial countries
but is an important handicap to development in those
inland and mountainous areas with poor transport. Io-
dine is necessary for the synthesis of the hormones of
the thyroid gland. In the absence of adequate iodine, the
thyroid enlarges because of increased secretion of pituitary
thyrotrophin. It has come to be realized that where the
frequency of endemic goitre is high, not only are occa-
sional babies born with cretinism (a cause of mental defect
and dwarfism), but a large percentage of apparently nor-
mal people in the community have minor abnormalities
such as learning disabilities, deafness, and a higher rate
of stillbirths and malformed babies. The World Health
Organization is giving priority to reducing these iodine-
deficiency disorders. It has been estimated that 400,000,-
000 people may be affected to some degree. lIodized salt
is effective only in developed communities. For remote,
isolated communities the best method of prevention is an
injection of two millilitres of iodized oil to all women of
childbearing age.

Zinc deficiency has been described in its different man-
ifestations since the late 1960s, although its frequency
and importance have not been clearly defined. Zinc is
often associated with protein in foods, and zinc status is
low in protein-energy malnutrition. Zinc deficiency has
been claimed in a number of circumstances; e.g., among
adolescents in the Middle East, Australian Aborigines,
alcoholics, those affected by chronic renal failure and
anorexia nervosa, and possibly pregnant women. It is dif-
ficult to interpret the significance of moderate reductions
of plasma zinc below the usual concentration. Some cases
of deficiency have been validated; e.g., by the body’s re-
sponse to zinc supplementation. Some clear examples of
zinc deficiency were encountered in patients given total
parenteral nutrition before it became routine to include
zinc in the regimen. Features of zinc deficiency in humans
have been protean: various combinations of loss of taste,
retarded growth, delayed wound healing, baldness, pustu-
lar skin lesions, impotence in males, infertility in females,
and reduced immunity to infections.

Epidemiological studies in the United States in the 1930s
and 1940s revealed an inverse relationship between the
fluoride content of natural waters and the rate of dental
caries. Fluoridation of water supplies at one part per mil-
lion is safe, though it may be associated with mottled (not
carious) teeth in hot, dry countries where large amounts
of water are drunk. Wherever fluoridation has been intro-
duced, the number of decayed, missing, and filled teeth
in children has decreased, and where fluoridation has
been subsequently stopped, the rate of caries has increased
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again. Fluoride is concentrated in the dental enamel and
in bones. It increases the resistance of the enamel to ero-
sion by acid. The chronic toxic dose of fluoride starts at
intakes of about five milligrams per day; the first sign is
mottling of the teeth. Above 10 milligrams per day bony
outgrowths may occur (skeletal fluorosis). The only foods
that contain appreciable amounts of fluoride are tea and
fish. In communities and countries where the drinking
water is not fluoridated many obtain some fluoride from
toothpastes, a few give fluoride tablets to children prophy-
lactically, and dentists apply fluoride solution directly to
their patients’ teeth periodically. The incidence of dental
caries has fallen remarkably in most countries since the
1960s.

Selenium deficiency appears to be responsible for heart
muscle disease (cardiomyopathy) in children in K’o-shan
Hsien, a part of northeastern China where the soil has
the lowest selenium content in the world. Deficiencies of
phosphate, magnesium, copper, molybdenum, manganese,
and chromium are rare because the levels in foods cover
requirements in most situations.

Dietary fibre. Fibre is not a true nutrient in the clas-
sical sense. Dietary fibre is the natural packing of plant
foods. It can be defined as those parts of foods that are
not digested by human enzymes in the small intestine.
The principal chemical classes of dietary fibre are cellu-
lose, hemicelluloses, pectins, gums, and lignins. They are
all polysaccharides (i.e., unavailable carbohydrates) except
lignin, which occurs with cellulose in the structure of
plants. Pectins and gums are not really fibrous; they are
amorphous and viscous.

Some types of fibre, notably the hemicellulose of the
outer layers of wheat, increase the water-holding capacity
of the contents of the large intestine and so increase the
bulk of the feces. This relieves simple constipation and
probably reduces the likelihood of diverticula forming in
the large intestine in older people. There is some evidence
that fibre may reduce the chances of developing cancer
of the large intestine. Other viscous, indigestible polysac-
charides like pectin and guar gum, when isolated and in
large doses, have more effect on the upper gastrointestinal
tract. They tend to slow gastric emptying and contribute
to satiety. They slow the rise of blood glucose after a car-
bohydrate meal, and they reduce the plasma cholesterol
concentration.

Dietary fibre is in fact partly digested in the large intes-
tine. It is fermented by some of the resident bacterial flora
(not by enzymes), resulting in the production of gas (hy-
drogen, methane, or carbon dioxide) in the form of flatus.
A small quantity of volatile fatty acids (acetic, butyric,
or propionic) is absorbed through the lining cells of the
large intestine. Thus, some of the chemical energy in fibre
does become available. Much of the pectins and hemicel-
luloses are metabolized by colonic fermentation and so is
some of the cellulose. Lignin, however, resists even bacte-
rial action. There are no official RDAs for dietary fibres
because analyses for the different types in foods are not
complete, but the average adult intake of about 15 to 20
grams per day in affluent countries is thought to be too
low. Increased intake is likely to be most helpful in people
confined to bed, in pregnant women, and in the elderly,
three groups of people often troubled with constipation.
The food sources of fibre are cereals (especially whole
grain), vegetables, nuts, and fruits. A concentrated form
of the fibrous type is found in wheat bran. (A.S.T.)

OBESITY AND OTHER DISORDERS OF THE DIET

Obesity. By far the most common effect of continued
overconsumption of calories is obesity, a state of excess
accumulation of fat in and on the body. It is often wrongly
defined as a state in which weight is in excess of a 10
percent margin allowed over standard weight tables for
age, height, sex, and race. Fat on the body is easily seen
and measured. It is assumed that if there is excess fat in
the subcutaneous tissue, there is probably also excess fat
inside the body. More accurately, the amount of fat in
the body can be calculated from the specific gravity of the
total body, which in turn is measurable by comparison
of weight underwater with weight in air. The more fat
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there is, the lower is the body specific gravity. To describe
weight in excess of 10 percent above standard weight as
obesity is misleading, because a small minority of persons
who have inherited a large frame and bulky muscles may
be 20 percent or more in excess of standard weight without
being obese. Nevertheless, weight is a valuable screening
measure for obesity.

Obesity is caused by consistent consumption of more
calories than are required to meet energy expenditure.
This simple explanation, however, conceals a great deal
of difficult theory about causation. It is probably . true
that some persons put on fat more readily than others.
This may have a simple double explanation: namely, that
these people are more interested in food or that they
expend less energy. This latter theory probably accounts
for obesity in only a small minority. Overeating may be
a habit culturally imposed by family custom, may be an
occupational hazard (e.g., of cooks), may follow immobi-
lization, can be stimulated by certain drugs, or may be an
expression of boredom or emotional frustration. Underex-
penditure of energy may be determined by cultural family
environment, sedentary life, or temperament. It has been
shown that obese adolescents at summer camps expend
less energy than their leaner friends, even when engaged
in active games.

Obesity, like underweight, is a condition with multiple
causes. Some people have a metabolic rate that is lower
than average (they may feel the cold sooner than others).
Whenever energy intakes have been measured over a week
in a standardized group, some members are found to eat
consistently less than others. They presumably adjust their
energy intake to their lower energy expenditure. These ef-
ficient metabolizers would have a better chance of survival
under conditions of chronic undernutrition. Certain ethnic
groups have been noted to have a predisposition to obesity
when food is plentiful—e.g., the Pima American Indians,
Micronesians (notably in Nauru), and probably Polyne-
sians and Australian Aborigines. It is postulated that they
have evolved as metabolically “thrifty genotypes” because
their ancestors went through periods of starvation. In the
few short-term studies of experimental overeating, some
subjects have not put on as much weight as expected. It is
suggested that this may be because they retain some brown
adipose tissue, a specialized type of fat tissue present in
newborns that is rich in mitochondria and which (when
stimulated by norepinephrine) produces a large amount of
heat and uses a large amount of energy. No solid evidence
has been found for this in humans, however.

The effects of obesity can- be stated with more certainty.
Obese persons have a reduced life expectancy, and they
suffer disproportionately from a number of diseases and
disabilities. Diabetes of the middle-aged is strongly asso-
ciated with obesity, and there is association of obesity in
females with gallbladder disease. Contrary to general im-
pression, coronary heart disease is not causally related to
obesity, but in some communities it has been reported that
those who put fat on their trunks are more likely to suffer
coronary disease, while those who put fat on their hips or
buttocks are not. Anyone with heart disease should main-
tain a standard weight because obesity increases the load
on the heart. Obesity is a mechanical load on the lower
spine and the major weight-bearing joints, the hips, knees,
and ankles. Reduction of the weight of obese persons may
mitigate the middle-aged tendency to degenerative diseases
of the joints and muscular rheumatism. Obesity of the
trunk may interfere seriously with breathing and may con-
tribute to pulmonary heart disease. There is considerable
association, both as cause and effect, between obesity and
psycho-emotional disturbance. Many obese persons suffer
a considerable sense of inferiority. Misdirected attempts
at weight reduction may lead to deficiency disease and
debility or, in a few persons, may go on to self-imposed
starvation (anorexia nervosa). (J.F.B./AST)

The scientific principles of management of obesity stress
prevention because prevention is easier than treatment of
established obesity. The psychological aspects of weight
management are more important than details of the diet,
because, without the inner motivation to reduce weight, it
is impossible to make it happen. Major aspects of the help

that doctors and dietitians can offer centre on building up
the person’s self-esteem and guiding the person in avoid-
ing situations in which it is difficult to stop eating. Habits
are more important than diets. Crash diets do not work
and may be dangerous. A loss of about one kilogram (two
pounds) per week is as much as can be expected; half of
this is acceptable and all that some people can manage.

Weight management should fit the grade of the obesity.
People with gross obesity (Table 11) require special med-
ical treatment, and special surgical procedures, such as
jaw wiring or gastric stapling, are often investigated for
such individuals. It is more appropriate to treat people
with moderate obesity using behaviour modification and
a reduced-calorie diet.

Importance
of self-
esteem

Table 11: Guidelines for Body Weight in Adults
height without weight without clothes
shoes
acceptable obese grossly obese
(m) (ft, in.) (kg) (Ib) (kg) (b) (kg (Ib)
1.45 4.9 42-53 93-117 64 141 85 187
1.48 4,10 42-54 93-119 65 143 86 190
1.50 4,11 43-55 95-121 66 146 88 194
1.52 5,0 44-57 97-126 68 150 90 198
1.54 5,1 44-58 97-128 70 154 93 205
1.56 5,1 45-58 99-128 70 154 93 205
1.58 52 51-64 112-141 77 170 102 225
1.60 5,3 52-65 115-143 78 172 104 229
1.62 5,4 53-66 117-146 79 174 105 232
1.64 5,5 54-67 119-148 80 176 106 234
1.66 5,5 55-69 121-152 83 183 110 243
1.68 5,6 56-71 124-157 85 187 113 249
1.70 5,7 58-73 128-161 88 194 117 258
1.72 5,8 59-74 130-163 89 196 118 260
1.74 5,9 60-75 132-165 90 199 120 265
1.76 5,9 62-77 137-170 92 203 122 269
1.78 5,10 64-79 141-174 95 210 126 278
1.80 5,11 65-80 143-176 96 212 128 282
1.82 6,0 66-82 146-181 98 216 130 287
1.84 6,0 67-84 148-185 101 223 134 296
1.86 6,1 69-86 152-190 103 227 137 302
1.88 6,2 71-88 157-194 106 234 141 311
1.90 6,3 73-90 161-198 108 238 144 318
1.92 6,4 75-93 165-205 112 247 150 331
Partly based on Table I from Royal College of Physician’s report Obesity,
1983, and J.S. Garrow, Treat Obesity Seriously, 1981.
Source: A. Stewart Truswell et al., ABC of Nutrition (1986).

The nutritional principles of weight reduction and man-
agement are to eat less—two-thirds or one-half of the
food previously eaten, which corresponds to about 1,500
kilocalories for a man and 1,000 kilocalories for a woman.
The foods that should be cut from the diet are the “empty
calorie” foods—fats, alcohol, and sugars (in order of pri-
ority), which provide nine, seven, and four kilocalories
per gram, respectively. Meals should not be missed and a
variety of foods, including meat or fish, milk or cheese,
bread or cereals, and vegetables and fruits should be eaten
each day. Fatty foods and fried foods as well as “tempting
foods” must be avoided. Foods vary considerably in calo-
ries per usual serving (Table 12).

Some of the techniques of behaviour modification in-
clude using a shopping list, purchasing only nonfattening
foods (see Table 12), avoiding shopping when hungry, eat-
ing only in one room, eating slowly, avoiding distracting
activities (except conversation) like watching television,
and avoiding eating unnecessarily. A variety of low-calorie
foods, like raw vegetables, should always be available to
use as snacks. Other people can be recruited to help by re-
inforcing the positive benefits of not overeating. Nonedible
rewards should be given for remaining on the program.
Steps should be taken to minimize hunger, loneliness,
depression, boredom, anger, and fatigue, each of which
can set off a bout of overeating. Finally, the amount of
exercise taken each day should be increased.

Anorexia nervosa. Anorexia nervosa is the opposite of
obesity. It seems to occur only in societies where adequate
food is taken for granted and where people may feel
anxiety about avoiding obesity. In affluent communities
many teenage girls and young women diet to stay slim or
become slim, though their attempts may not be successful.
The young woman with anorexia nervosa, on the other
hand, does not talk about dieting but succeeds in losing
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Table 12:. Representative Energy Values of Some Common Foods

food kilocalories  food kilocalories food kilocalories
Cucumber (2 0z) : 5 Bread (1 slice, 1 02) 65 Carbonated soft drink (12-0z can) 155
Lettuce (1 0z) 5 Potatoes (new, boiled, 4 oz) 85 Peanuts (1 0z) 160
Cauliflower (4 oz, raw) 15 Egg (medium, boiled) 90 Cake, sponge (2 0z) 170
Tomatoes (4 0z) ' 15 Banana (1 fruit) 90 Chicken (meat only, roast, 4 oz) 170
Carrot (3 oz) 20 Wine (4 oz) 90 Cheese, Cheddar (112 oz) 175
Grapefruit (12 fruit = 6 oz) 20 Beer (12 pint) 90 Avocado (V2 fruit) 190
Milk (1 oz, in tea) 20 Butter (12 oz, for slice of bread) 105 Rice (2 oz before cooking) 205
Sugar (1 level teaspoon) 30 Cornflakes (1 oz) 105 Macaroni (2 oz before cooking) 210
Jam (Y2 oz) 35 Fish (cod, grilled, 4 0z) 110 Fish fried in batter (4 oz) 225
Orange juice (unsweetened, 4 0z) 45 Yogurt (low-fat, flavoured, 5 oz) 115 Beefsteak, grilled (4 0z) 250
Apple (one, 5 0z) 50 Dates (2 0z) 140 Pork chops (7 oz, grilled, fat cut off) 265
Peas (4 oz, boiled) 60 Baked beans (8 0z) 145 Cookies, chocolate (2 oz) 300
Whiskey (1 oz)and soda 65 Chocolate, milk (1 0z) 150 French fries (4 0z) 330

Source: A. Stewart Truswell et al., ABC of Nutrition (1986).

the weight that the others talk about losing. She does have
an appetite but it is strongly suppressed. By rigid control
of her eating she avoids.foods that she understands to be
fattening.. She has a phobia of being fat and often has a
distorted body image, seeing herself in the mirror as fatter
than she really is. Amenorrhea (cessation of menstruation)
is an early characteristic. Before the loss of weight she
was often a model of good behaviour, conformism, and
achievement, though this probably concealed a sense of
ineffectiveness and self-doubt. Up to one in 100 middle-
class women from 15 to 25 years may be affected. Some
women not only abstain; they have learned to induce vom-
iting or purging and may have eating binges in between.
When habitual, this behaviour is called bulimia nervosa.

The physical effects of a young woman starving herself
down to 90 pounds (45 kilograms) or less differ in sev-
eral ways from those of famine. The young woman with
anorexia nervosa usually eats adequate protein and mi-
cronutrients; she is restless and overactive. She denies that
she is too thin or that she is not eating enough.

Treatment is easiest if the condition is recognized at
an early stage. It is best managed by a specialized team,
most often a psychiatrist with experience in anorexia ner-
vosa, working with a dietitian. The principles of treatment
are behavioral therapy, supervised eating, and supportive
psychotherapy.

Nutrient excess. Ethyl alcohol is the only drug that
provides calories, although meals of nonalcoholic foods
have a gentle sedative effect. The acute effects of a large
intake of alcohol are well known. Mental impairment
starts when the blood concentration is about 0.05 percent.
Levels of alcohol in the blood up to 0.15 percent are the
maximum permitted for drivers in many countries. When
ingested, alcohol is rapidly distributed throughout the en-
tire body. A concentration of alcohol in the blood of 0.40
percent usually causes unconsciousness, and 0.50 percent
can be fatal. The most dangerous effects of acute alcohol
intoxication, however, are road accidents and violence.
The many complications of chronically high intakes of
alcohol include gastric ulcer, pancreatitis, cirrhosis of the
liver, convulsions, delirium tremens, hypertension, several
varieties of malnutrition, and fetal malformations. Mal-
nutrition is avoided if a nutritious diet is consumed along
with the alcohol, but this does not prevent the rise of
blood pressure, which is seen from about four drinks per
day. Cirrhosis of the liver takes years to develop. The
lowest chronic intake of alcohol that can lead to cirrhosis
is difficult to determine partly because heavy drinkers un-
derestimate their consumption and partly because of the
other causes of liver damage; e.g., viral hepatitis may coex-
ist in an alcoholic. Eight or more drinks per day over the
course of many years is the typical pattern of an alcoholic.
Women with smaller lean body mass are more susceptible
to hepatic damage from alcohol. Fetal alcohol syndrome
(a combination of malformations with characteristic facial
appearance) has been reported with apparently quite low
alcohol intakes in the first trimester of pregnancy. Delir-
ium tremens is the withdrawal syndrome of tremor, agi-
tation, and occasionally hallucinations that is seen when
heavy chronic drinkers are removed from their supply.

In all biologic systems the dose of an added substance,
including nutrients, determines the effect. Nutrients taken

in amounts above the RDA can be toxic. The level at
which the nutrient may exert toxic effects varies, and for
some nutrients, such as vitamins'A and D, iron, fluo-
ride, selenium, and iodine, the level is much lower than
for others. Among the vitamins, the rule that fat-soluble
vitamins can be toxic but water-soluble vitamins are not
cannot be relied upon because vitamin B, (water-soluble)
has been found to cause peripheral neuropathy in doses at
least 200 times the RDA, while no consistent side effect
of large intakes of fat-soluble vitamin E has been shown.
The toxic effects of vitamins A and D and of fluoride are
described above.

Iron toxicity may be acute or chronic. Acute toxicity oc-
curs if a number of sugar-coated iron tablets are acciden-
tally swallowed; it can be fatal. Chronic iron intoxication
occurs in persons who regularly consume acidic alcoholic
drinks brewed in unlined iron vessels. Iron is dissolved
in the drink and absorbed and deposited in the liver.
The condition, hemosiderosis, has been reported in blacks
in southern Africa and in some drinkers in Europe who
consume large amounts of wine. Selenium toxicity occurs
in animals grazing on selenium-rich soils (e.g., in South
Dakota). In humans it has occurred occasionally from in-
dustrial exposure and, rarely, from the diet (in an area of
China) and following unintentional overdose of selenium
supplement tablets. The clinical features are loss of hair
and nails, skin lesions, gastrointestinal disturbances, lassi-
tude, and polyneuritis.

There are two types of vitamin tablets: multivitamins
and single vitamins. Multivitamin tablets are, in theory,
harmless, though usually unnecessary. Most multivitamin
preparations do not contain all 13 true vitamins, and the
doses of vitamins they do contain usually deviate far from
their RDAs. Single-vitamin preparations are more difficult
to justify because it has been found that people often
take the wrong supplements. In pregnancy, for example,
the special need is for extra iron, folic acid, and calcium.
Megadoses of vitamins carry the risk of toxic effects, espe-
cially for vitamins A, D, and By, and possibly for some of
the other vitamins.

FOOD SENSITIVITY

Some foods and drinks are more likely to provoke sensi-
tivity than others and people exhibit varying sensitivities
to foods. The most common reactions are gastrointestinal,
in the form of indigestion, vomiting, or diarrhea; urticaria
and angioneurotic edema; eczema; asthma; and migraine.
Gastrointestinal effects are the result of sensitivity to the
irritant effect of one of the ingredients in food. In sensitive
people, these ingredients might relax the cardiac sphincter
at the lower end of the esophagus so that acid regurgitates
from the stomach; they might stimulate gastric acid secre-
tion; or they might increase the motility of the intestine.

When the onset of eczema is related to food it is the result
of a true allergic mechanism, an abnormal immunological
reaction by immunoglobulin E to one of theé proteins of
the food. Urticaria and asthma sometimes can be truly
allergic reactions but it seems likely that other mecha-
nisms are more usual. Urticaria in some people is due to
naturally occurring salicylates in plant foods. It is thought
that they act by inhibiting the enzyme cyclo-oxygenase
and allowing more arachidonic acid to be converted to
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leukotrienes by the action of the enzyme lipoxygenase.

Whether hyperactivity in children (usually boys) is aggra-

vated by naturally occurring food salicylates or by some
artificial food colours is controversial. There is little ob-
jective confirmation of this belief.

A minority of sufferers from migraine are able to in-
criminate particular foods as provoking agents. Cheese,
chocolate, citrus fruits, and alcoholic drinks are the most
likely agents, possibly via pressor amines like tyramine
and histamine, which tend to raise blood pressure.

There are other more specific examples of food sensi-
tivity, the most important of which is celiac disease, or
gluten enteropathy. There is malabsorption, fat in the fe-
ces (steatorrhea), weight loss, impaired growth in children,
and other manifestations of malnutrition. Celiac disease
is due to atrophy (flattening of the cells) of the inner
lining of the small intestine. This condition was first de-
scribed in 1888, but it was not until 1953 that doctors
in The Netherlands discovered that a fraction of wheat,
the gluten, acts as a toxin in these patients. When wheat
is meticulously eliminated from the diet, patients recover.
This is one therapeutic diet that is literally lifesaving.

When symptoms of food sensitivity are immediate, the
individual himself makes the diagnosis. There are some
people, for instance, whose lips swell the moment their
mouth touches a peanut, and if by chance they should
swallow some they will have several systemic symptoms—
vomiting, urticaria, even asthma. When the symptoms are
more delayed, diagnosis of the responsible food or food
component requires more detective work. If the symptoms
are chronic or recur frequently, they should disappear on
an elimination diet, a diet of very few foods (lamb, rice,
carrots, lettuce, refined seed oil, sugar, and water) that do
not cause food sensitivity. Suspected foods then can be
reintroduced one at a time. Skin tests are not very reliable.

Not all people who believe they are sensitive to a partic-
ular food really are. They may in fact dislike the food, or
they may have eaten it coincidentally with the onset of an
illness, or they may have been told by an unorthodox prac-
titioner that their symptoms are due to a particular food.

HABITUAL DIETARY PATTERNS AND DISEASE

A major preoccupation of nutrition research and a theme
of the public debate over nutrition in North America, Eu-
rope, and Australasia is the relationship between the usual
diet and the chances of developing (prematurely) one
of the prevalent chronic degenerative diseases—coronary
heart disease, high blood pressure, cancer, diabetes melli-
tus, dental caries, gallstones, urinary tract stones, colonic
diverticulosis, cirrhosis of the liver, etc. Only the first five
of these will be discussed below.

The causation of each of these degenerative diseases is
multifactorial; there are several factors that act over a
long period of time and interact with one another. There
are protective factors as well as pathogenic factors; there
are genetic, dietary, and non-dietary factors. Even in the
diet there often appear to be multiple factors operating in
different ways. The evidence for each disease comes from
a variety of sources and several disciplines; from descrip-
tive epidemiology—cross-sectional and retrospective; from
prospective (cohort) epidemiological studies; from basic
science (biochemistry, microbiology, pathology); from an-
imal models; from human metabolic studies; and from
prevention trials (primary or secondary).

Diet and coronary heart disease. In a prospective study,
a large group of people at moderate risk of developing
coronary heart disease (usually middle-aged Caucasian
men) is examined and blood tests performed. The group
is then followed up for five to 20 years, during which
time some develop one of the manifestations of coronary
heart disease, while most do not. Coronary heart disease
may or may not show signs and symptoms of disease.
When symptoms are present there are four possible man-
ifestations: sudden cardiac death, myocardial infarction
(the typical heart attack, requiring hospitalization and a
period of time off of work), angina pectoris (heart pain on
exertion), and cardiac failure with an electrocardiogram
indicating that the cause is coronary artery insufficiency.
Those who develop clinical coronary heart disease are

compared against the battery of findings at the initial ex-
amination to see which characteristics are “risk factors™;
i.e., strongly associated with the disease and appearing
to be predictive. Over 20 prospective studies have been
made on thousands of people in 14 countries. They have

all found that the three biggest risk factors for coronary

heart disease are a high plasma total cholesterol, cigarette
smoking, and high blood pressure (hypertension).

Being lipid and nonpolar, cholesterol is totally insoluble
in an aqueous solution. All cholesterol in blood plasma,
therefore, is carried on lipoproteins. Low-density lipopro-
tein (LDL) cholesterol, which normally carries about three-
fourths of the total cholesterol, is the risk factor; it can, in
some situations, carry cholesterol into the inner lining of
artery walls. High density lipoprotein (HDL) cholesterol,
on the contrary, tends to act as a protective factor; it may
be able to clear some of the cholesterol deposited in the
periphery and carry it to the liver, where it can be excreted
with the bile. Deposition of cholesterol on the inner aspect
of the walls of arteries is part of the process of formation
of atherosclerosis, the pathological basis of coronary heart
disease. Plasma HDL cholesterol only makes up about
one-quarter of normal total cholesterol concentration, and
its level is higher in women than in men, but never very
high. A total cholesterol that is high nearly always results
from elevation of LDL cholesterol; when very high it is
always due to raised LDL cholesterol. It is a little sim-
pler and cheaper to measure total cholesterol than LDL
cholesterol. When discussing elevation of cholesterol and
its treatment the two terms are almost synonymous. A
change of plasma total cholesterol means the same sort of
change in LDL cholesterol.

Plasma (total or LDL) cholesterol may be raised as the
inherited condition familial hypercholesterolemia, a con-
dition with a tendency toward premature coronary heart
disease. Plasma cholesterol is also raised secondary to cer-
tain diseases; e.g., hypothyroidism, some types of kidney
disease, bile duct obstruction, and diabetes mellitus. Fi-
nally, it is moderately raised by a diet rich in saturated fat
and cholesterol, a phenomenon first demonstrated in rab-
bits just before World War I. From a global viewpoint such
countries as Great Britain, Finland, Ireland, New Zealand,
Czechoslovakia, Australia, Hungary, and the United States
are high plasma cholesterol countries, consuming high-fat
diets and experiencing high incidences of coronary heart
disease. In residents of these countries plasma cholesterol
(total and LDL) can be consistently reduced by com-
bining the following dietary changes (listed in order of
effectiveness): (1) reduce saturated fat as much as possi-
ble, (2) reduce energy intake if overweight, (3) increase
consumption of vegetables, legumes, fruits, and cereals
(preferably whole grain), (4) partly replace the reduced
saturated fat with moderate increase of polyunsaturated
and some monounsaturated oils, and (5) reduce dietary
cholesterol. In practical dietetics these translate to avoiding
butter, hydrogenated margarine, lard and suet, full-cream
milk, cream, meat fat, frying, chocolate, and sausages; to
restricting egg yolks, most cheeses, cakes, pastries, and
cookies; and to eating more vegetables, legumes, fruits,
bread, rice, pasta, breakfast cereals, polyunsaturated oils
(e.g., sunflower seed, safflower, corn oils), and skim or
low-fat milk.

Plasma total (and LDL) cholesterol is related to the risk
of coronary heart disease in a continuous gradient. The
higher the plasma cholesterol above about 4.9 millimoles
per litre (190 milligrams per 100 millilitres) the greater the
chances of subsequent coronary heart disease (Figure 5).
Trials in people starting with moderately elevated plasma
cholesterol have shown that the amount of coronary heart
disease is less in subsequent years in those given a choles-
terol-lowering drug compared with untreated controls. A
World Health Organization expert committee concluded
in 1982 that there is a causal relationship between plasma
total cholesterol and coronary heart disease. In high-inci-
dence countries, the committee reccommended lowering the
whole population’s plasma cholesterol distribution by pro-
gressive changes in eating patterns toward the sort of diet
described in the preceding paragraph. The United Staies
National Heart, Lung, and Blood Institute and the British
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Department of Health, as well as heart associations
or foundations in other countries, have reached essen-
tially the same conclusions and recommendations. Sev-
eral countries, notably the United States, Australia, New
Zealand, Belgium, and Finland have seen important re-
ductions in mortality from coronary heart disease since
the mid-1960s. There, the amount of cigarette smoking
is decreasing in men, hypertension is being treated, and
there have been some dietary changes. Total fat intake has
not come down in general but polyunsaturated fat intake
has gone up and with it the ratio of polyunsaturated to
saturated fats. In the same period, mortality from coro-
nary heart disease has been increasing in the Soviet Union
and other countries of eastern Europe. The incidence of
coronary heart disease remains very low in Japan.

. From M.J. Martin et al., The Lancet, vol. 11 for 1986, pp. 933-936
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Figure 5: Relation between serum (total) cholesterol and
subsequent death rate from coronary heart disease in a
prospective study of more than 361,000 men screened.

Coronary atherosclerosis takes years to develop. What de-
termines the onset of coronary heart disease in a middle-
aged person with moderately narrowed coronary arteries
appears to be the acute superimposition of thrombosis.
Thrombeosis is initiated when platelets adhere to the ves-
sel wall and to one another. Four of the polyunsaturated
fatty acids in Table 8 appear to reduce the tendency of
platelets to stick together. Linoleic and linolenic acids are
found in plant seed oils like safflower and sunflower seed
oils; eicosapentaenoic (EPA) and docosahexaenoic acids
(DHA) are found in fatty fish. Both EPA and DHA are
probably more active inhibitors weight-for-weight, but it is
easier to obtain more linoleic acid from the diet. A fish oil
concentrate containing 30 percent EPA and DHA is avail-
able in capsules at pharmacies. It does not lower plasma
cholesterol. Its effect on platelet aggregation is probably
due to the fact that EPA is the parent substance for an
unusual series of prostaglandins.

Diet and blood pressure. Arterial hypertension affects
10 to 15 percent of older adults in most countries. It
can lead to strokes, heart failure, kidney disease, and
aneurysms and contributes to coronary heart disease. It is
usually treated with drugs, but these often have side ef-
fects. There are, however, some seven dietary factors now
known to influence blood pressure. If several are changed
in the appropriate directions their effects may enable mild
hypertensives to cease using drugs and moderate hyper-
tensives to reduce the number or dosage of drugs. The
seven dietary factors are: (1) Blood pressure tends to be
higher in obese people and to fall if they successfully
lose weight. (2) Blood pressure is increased in people who
regularly take more than three alcoholic drinks per day.
(3) The great majority of people in developed and many
developing countries eat much more sodium, in the form
of table salt (NaCl) than is necessary. In the few isolated
communities that do not have salt, hypertension is rare.
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When people with hypertension reduce their intake of
table salt, blood pressure falls, although in some people the
salt intake must fall so low that the diet must be radically
changed. There is, however, little correlation between salt
intake and blood pressure among individuals. It would
seem that either only some people are sensitive to salt
(perhaps genetically determined) or high salt intake only
affects blood pressure over a long time. (4) Vegetarians
tend to have lower blood pressures. (5) Potassium is a nat-
ural antagonist of sodium, and in some trials potassium
tablets have produced significant lowering of blood pres-
sure. (6) A change of the dietary fat from mostly saturated
to mostly polyunsaturated has usually resulted in a small
reduction of blood pressure. (7) Calcium is being investi-
gated for its postulated blood-pressure-lowering action. In
some trials calcium tablets have lowered blood pressure
but not in others.

Diet and cancer. First, the best indication that habitual
diet is one of the multiple risk factors for some types of
cancer is the large differences recorded in age-standardized
incidence (or mortality) tables of different types of can-
cer between human populations. Genetic concentration
cannot explain most of these large differences; they must
be environmental, and there is patchy evidence of asso-
ciation between diet and certain types of cancer. Second,
in experimental animals (mostly small rodents), induction
of some types of tumours is influenced by the nature of
the animals’ rations. Third, almost all foreign substances
that are able to enter the human body must do so via
the alimentary canal; i.e., in food or drink. Substances
that affect the pathogenesis of cancer work in one of two
broad ways. They may initiate malignant change by gene
toxicity, altering some of the DNA in the nucleus of a
particular cell type: occasionally, one of these mutations
results in unchecked growth of the cell. Alternatively, once
tumour growth has started a substance may promote its
growth or protect against its development.

There are three ways in which a person’s usual diet
may lead to cancer: (1) A carcinogenic (cancer-producing)
substance in food (or drink) can come in contact with
the epithelium (inner lining) of mouth, throat, esopha-
gus, stomach, or, usually in chemically altered form, with
the intestines, liver, or urinary bladder. Most such sub-
stances in food are only weakly carcinogenic and would
have no effect taken once or twice, but they might lead
to cancer if taken repeatedly over a long time. (2) The
plane of nutrition (i.e., whether a person is a little overfed
or a little underfed) may influence the incidence of en-
docrine-dependent cancers by altering hormone secretion
or metabolism. Cancers thought to be in this category are
those of the breast, uterus, or prostate. (3) Some nutri-
ents may influence susceptibility to carcinogenesis at other
sites. A major question about diet and cancer is whether
intakes of some nutrients could act as protective factors
at intakes above the RDA and below the start of toxic
levels. According to the “free radical hypothesis,” free
oxygen radicals sometimes arise from chemical processes
in cells and may produce damage to DNA. This increases
the chance of a carcinogenic mutation. Generous intake
of one or more of the nutrients with antioxidant proper-
ties—vitamin A, vitamin C, vitamin E, selenium—might
reduce this risk. This hypothesis is theoretical; evidence
supporting it is small and circumstantial at present.

In 1981 Sir Richard Doll estimated the proportions of
deaths from cancer in the United States that could be
attributed to environmental factors. Potentially, cancer
mortality could be reduced by these estimated propor-
tions if specific environmental factors were identified and
avoided. The diet group of factors (not food additives)
was thought to be more important than any other group,
responsible for around 38 percent of cancer deaths. While
there is strong but indirect epidemiological evidence that
most of the common cancers could be made less common
by suitable modifications of food habits, there is still no
precise and reliable evidence as to exactly what dietary
changes would be of major importance. There are many
different types of cancer, and knowledge of the relation
between diet and even the most common types is many
years behind the body of knowledge about diet and coro-
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nary heart disease. Three major types illustrate that dietary
factors differ for cancer in different sites.

Stomach cancer. Dietary factors associated with gas-
tric cancer include dried salted fish, pickled foods, cured
meats, high salt intake, and lack of domestic refrigerators.
Foods that appear from surveys to be protective include
salads and citrus fruits. The best-fitting hypothesis is that
nitrates (in salts) form nitrites, which combine with sec-
ondary amines (derived from bacterial action on meat
proteins) in the stomach to produce small amounts of
potently carcinogenic nitrosamines. In people who secrete
subnormal amounts of gastric acid (achlorhydria), bacteria
can live in the stomach and produce more nitrites. Refrig-
eration reduces secondary amine production in protein-
rich foods; vitamin C (in salads and citrus) tends to inhibit
formation of nitrosamine. The incidence of gastric cancer
is declining spontaneously in all industrial countries.

Large intestinal cancer. Several studies both within and
between countries suggest a pathogenic association be-
tween total fat intake and cancer of the colon or rectum
and that both wheat fibre and brassica vegetables may
protect against it. Meat consumption is usually correlated
with fat but is less consistently related to cancer of the large
intestine. Some types of beer have been associated with
cancer of the rectum (the lower end of the large intestine).
There have, however, been variations and inconsistencies
in all the epidemiological studies. Most cancers of the
large intestine appear to originate in polyps (precancerous
adenomas), which are often multiple.

Breast cancer. The range between countries with the
lowest and those with the highest mortalities from breast
cancer is only sevenfold, so the environmental influence
must be smaller than with some other cancers. Two sets
of data have suggested a relationship of breast cancer with
dietary fat: it is seen in between-country correlations and
in experimental mammary tumours in mice and rats. In
several case-control and two prospective studies, however,
the association with dietary fat has been unimpressive or
absent. In animal experiments it now seems that the effect
originally attributed to fat could have been due, at least in
part, to increased calorie intake.

Diabetes. In terms of diabetes, there are two questions
about habitual diet: (1) whether diet predisposes a person

to the development of diabetes, and, if so, which diet, and-

(2) which diet is best for the treatment of patients who
have established diabetes.

There are two basic types of diabetes: insulin-dependent
and non-insulin-dependent. Insulin-dependent diabetes
usually starts in younger people; their islets of Langerhans
secrete little or no insulin and they must receive one or
more injections of insulin each day to control their blood
glucose. Development of this type of diabetes is not related
to diet. It occurs throughout the world and is probably the
result of a viral infection or autoimmune (self-imposed by
the body’s own cells) damage to the islets of Langerhans.

Non-insulin-dependent (NID) diabetes is the more com-
mon type in developed communities. In NID, which usu-
ally starts in middle age, the patient’s islets of Langerhans
secrete normal amounts of insulin, but the tissues are re-
sistant to insulin so that the response of blood glucose to
insulin is subnormal. The NID type of diabetes is closely
linked to obesity. Comparisons between countries suggest
that a diet high in fat is likely to lead to diabetes. Findings
of a decrease in the incidence of diabetes in periods of
shortages (e.g., wartime) support this.

There is clearly a genetic predisposition to NID diabetes
in those who become overweight or obese. This is seen
most clearly in the Pima American Indians in Arizona
and the Micronesians on the island of Nauru. When these
people are obese the incidence of diabetes (in later life) is
over 50 percent.

The proportions of carbohydrate in the therapeutic diet
prescribed for diabetes have changed greatly from that
used before and shortly after the introduction of insulin
in 1921. At that time patients were expected to take di-
ets with as little as five percent total carbohydrate. This
meant that they were eating a very high-fat diet. Mod-
ern dietary prescriptions emphasize weight reduction for
obese patients and a generous carbohydrate intake be-

cause: (1) Western diabetics are now more likely to die
of atherosclerotic diseases like coronary heart disease than
of uncontrolled diabetes; a high-fat diet would be harm-
ful because it would raise their plasma cholesterol. (2) In
Asian countries, diabetics can manage relatively well and
have fewer complications on high-carbohydrate (e.g., rice)
diets. It has been found that blood glucose is not as high
after the ingestion of legumes, pasta, and many fruits and
dairy products as after other carbohydrate foods like bread
and potatoes.

Dental caries. Dental caries, or a hole-in the enamel
outer layer of the teeth, occurs all over the world. Ancient
skeletons show that it has plagued humans for a long time.
Its incidence is mostly in the first 25 years of life. Dental
enamel is the hardest material in the body. Its weakness
is that, because it is a form of calcium phosphate, it can
be dissolved by acid. Three factors contribute to dental
caries: the presence of a specific bacteria, sugars that these
bacteria metabolize to lactic acid, and resistance of the
enamel to bacterial colonization and carious attack.

A species of bacteria, Streptococcus mutans, is necessary
for dental caries to occur. It is part of the bacterial popu-
lation of most people’s mouths, but some people harbour
more than others. This organism not only metabolizes su-
crose, glucose, fructose, or lactose to lactic acid, but it also
converts them to sticky polymers (plaque) in which the
bacteria are shielded from saliva and the tongue. Starches
too, if they stay in the mouth, are split (depolymerized)
by the amylase enzyme in saliva to glucose, which the
streptococci can also use as substrate. Consumption of
sugary or starchy foods between meals, especially if they
are sticky, favours the development of caries.

In the teeth the most susceptible surfaces are in the
fissures and between the teeth, where plaque is least dis-
turbed by saliva, chewing, the tongue, or toothbrush. A
fluoride intake of one to three milligrams per day—as
with fluoridated drinking water—increases the enamel’s
resistance to acid attack, especially if the fluoride is taken
while the tooth’s enamel is being formed in the jaws before
the permanent teeth erupt.

DIETARY GUIDELINES

Dietary goals, or guidelines, are a more recent tool for
nutritional advice than RDAs. They aim not to provide
enough of the essential nutrients but to reduce the chances
of developing chronic degenerative diseases. While there
has never been more than one RDA committee and report
in a country, there can be several sets of dietary guidelines.
Dietary guidelines start not from zero intake (as for
RDAs) but from the present estimated national average
diet. They deal not with energy requirements but with
optimal proportions of the energy-yielding dietary com-
ponents—how much carbohydrate and fat and what type.
Dietary guidelines are not usually expressed as weight of
nutrient per day but as percentage change of food compo-
nents from the present average intake. They are targets for
the community to aim for, not what people have to eat
that week. The first set of dietary guidelines in the world
appeared in 1968 in Scandinavia. The following is a sum-
mary of the dietary guidelines for Americans suggested
by the United States Department of Agriculture and the
United States Department of Health and Human Services.
The daily diet should contain a variety of foods in ade-
quate amounts,. including selections from the food groups
discussed above. Ideally, an infant should be breast-fed
unless there are special problems, and other foods should
be delayed until a baby is four to six months old; salt or
sugar should not be added to the food. A healthy weight
should be maintained. Excessive amounts of fat and fatty
foods, sugar and sweets, and alcoholic beverages should be
avoided; pregnant women are advised to refrain from the
use of alcohol. Physical activity should be increased.
Excess fat, saturated fat, and cholesterol should be
avoided; instead lean meat, fish, poultry, and dry beans
and peas should be used as protein sources. Skim or low-
fat milk and milk products should be used. Egg yolks,
organ meats, fats and oils (especially those high in satu-
rated fat, such as butter, cream, lard, heavily hydrogenated
fats, shortenings, and foods containing palm and coconut
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oils) should be avoided. Foods should be broiled (grilled),
baked, or boiled rather than fried.

Foods with adequate starch and fibre should be part of
the diet. The use of large amounts of sugars and foods
containing large amounts of sugars should be avoided, as
should large amounts of sodium. Food should be flavoured
with herbs, spices, and lemon juice instead of salt.

Dietary guidelines will have to be amended, developed,
and added to as knowledge of the relationship between
habitual diet and disease grows by research. They should
be modified based on age and sex, as well as for individ-
uals who appear to be more or less sensitive to sodium,
dietary cholesterol, and so on. They are, however, a valu-
able statement of consensus among a country’s orthodox
scientific nutritionists of the direction in which ordinary
healthy people are advised to move their dietary habits to
improve their chances of better health in the future—not
to guarantee it. . :
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Occultism

ccultism encompasses a wide range of theories and
Opractices involving a belief in and knowledge or

use of supernatural forces or beings. Such beliefs
and practices—principally magical or divinatory—have
occurred in all human societies throughout recorded his-
tory, with considerable variations both in their nature and
in the attitude of societies toward them. In the West the
term occultism has acquired intellectually and morally
pejorative overtones that do not obtain in other societies
where the practices and beliefs concerned do not run
counter to the prevailing worldview.

Occult practices centre on the presumed ability of the
practitioner to manipulate natural laws for his own or his
client’s benefit; such practices tend to be regarded as evil
only when they also involve the breaking of moral laws.
Some anthropologists have argued that it is not possible to
make a clear-cut distinction between magic—a principal
component of occultism—and religion, and this may well
be true of the religious systems of some nonliterate soci-
eties. The argument does not hold, however, for any of
the major religions, which regard both natural and moral
law as immutable.

Those aspects of occultism that appear to be common
to all human societies—divination, magic, witchcraft, and
alchemy—are treated in depth below. Features that are
unique to Western cultures, and the history of their devel-
opment, are treated only briefly.

The Western tradition of occultism, as popularly con-
ceived, is of an ancient “secret philosophy” underlying all
occult practices. This secret philosophy derives ultimately
from Hellenistic magic and alchemy on the one hand
and from Jewish mysticism on the other. The principal
Hellenistic source is the Corpus Hermeticum, the texts as-
sociated with Hermes Trismegistos, which are concerned
with astrology and other occult sciences and with spiritual
regeneration.

The Jewish element is supplied by the Kabbala (the
doctrine of a secret, mystical interpretation of the Torah),
which had been familiar to scholars in Europe since the
Middle Ages, and which was linked with the Hermetic
texts during the Renaissance. The resulting Hermetic-

Kabbalistic tradition, known as Hermetism, incorporated
both theory and magical practice, with the latter presented
as natural, and thus good, magic, in contrast to the evil
magic of sorcery or witchcraft.

Alchemy was also absorbed into the body of Hermetism,
and this link was strengthened in the early 17th century
with the appearance of Rosicrucianism, an alleged se-
cret brotherhood that utilized alchemical symbolism and
taught secret wisdom to its followers, creating a spiritual
alchemy that survived the rise of empirical science and
enabled Hermetism to pass unscathed into the period of
the Enlightenment.

During the 18th century the tradition was taken up by
esoterically inclined Freemasons who could not find an
occult philosophy within Freemasonry. These enthusiasts
persisted, both as individual students of Hermetism and,
in continental Europe, as groups of occult practitioners,
into the 19th century, when the growth of religious skep-
ticism led to an increased rejection of orthodox religion
by the educated and a consequent search for salvation by
other means—including occultism.

But those interested turned to new forms of occultism
rather than to the Hermetic tradition: on the one hand to
Spiritualism—the practice of alleged regular communica-
tion between the living and the spirits of the dead through
a living “medium”—and on the other to Theosophy—a
blend of Western occultism and Eastern mysticism that
proved to be a most effective propagator of occultism but
whose influence has declined markedly over the last 50
years.

Indeed, despite the 19th-century revival, occult ideas
have failed to gain acceptance in academic circles, al-
though they have occasionally influenced the work of ma-
jor artists, such as the poet William Butler Yeats and the
painter Wassily Kandinsky, and occultism in Europe and
North America seems destined to remain the province of
popular culture. (R.A.Gi.)

For coverage of related topics in the Macropedia and
Micropedia, see the Propadia, Part Eight, Division I, Sec-
tion 811; Division II, Section 829. )
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Alchemy

Alchemy was the name given, in Latin Europe, from the
12th century, to an aspect of thought that corresponds
to astrology, which is apparently an older tradition. Both
represent attempts to discover the relationship of man to
the cosmos and to exploit that relationship to his benefit.
The first of these objectives may be called scientific, the
second technological. Astrology (see below) is concerned
with man’s relationship to “the stars” (including the mem-
bers of the solar system); alchemy, with terrestrial nature.
But the distinction is far from absolute, since both are
interested in the influence of the stars on terrestrial events:.
Moreover, both have always been pursued in the belief
that the processes human beings witness in heaven and
on earth manifest the will of the Creator and, if correctly
understood, will yield the key to the Creator’s intentions.

NATURE AND SIGNIFICANCE

That both astrology and alchemy may be regarded as fun-
damental aspects of thought is indicated by their apparent
universality. It is notable, however, that the evidence is
not equally substantial in all times and places. Evidence
from ancient Middle America (Aztecs, Mayans) is still
almost nonexistent; evidence from India is tenuous and
from ancient China, Greece, and Islamic lands is only
relatively more plentiful. A single manuscript of some 80,-
000 words is the principal source for the history of Greek
alchemy. Chinese alchemy is largely recorded in about 100
“books” that are part of the Taoist canon. Neither Indian
nor Islamic alchemy has ever been collected, and scholars
are thus dependent for their knowledge of the subject -on
occasional allusions in works of natural philosophy and
medicine, plus a few specifically alchemical works.

Nor is it really clear what alchemy was (or is). The word
is a European one, derived from Arabic, but the origin
of the root word, chem, is uncertain. Words similar to it
have been found in most ancient languages, with different
meanings, but conceivably somehow related to alchemy.
In fact, the Greeks, Chinese, and Indians usually referred
to what Westerners call alchemy as “The Art,” or by terms
denoting change or transmutation.

The chemistry of alchemy. Superficially, the chemistry
involved in alchemy appears a hopelessly complicated
succession of heatings of multiple mixtures of obscurely
named materials, but it seems likely that a relative sim-
plicity underlies this complexity. The metals gold, silver,
copper, lead, iron, and tin were all known before the rise:
of alchemy. Mercury, the liquid metal, certainly known
before 300 Bc, when it appears in both Eastern and West-
ern sources, was crucial to alchemy. Sulfur, “the stone that
burns,” was also crucial. It was known from prehistoric
times in native deposits and was also given off in metal-
lurgic processes (the “roasting” of sulfide ores). Mercury
united with most of the other metals, and the amalgam
formed coloured powders (the sulfides) when treated with
sulfur. Mercury itself occurs in nature in a red sulfide,
cinnabar, which can also be made artificially. All of these,
except possibly the last, were operations known to the
metallurgist and were adopted by the alchemist.

The alchemist added the action on metals of a number
of corrosive salts, mainly the vitriols (copper and iron
sulfates), alums (the aluminum sulfates of potassium and
ammonium), and the chlorides of sodium and ammo-
nium. And he made much of arsenic’s property of colour-
ing metals. All of these materials, except the chloride of
ammonia, were known in ancient ‘times. Known as sal
ammoniac in the West, nao sha in China, nao sadar
in India, and nushadir in Persia and Arabic lands, the
chloride of ammonia first became known to the West in
the Chou-i ts’an t'ung ch’i, a Chinese treatise of the 2nd
century AD. It was to be crucial to alchemy, for on subli-
mation it dissociates into antagonistic corrosive materials,
ammonia and hydrochloric acid, which readily attack the
metals. Until the 9th century it seems to have come from
a single source, the Flame Mountain (Huo-yen Shan) near
T’u-lu-p’an (Turfan), in Central Asia.

Finally, the manipulation of these materials was to lead
to the discovery of the mineral acids, the history of
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which began in Europe in the 13th century. The first was
probably nitric acid, made by distilling together saltpetre
(potassium nitrate) and vitriol or alum. More difficult to
discover was sulfuric acid, which was distilled from vitriol
or alum alone but required apparatus resistant to corro-
sion and heat. And most difficult was hydrochloric acid,
distilled from common salt or sal ammoniac and vitriol
or alum, for the vapours of this acid cannot be simply
condensed but must be dissolved in water.

Goals. “Transmutation” is the key word characterizing
alchemy, and it may be understood in several ways: in the
changes that are called chemical, in physiological changes
such as passing from sickness to health, in a hoped-for
transformation from old age to youth, or even in passing
from an earthly to a supernatural existence. Alchemical
changes seem always to have been positive, never in-
volving degradation except as an intermediate stage in a
process having a “happy ending.” Alchemy aimed at the
great human “goods”: wealth, longevity, and immortality.

Alchemy was not original in seeking these goals, for it
had been preceded by religion, medicine, and metallurgy.
The first chemists were metallurgists, who were perhaps
the most successful practitioners of the arts in antiquity.
Their theories seem to have come not from science but
from folklore and religion. The miner and metallurgist,
like the agriculturalist, in this view, accelerate the normal
maturation of the fruits of the éarth, in a magico-religious
relationship with nature. In primitive societies the metal-
lurgist is often a member of an occult religious society.

But the first ventures into natural philosophy, the begin-
nings of what is called the scientific view, also' preceded
alchemy. Systems of five almost identical basic elements
were postulated in China, India, and Greece, according to
a view in which nature comprised antagonistic, opposite
forces—hot and cold, positive and negative, and male
and female; i.e., primitive versions of the modern concep-
tion of energy. Drawing on a similar astrological heritage,
philosophers found correspondences among the elements,
planets, and metals. In short, both the chemical arts and
the theories of the philosophers of nature had become
complex before alchemy appeared.

REGIONAL VARIATIONS

Chinese alchemy. Neither in China nor in the West can
scholars approach with certitude the origins of alchemy,
but the evidences in China appear to be slightly older. In-
deed, Chinese alchemy was connected with an enterprise
older than metallurgy—i.e., medicine. Belief in physical
immortality among the Chinese seems to go back to the
8th century Bc, and belief in the possibility of attaining it
through drugs to the 4th century Bc. The magical drug,
namely the “elixir of life” (elixir is the European word),
is mentioned about that time, and that most potent elixir,
“drinkable gold,” which was a solution (usually imaginary)
of this corrosion-resistant metal, as early as the 1st century
BC—many centuries before it is heard of in the West.

Although non-Chinese influences (especially Indian) are
possible, the genesis of alchemy in China may have been
a purely domestic affair. It emerged during a period of
political turmoil, the Warring States Period (from the 5th
to the 3rd century BC), and it came to be associated
with Taoism—a mystical religion founded by the 6th-
century-Bc sage Lao-tzu—and its sacred book, the Tao-te
Ching (“Classic of the Way of Power™). The Taoists were
a miscellaneous collection of “outsiders”—in relation to
the prevailing Confucians—and such mystical doctrines as
alchemy were soon grafted onto the Taoist canon. What is
known of Chinese alchemy is mainly owing to that graft,
and especially to a collection known as Yiin chi ch’i ch’ien
(“Seven Tablets in a Cloudy Satchel”), which is dated
1023. Thus, sources on alchemy in China (as elsewhere)
are compilations of much earlier writings.

The oldest known Chinese alchemical treatise is the
Chou-i ts’an t'ung ch’i (“Commentary on the I Ching”).
In the main it is an apocryphal interprétation of the 7
Ching (“Classic of Changes”), an ancient classic especially
esteemed by the Confucians, relating alchemy to the mys-
tical mathematics of the 64 hexagrams (six-line figures
used for divination). Its relationship to chemical practice
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is tenuous, but it mentions materials (including sal ammo-
niac) and implies chemical operations. The first Chinese
alchemist who is reasonably well known was Ko Hung
(AD 283-343), whose book Pao-p’u-tzu (pseudonym of
Ko Hung) contains two chapters with obscure recipes for
elixirs, mostly based on mercury or arsenic compounds.
The most famous Chinese alchemical book is the Tan chin
yao chiieh (“Great Secrets of Alchemy”), probably by Sun
Ssu-miao (AD 581-after 673). It is a practical treatise on
creating elixirs (mercury, sulfur, and the salts of mercury
and arsenic are prominent) for the attainment of immor-
tality, plus a few for specific cures for disease and such
other purposes as the fabrication of precious stones.

Altogether, the similarities between the materials used
and the elixirs made in China, India, and the West are
more remarkable than are their differences. Nonetheless,
Chinese alchemy differed from that of the West in its ob-
jective. Whereas in the West the objective seems to have
evolved from gold to elixirs of immortality to simply su-
perior medicines, neither the first nor the last of these ob-
jectives seems ever to have been very important in China.

Chinese alchemy was consistent from first to last, and
there was relatively little controversy among its practition-
ers, who seem to have varied only in their prescriptions for
the elixir of immortality or perhaps only over their names
for it, of which one Sinologist has counted about 1,000. In
the West there were conflicts between advocates of herbal
and “chemical” (i.e., mineral) pharmacy, but in China
mineral remedies were always accepted. There were, in
Europe, conflicts between alchemists who favoured gold
making and those who thought medicine the proper goal,
but the Chinese always favoured the latter. Since alchemy
rarely achieved any of these goals, it was an advantage to
the Western alchemist to have the situation obscured, and
the art survived in Europe long after Chinese alchemy had
simply faded away.

Chinese alchemy followed its own path. Whereas the
Western world, with its numerous religious promises of
immortality, never seriously expected alchemy to fulfill
that goal, the deficiencies of Chinese religions in respect
to promises of immortality left that goal open to the al-
chemist. A serious reliance on medical elixirs that were in
varying degrees poisonous led the alchemist into perma-
nent exertions to moderate those poisons, either through
variation of the ingredients or through chemical manip-
ulations. The fact that immortality was so desirable and
the alchemist correspondingly valued enabled the British
historian of science Joseph Needham to tabulate a series of
Chinese emperors who probably died of elixir poisoning.
Ultimately a succession of royal deaths made alchemists
and emperors alike more cautious, and Chinese alchemy
vanished (probably as the Chinese adopted Buddhism,
which offered other, less dangerous avenues to immortal-
ity), leaving its literary manifestations embedded in the
Taoist canons.

Indian alchemy. The oldest Indian writings, the Vedas
(Hindu sacred scriptures), contain the same hints of
alchemy that are found in evidence from ancient China,
namely vague references to a connection between gold
and long life. Mercury, which was so vital to alchemy
everywhere, is first mentioned in the 4th- to 3rd-century-
BC Artha-sastra, about the same time it is encountered in
China and in the West. Evidence of the idea of transmut-
ing base metals to gold appears in 2nd- to Sth-century-
AD Buddhist texts, about the same time as in the West.
Since Alexander the Great had invaded India in 325 Bc,
leaving a Greek state (Gandhara) that long endured, the
possibility exists that the Indians acquired the idea from
the Greeks, but it could have been the other way around.

It is also possible that the alchemy of medicine and im-
mortality came to India from China, or vice versa; in any
case, gold making appears to have been a minor concern,
and medicine the major concern, of both cultures. But
the elixir of immortality was of little importance in India
(which had other avenues to immortality). The Indian
elixirs were mineral remedies for specific diseases or, a
the most, to promote long life. :

As in China and the West, alchemy in India came to be
associated with religious mysticism, but much later—not

until the rise of Tantrism (an esoteric, occultic, medita-
tive system), Ap 1100-1300. To Tantrism are owed writ-
ings that are clearly alchemical (such as the 12th-century
Rasarnava, or “Treatise on Metallic Preparations”).

From the earliest records of Indian natural philosophy,
which date from the 5th-3rd centuries Bc, theories of
nature were based on conceptions of material elements
(fire, wind, water, earth, and space), vitalism (“animated
atoms”), and dualisms of love and hate or action and
reaction. The alchemist coloured metals and on occasion
“made” gold, but he gave little importance to that. His
six metals (gold, silver, tin, iron, lead, and copper), each
further subdivided (five kinds of gold, etc.), were “killed”
(i.e., corroded) but not “resurrected,” as was the custom
of Western alchemy. Rather, they were killed to make
medicines. Although “the secrets of mercurial lore” be-.
came part of the Tantric rite, mercury seems to have been
much less important than in China. The Indians exploited
metal reactions more widely, but, although they possessed
from an early date not only vitriol and sal ammoniac
but also saltpetre, they nevertheless failed to discover the
mineral acids. This is the more remarkable because India
was long the principal source of saltpetre, which occurs as
an efflorescence on the soil, especially in populous tropical
countries. But it lacks the high degree of corrosivity of
metals possessed by the vitriols and chlorides and played a
small part in early alchemy. Saltpetre appears particularly
in 9th-to 11th-century-AD Indian and Chinese recipes for
fireworks, one of which—a mixture of saltpetre, sulfur,
and charcoal—is gunpowder. Saltpetre first appears in Eu-
rope in the 13th century, along with the modern formula
for gunpowder and the recipe for nitric acid.

Hellenistic alchemy. Western alchemy may go back to
the beginnings of the Hellenistic period (c. 300 Bc-c.
AD 300), although the earliest alchemist whom authori-
ties have regarded as authentic is Zosimos of Panopolis
(Egypt), who lived near the end of the period. He is
one of about 40 authors represented in a compendium
of alchemical writings that was probably put together in
Byzantium (Constantinople) in the 7th or 8th century AD
and that exists in manuscripts in Venice and Paris. Syne-
sius, the latest author represented, lived in Byzantium in
the 4th century. The earliest is the author designated De-
mocritus but identified by scholars with Bolos of Mende,
a Hellenized Egyptian who lived in the Nile Delta about
200 Bc. He is represented by a treatise called Physica et
mystica (“Natural and Mystical Things”), a kind of recipe
book for dyeing and colouring but principally for the
making of gold and silver. The recipes are stated obscurely
and are justified with references to the Greek theory of
elements and to astrological theory. Most end with the
phrase “One nature rejoices in another nature; one nature
triumphs over another nature; one nature masters another
nature,” which authorities variously trace to the Magi
(Zoroastrian priests), Stoic pantheism (a Greek philosophy
concerned with nature), or to the 4th-century-Bc Greek
philosopher Aristotle. It was the first of a number of such
aphorisms over which alchemists were to speculate for
many centuries.

In 1828 a group of ancient papyrus manuscripts written
in Greek was purchased in Thebes (Egypt), and about a
half-century later it was noticed that among them, di-
vided between libraries in Leyden (The Netherlands) and
Stockholm, was a tract very like the Physica et mystica. It
differed, however, in that it lacked the former’s theoretical
embellishments and stated in some recipes that only fraud-
ulent imitation of gold and silver was intended. Scholars
believe that this kind of work was the ancestor both of the
Physica et mystica and of the ordinary artist’s recipe book.
The techniques were ancient. Archaeology has revealed
metal objects inlaid with colours obtained by grinding
metals with sulfur, and Homer’s description (8th century
BC) of the shield of Achilles gives the impression that the
artist in his time was virtually able to paint in metal.

Democritus is praised by most of the other authors in
the Venice-Paris manuscript, and he is much commented
upon. But only Zosimos shows what had become of
alchemy after Bolos of Mende. His theory is luxuriant in
imagery, beginning with a discussion of “the composition
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of waters, movement, growth, embodying and disembody-
ing, drawing the spirits from bodies and binding the spirits
within bodies” and continuing in the same vein. The
“base” metals are to be “ennobled” (to gold) by killing and
resurrecting them, but his practice is full of distillation and
sublimation, and he is obsessed with “spirits.” Theory and
practice are joined in the concept that success depends
upon the production of a series of colours, usually black,
white, yellow, and purple, and that the colours are to be
obtained through Theion hydor (divine or sulfur water—
it could mean either).

Zosimos credits these innovations mainly to Maria (some-
times called “the Jewess”), who invented the apparatus,
and to Agathodaimon, probably a pseudonym. Neither is
represented (beyond Zosimos’ references) in ‘the Venice-
Paris manuscript, but a tract attributed to Agathodaimon,
published in 1953, shows him to be preoccupied with the
colour sequence and complicating it by using arsenic in-
stead of sulfur. Thus, the colour-producing potentialities
of chemistry were considerable by the time of Zosimos.

Zosimos also shows that alchemical theory came to focus
on the idea that there exists a substance that can bring
about the desired transformation instantly, magically, or,
as a modern chemist might say, catalytically. He called
it “the tincture,” and had several. It was also sometimes
called “the powder” (xérion), which was to pass through
Arabic into Latin as elixir and finally (signifying its inor-
ganic nature) as the “philosopher’s stone,” “a stone which
is not a stone,” as the alchemists were wont to say. It was
sometimes called a medicine for the rectification of “base”
or “sick” metals, and from this it was a short step to
view it as a drug for the rectification of human maladies.
Zosimos notes the possibility, in passing. When the ob-
jective of alchemy became human salvation, the material
constitution of the elixir became less important than the
incantations that accompanied its production. Synesius,
the last author in the Venice-Paris manuscript, already
defined alchemy as a mental operation, independent of
the science of matter.

Thus, Greek alchemy came to resemble, in both theory
and practice, that of China and India. But its objectives
included gold making; thus it remained fundamentally
different.

Arabic alchemy. Arabic alchemy is as mysterious as
Greek in its origins, and the two seem to have been
significantly different. The respect in which Physica et
mystica was held by the Greek alchemists was bestowed
by the Arabs on a different work, the Emerald Tablet
of Hermes Trismegistos, the reputed Hellenistic author of
various alchemical, occultic, and theological works. Begin-
ning “That which is above is like to that which is below,
and that which is below is like to that which is above,”
it is brief, theoretical, and astrological. Hermes “the thrice
great” (Trismegistos) was a Greek version of the Egyptian
god Thoth and the supposed founder of an astrological
philosophy that is first noted in 150 Bc. The Emerald
Tablet, however, comes from a larger work called Book of
the Secret of Creation, which exists in Latin and Arabic
manuscripts and was thought by the Muslim alchemist ar-
Razi to have been written during the reign of Caliph al-
Ma’min (Ap 813-833), though it has been attributed to
the 1st-century-AD pagan mystic Apollonius of Tyana.

Some scholars have suggested that Arabic alchemy de-
scended from a western Asiatic school and that Greek
alchemy was derived from an Egyptian school. As far as
is known, the Asiatic school was not Chinese or Indian.
What is known is that Arabic alchemy was associated with
a specific city in Syria, Harran, which seems to have been a
fountainhead of alchemical notions. And it is possible that
the distillation ideology and its spokeswoman, Maria—as
well as Agathodaimon—represented the alchemy of Har-
ran, which presumably migrated to Alexandria and was
incorporated into the alchemy of Zosimos.

The existing versions of the Book of the Secret of Creation
have been carried back only to the 7th or 6th century but
are believed by some to represent much earlier writings,
although not necessarily those of Apollonius himself. He
is the subject of an ancient biography that says nothing
about alchemy, but neither does the Emerald Tablet nor
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the rest of the Book of the Secret of Creation. On the
other hand, their theories of nature have an alchemical
ring, and the Book mentions the characteristic materials
of alchemy; including, for the first time in the West, sal
ammoniac. It was clearly an important book to the Arabs,
most of whose eminent philosophers mentioned alchemy,
although sometimes disapprovingly. Those who practiced
it were even more interested in literal gold making than
had been the Greeks. The most well-attested and prob-
ably the greatest Arabic alchemist was ar-Razi (c. 850-
923/924), a Persian physician who lived in Baghdad. The
most famous was Jabir ibn Hayyan, now believed to. be
a name applied to a collection of “underground writings”
produced in Baghdad after the theological reaction against
science. In any case, the Jabirian writings are very similar
to those of ar-Razi.

Ar-Razi classified the materials used by the alchemist
into “bodies” (the metals), stones, vitriols, boraxes, salts,
and “spirits,” putting into the latter those vital (and' sub-
limable) materials, mercury, sulfur, orpiment and realgar
(the arsenic sulfides), and sal ammoniac. Much is made
of sal ammoniac, the reactive powers of which seem to
have given Western alchemy a new lease on life. Ar-Razi
and the Jabirian writers were really trying to make gold,
through the catalytic action of the elixir. Both wrote much
on the compounding of “strong waters,” an enterprise
that was ultimately to lead to the discovery of the min-
eral acids, but students have been no more able to find
evidence of this discovery in the writings of the Arabic
alchemists than in those of China and India. The Arabic
strong waters were merely corrosive salt solutions.

Ar-Razi’s writing represents the apogee of Arabic alchemy,
so much so that students of alchemy have little evidence
of its later reorientation toward mystical or quasi-religious
objectives. Nor does it seem to have turned to medicine,
which remained independent. But there was a tendency
in Arabic medicine to give greater emphasis to mineral
remedies and less to the herbs that had been the chief
medicines of the earlier Greek and Arabic physicians. The
result was a pharmacopoeia not of elixirs but of specific
remedies that are inorganic in origin and not very differ-
ent from the elixirs of ar-Razi. This new pharmacopoeia
was taken to Europe by Constantine of Africa, a Baghdad-
educated Muslim who died in 1087 as a Christian monk at
Monte Cassino (Italy). The pharmacopoeia also appeared
in Spain in the 11th century and passed from there to
Latin Europe, along with the Arabic alchemical writings,
which were translated into Latin in the 12th century.

Latin alchemy. In the 12th century the Christian West
began to shed its habit of indifference or hostility to the
secular literature of ancient and alien civilizations. Chris-
tian scholars were particularly attracted to Muslim Spain
and Sicily and there made translations from both Arabic
and Greek works, many of which were in some degree
familiar, but some of which, including the literature of
alchemy, were new.

The Greek alchemy of the Venice-Paris manuscript had
much less impact than the work of ar-Razi and other
Arabs, which emerged among the voluminous translations
made in Spain about 1150 by Gerard of Cremona. By
1250 alchemy was familiar enough to enable such en-
cyclopaedists as Vincent of Beauvais to discuss it fairly
intelligibly, and before 1300 the subject was under discus-
sion by the English philosopher and scientist Roger Bacon
and the German philosopher, scientist, and theologian
Albertus Magnus. To learn about alchemy was to learn
about chemistry, for Europe had no independent word to
describe the science of matter. It had been touched upon
in works concerned with other forms of change—e.g., the
motion of projectiles, the aging of man, and similar Aris-
totelian concepts. On the practical side there were also
artists’ recipe books; but for the first time in the works
of Bacon and Albertus Magnus change was discussed in a
truly chemical sense, with Bacon treating the newly trans-
lated alchemy as a general science of matter for which he
had great hopes.

But the more familiar alchemy became, the more clearly
it was understood that gold making was the almost exclu-
sive objective of alchemy, and Europeans proved no more
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resistant to the lure of this objective than their Arabic
predecessors. By 1350, alchemical tracts were pouring out
of the scriptoria (monastic copying rooms), and the Euro-
peans had even taken over the tradition of anonymity and
false attribution. One authority wrote at length about sup-
posed disagreements between two Arabs, Iahiae Abindinon
and Geber Abinhaen, who were probably two versions of
the name of Jabir ibn Hayyan. The most famous Jabirian
work in Europe, The Sum of Perfection, is now thought
to have been an original European composition. At about
this time personal reminiscences of alchemists began to
appear. Most famous was the Paris notary Nicolas Flamel
(1330-1418), who claimed that he dreamed of an occult
book, subsequently found it, and succeeded in deciphering
it with the aid of a Jewish scholar learned in the mystic
Hebrew writings known as the Kabbala. In 1382 Flamel
claimed to have succeeded in the “Great Work” (gold
making); certainly he became rich and made donations
to churches.

By 1300 alchemists had begun the discovery of the min-
eral acids, a discovery.that occupied about three centuries
between the first evidence of the new strong water (aqua
fortis—i.e., nitric acid) and the clear differentiation of the
acids into three kinds: nitric, hydrochloric, and sulfuric.
These three centuries saw prodigious efforts in European
alchemy, for these spontaneously reactive and highly cor-
rosive substances opened a whole new world of research.
And yet, it was of little profit to chemistry, for the exper-
iments were inhibited by the old objectives of separating
the base metals into their “elements,” concocting elixirs,
and other traditional procedures.

The “water of life” (aqua vitae; i.e., alcohol) was prob-
ably discovered a little earlier than nitric acid, and some
physicians and a few alchemists turned to the elixir of life
as an objective. John of Rupescissa, a Catalonian monk
who wrote c. 1350, prescribed virtually the same elixirs
for metal ennoblement and for the preservation of health.
His successors multiplied elixirs, which lost their unique-
ness and finally simply became new medicines, often for
specific ailments. Medical chemistry may have been con-
ceived under Islam, but it was born in Europe. It only
awaited christening by its great publicist, Paracelsus (1493-
1541), who was the sworn enemy of the malpractices of
16th-century medicine and a vigorous advocate of “folk”
and “chemical” remedies. By the end of the 16th century,
medicine was divided into warring camps of Paracelsians
and anti-Paracelsians, and the alchemists began to move
en masse into pharmacy.

Paracelsian pharmacy was to lead, by a devious path,
to modern chemistry, but gold making still persisted,
though methods sometimes differed. Salomon Trismosin,
purported author of the Splendor solis, or “Splendour
of the Sun” (published 1598), engaged in extensive visits
to alchemical adepts (a common practice) and claimed
success through “kabbalistic and magical books in the
Egyptian language.” The impression given is that many
had the secret of gold making but that most of them
had acquired it from someone else and not from personal
experimentation. Illustrations, often heavily symbolic, be-
came particularly important, those of Splendor solis being
far more complex than the text but clearly exercising a
greater appeal, even to modern students.

MODERN ALCHEMY

The possibility of chemical gold making was not con-
clusively disproved by scientific evidence until the 19th
century. As rational a scientist as Sir Isaac Newton (1643-
1727) had thought it worthwhile to experiment with it.
The official attitude toward alchemy in the 16th to 18th
century was ambivalent. On the one hand, The Art posed
a threat to the control of precious metal and was often
outlawed; on the other hand, there were obvious advan-
tages to any sovereign who could control gold making.
In “the metropolis of alchemy,” Prague, the Holy Roman.
emperors Maximilian II (reigned 1564-76) and Rudolf
1I (reigned 1576-1612) proved ever-hopeful sponsors and
entertained most of the leading alchemists of Europe.
This was not altogether to the alchemist’s advantage. In
1595 Edward Kelley, an English alchemist and companion

of the famous astrologer, alchemist, and mathematician
John Dee, lost his life in an attempt to escape after im-
prisonment by Rudolf II, and in 1603 the elector of Sax-
ony, Christian II, imprisoned and tortured the Scotsman
Alexander Seton, who had been traveling about Europe
performing well-publicized transmutations. The situation
was complicated by the fact that some alchemists were
turning from gold making not to medicine but to a
quasi-religious alchemy reminiscent of the Greek Synesius.
Rudolf II made the German alchemist Michael Maier a
count and his private secretary, although Maier’s mystical
and allegorical writings were, in the words of a modern
authority, “distinguished for the extraordinary obscurity
of his style” and made no claim to gold making. Neither
did the German alchemist Heinrich Khunrath (¢. 1560-
1601), whose works have long been esteemed for their
illustrations, make such a claim.

Conventional attempts at gold making were not dead,
but by the 18th century alchemy had turned conclusively
to religious aims. The rise of modern chemistry engen-
dered not only general skepticism as to the possibility of
making gold but also widespread dissatisfaction with the
objectives of modern science, which were viewed as too
limited. Unlike the scientists of the Middle Ages and Re-
naissance, the successors of Newton and the great 18th-
century French chemist Antoine-Laurent Lavoisier limited
their objectives in a way that amounted to a renunciation
of what many had considered the most important question
of science, the relation of man to the cosmos. Those who
persisted in asking these questions came to feel an affinity
with the alchemists and sought their answers in the texts
of “esoteric,” or spiritual, alchemy (as distinct from the
“exoteric” alchemy of the gold makers), with its roots in
Synesius and other late Greek alchemists. of the Venice—
Paris manuscript.

This spiritual alchemy, or Hermetism, as its practition-
ers often prefer to call it, was popularly associated with
the supposititious Rosicrucian brotherhood, whose so-
called Manifestoes (author unknown; popularly ascribed
to the German theologian Johann Valentin Andrei) had
appeared in Germany in the early 17th century and had
attracted the favourable attention not only of such reform-

Saturn, or Mercurius senex, being cooked in the bath until
the spirit or white dove (pneuma) ascends. From Salomon
Trismosin’s Splendor solis, 1598. In the British Museum
(MS, Harley 3469). :

By courtesy of the trustees of the British Museum
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ing alchemists as Michael Maier but also of many promi-
nent philosophers who were disquieted by the mechanistic
character of the new science. In modern times alchemy
has become a focal point for various kinds of mysticism.
The old alchemical literature continues to be scrutinized
for evidence, because alchemical doctrine is claimed to
have on more than one occasion come into the possession
of man but always again been lost. Nor is its association
with chemistry considered accidental. In the words of
the famous 19th-century English spiritual alchemist Mary
Anne Atwood,

Alchemy is an universal art of vital chemistry which by fer-
menting the human spirit purifies and finally dissolves it.. ..
Alchemy is philosophy; it is the philosophy, the finding of the
Sophia in the mind.

ASSESSMENTS OF ALCHEMY

Accomplishments. The most persistent goals of alchemy
have been the prolongation of life and the transmuta-
tion of base metals into gold. It appears that neither was
accomplished, unless one credits alchemy with the conse-
quences of modern chemotherapy and the cyclotron.

It has been said that alchemy can be credited with the
development of the science of chemistry, a keystone of
modern science. During the alchemical period the reper-
toire of known substances was enlarged (e.g., by the ad-
dition of sal ammoniac and saltpetre), alcohol and the
mineral acids were discovered, and the basis was laid
from which modern chemistry was to rise. Historians of
chemistry have been tempted to credit alchemy with lay-
ing this base while at the same time regarding alchemy
as mostly “wrong.” It is far from clear, however, that the
basis of chemistry was in fact laid by alchemy rather than
medicine. During the crucial period of Arabic and early
Latin alchemy, it appears that innovation owed more to
nascent medical chemistry than to alchemy.

But those who explore the history of the science of mat-
ter, where matter is considered on a wider basis than the
modern chemist understands the term, may find alchemy
more rewarding. Numerous Hermetic writers of* previous
centuries claimed that the aims of their art could yet
be achieved—indeed, that the true knowledge had been
repeatedly found and repeatedly lost. This is a matter of
judgment, but it can certainly be said that the modern
chemist has not attained the goal sought by the alchemist.
For those who are wedded to scientific chemistry, alchemy
can have no further interest. For those who seek the wider
goal, which was also that of the natural philosopher before
the advent of “mechanical,” “Newtonian,” or “modern”
science, the search is still on.

Interpretations. Charlatanism was a prominent feature
of European alchemy during the 16th century, and such
monarchs as Rudolf II—even if they had mainly them-
selves to blame—were not entirely without reason in incar-
cerating some of their resident adepts. The picturesqueness
of this era, which also saw. the birth of the modern science
of chemistry, has led many historians of chemistry to view
alchemy in general as a fraud.

Other historians of chemistry have attempted to differ-
entiate the good from the bad in alchemy, citing as good
the discovery of new substances and processes and the
invention of new apparatus. Some of this was certainly
accomplished by alchemists (e.g., Maria), but most of it is
more justifiably ascribed to early pharmacists.

Scholars generally agree that alchemy had something to
do with chemistry, but the modern Hermetic holds that
chemistry was the handmaiden of alchemy, not the re-
verse. From this point of view the development of modern
chemistry involved the abandonment of the true goal of
the art. :

Finally, a new interpretation was offered in the 1920s
by the Swiss psychoanalyst Carl Jung, who, following the
earlier work of the Austrian psychologist Herbert Silberer,
judged alchemical literature to be explicable in psycho-
logical terms. Noticing the similarities between alchemical
literature, particularly in its reliance on bizarre symbolic
illustrations, and the dreams and fantasies of his pa-
tients, Jung viewed them as manifestations of a “collective
unconscious” (inherited disposition). Jung’s theory, still
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largely undeveloped, remains a challenge rather than an
explanation. (R.P.M./R.A.Gi.)

Divination: astrology

Divination, the alleged art or science of foretelling the
future by various natural, psychological, and other tech-
niques, is a phenomenon found in all civilizations, both
ancient and modern. In the context of ancient Latin
language and belief, divination was concerned with dis-
covering the will of the gods. Today, however, scholars
no longer restrict the word to that earlier root meaning.
Divinatory practices and the beliefs undergirding them are
greater in scope than the ancient methods of discerning
the will of the gods and the fatalistic view of the human
condition that inspired so much of early Mediterranean
religious thought. In some societies, in fact, divination is
a practice to which many persons frequently resort, but
never in terms of discovering the will of the gods. The idea
of a godly providence controlling human affairs, in such
societies; is unusual, although humbler spirits are often
thought to intervene in troublesome ways. (GK.P)

The most significant form of divination is astrology,
defined as the science, or pseudoscience, of forecasting
earthly and human events by means of observing and
interpreting the fixed stars, the Sun, the Moon, and the
planets. As a science, astrology has been used to predict
or affect the destinies of individuals, groups, or nations by
an assumed understanding of the influence of the planets
and stars on earthly affairs. As a pseudoscience, astrology
is considered to be diametrically opposed to the findings
and theories of modern Western science.

NATURE AND SIGNIFICANCE

Astrology is a method of predicting mundane events
based upon the assumption that the celestial bodies—
particularly the planets and the stars considered in their
arbitrary combinations or configurations (called constella-
tions)—in some way either determine or indicate changes
in the sublunar world. The theoretical basis for this as-
sumption lies historically in Hellenistic philosophy and
radically distinguishes astrology from the celestial omina
(“omens”) that were first categorized and cataloged in an-
cient Mesopotamia. Originally, astrologers presupposed a
geocentric universe in which the “planets” (including the
Sun and Moon) revolve in orbits whose centres are at or
near the centre of the Earth, and in which the stars are
fixed upon a sphere with a finite radius whose centre is
also the centre of the Earth. Later, the principles of Aris-
totelian physics were adopted, according to which there is
an absolute division between the eternal, circular motions
of the heavenly element and the limited, linear motions
of the four sublunar elements: fire, air, water, earth.

Special relations were believed to exist between particular
celestial bodies and their varied motions, configurations
with each other, and the processes of generation and decay
apparent in the world of fire, air, water, and earth. These
relations were sometimes regarded as so complex that no
human mind could completely grasp them; thus, the as-
trologer might be readily excused for any errors. A similar
set of special relations was also assumed by those whose
physics was more akin to that of the Greek philosopher
Plato. For the Platonic astrologers, the element of fire was
believed to extend throughout the celestial spheres, and
they were more likely than the Aristotelians to believe in
the possibility of divine intervention in the natural pro-
cesses through celestial influences ‘upon the Earth, since
they believed in the deity’s creation of the celestial bod-
ies themselves. )

The role of the divine in astrological theory varies con-
siderably. In its most rigorous aspect, astrology postulates
a totally mechanistic universe, denying to the deity the
possibility of intervention and to man that of free will; as
such it was vigorously attacked by orthodox Christianity
and Islam. For some, however, astrology is not an exact
science like astronomy but merely indicates trends and di-
rections that can be altered either by divine or by human
will. In the interpretation of Bardesanes, a Syrian Christian
scholar (154-c. 222)—who has often been identified as a
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Gnostic (a believer in esoteric -salvatory knowledge and
the view that matter is evil and spirit good)—the motions
of the stars govern only the elemental world, leaving the
soul free to choose between the good and the evil. Man’s
ultimate goal is to attain emancipation from an astrolog-
ically dominated material world. Some astrologers, such
as the Harranians (from the ancient Mesopotamian city
of Harran) and the Hindus, regard the planets themselves
as potent deities whose decrees can be changed through
supplication and liturgy or through theurgy, the science of
persuading the gods or other supernatural powers. In still
other interpretations—e.g., that of the Christian Priscil-
lianists (followers of Priscillian, a Spanish ascetic of the 4th
century who apparently held dualistic views)—the stars
merely make manifest the will of God to those trained in
astrological symbolism. .

Significance of astral omens. The view that the stars
make manifest the divine will is closest to the concept
that lies behind the ancient Mesopotamian collections of
celestial omens. Their primary purpose was to inform the
royal court of impending disaster or success. These might
take the forms of meteorological or epidemic phenomena
affecting entire human, animal, or plant populations. Fre-
quently, however, they involved the military affairs of the
state or the personal lives of the ruler and his family. Since
the celestial omina were regarded not as deterministic but
rather as indicative—as a kind of symbolic language in
which the gods communicated with men about the future
and as only a part of a vast array of ominous events—it was
believed that their unpleasant forebodings might be miti-
gated or nullified by ritual means or by contrary omens.
The baru (the official prognosticator), who observed and
interpreted the celestial omina, was thus in a position to
advise his royal employer on the means of avoiding mis-
fortunes; the omens provided a basis for intelligent action
rather than an indication of an inexorable fate.

Purposes of astrology. The original purpose of astrol-
ogy, on the other hand, was to inform the individual of
the course of his life on the basis of the positions of
the planets and of the zodiacal signs (the 12 astrological
constellations) at the moment of his birth or conception.
From this science, called genethlialogy (casting nativities),
were developed the fundamental techniques of astrology.
The main subdivisions of astrology that developed after
genethlialogy are general, catarchic, and interrogatory.

General astrology studies the relationship of the signifi-
cant celestial moments (e.g., the times of vernal equinoxes,
eclipses, or planetary conjunctions) to social groups, na-
tions, or all humanity. It answers, by astrological means,
questions formerly posed in Mesopotamia to the baru.

Catarchic (pertaining to beginnings or sources) astrology
determines whether or not a chosen moment is astrologi-
cally conducive to the success of a course of action begun
in it. Basically in conflict with a rigorous interpretation of
genethlialogy, it allows the individual (or corporate body)
to act at astrologically favourable times and, thereby, to
escape any failures predictable from his (or its) nativity.

Interrogatory astrology provides answers to a client’s
queries based on the situation of the heavens at the mo-
ment of his posing the questions. This astrological consult-
ing service is even more remote from determinism than
is catarchic astrology; it is thereby closer to divination by
omens and insists upon the ritual purification and prepa-
ration of the astrologer.

Other forms of astrology, such as iatromathematics (ap-
plication of astrology to medicine) and military astrology
are variants on one or another of the above.

HISTORICAL DEVELOPMENT

Astral omens in the ancient Middle East. The astral
omens employed in Mesopotamian divination were later
commingled with what came to be known as astrology
in the strict sense of the term and constituted within as-
trology a branch described as natural astrology. Though
lunar eclipses apparently were regarded as ominous at a
somewhat earlier period, the period of the Ist dynasty of
Babylon (18th to 16th centuries Bc) was the time when
the cuneiform text Entima Anu Enlil, devoted to celestial
omina, was initiated. The final collection and codification

of this series, however, was not accomplished before the
beginning of the 1st millennium Bc. But the tablets that
have survived—mainly from the Assyrian library of King
Ashurbanipal (7th century Bc)—indicate that a standard
version never existed. Each copy had its own characteristic
contents and organization designed to facilitate its owner’s
consultation of the omens.

The common categories into which the omens of Eniima
Anu Enlil were considered to fall were four, named after
the chief gods involved in the ominous communication:
Sin, Shamash, Adad, and Ishtar. Sin (the Moon) contains
omens involving such lunar phenomena as first crescents,
eclipses, halos, and conjunctions with various fixed stars;
Shamash (the Sun) deals with omens involving such solar
phenomena as eclipses, simultaneous observations of two
suns, and perihelia (additional suns); Adad (the weather
god) is concerned with omens involving meteorological
phenomena, such as thunder, lightning, and cloud forma-
tions, as well as earthquakes; and Ishtar (Venus) contains
omens involving planetary phenomena such as first and
last visibilities, stations (the points at which the planets
appear to stand still), acronychal risings (rising of the
planet in the east when the Sun sets in the west), and
conjunctions with the fixed stars.

Though these omens are often cited in the reports of a
network of observers established throughout the Assyrian
Empire in the 7th century BC, they seem to have lost their
popularity late in the period of the Persian domination
of Mesopotamia (ending in the 4th century Bc). During
the later period new efforts were made, in a large number
of works called Diaries, to find the correct correlations
between celestial phenomena and terrestrial events. Before
this development, however, portions of the older -omen
series were transmitted to Egypt, Greece, and India as a
direct result of the Achaemenid domination (a dynasty
ruling in Persia 559-330 Bc) of these cultural areas or of
their border regions.

Astral omens in Egypt, Greece, India, China, and Islam.
The evidence for a transmission of lunar omens to Egypt
in the Achaemenid period lies primarily in a demotic
papyrus based on an original of about 500 Bc. A more
extensive use of Mesopotamian celestial omens is attested
by the fragments of a book written in Greek in the 2nd
century Bc and claimed as a work addressed to a King
Nechepso by the priest Petosiris. From this source, among
others, the contents of Eniima Anu Enlil were included
in the second book of the Apotelesmatika, or “Work on
Astrology” (commonly called the Tetrabiblos, or “Four
Books”), by Ptolemy, a Greek astronomer of the 2nd cen-
tury AD; the first book of an astrological compendium, by
Hephaestion of Thebes, a Greco-Egyptian astrologer of the
5th century AD; and the On Signs of John Lydus, a Byzan-
tine bureaucrat of the 6th century. Yet another channel of
transmission to the Greeks was through the Magusaeans
of Asia Minor, a group of Iranian settlers influenced by
Babylonian ideas. Their teachings are preserved in several
classical works on natural history, primarily that of Pliny
the Elder (c. AD 23-79), and the Geoponica (a late collec-
tion of agricultural lore).

In various Middle Eastern languages there also exist many
texts dealing with celestial omens, though their sources
and the question as to whether they are directly descended
from a Mesopotamian tradition or are derived from Greek
or Indian intermediaries is yet to be investigated. Of these
texts the most important are those ascribed to Hermes
Trismegistos by the Harranians and now preserved in Ara-
bic, the Book of the Zodiac of the Mandaeans (a Gnostic
sect still existing in Iraq and Khuzistan), the Apocalypse,
attributed to the Old Testament prophet Daniel (extant.in
Greek, Syriac, and Arabic versions), and The Book of the
Bee in Syriac.

The transmission of Mesopotamian omen literature to
India, including the material in Enama Anu Enlil, ap-
parently took place in the 5th century Bc during the
Achaemenid occupation of the Indus Valley. The first
traces are found in Buddhist texts of this period, and
Buddhist missionaries were instrumental in carrying this
material to Central Asia, China, Tibet, Japan, and South-
east Asia. But the most important of the works of this In-
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dian tradition and the oldest extant one in Sanskrit is the
earliest version of the as yet unpublished Gargasambhita
(“Compositions of Garga”) of about the Ist century AD.
The original Mesopotamian material was modified so as
to fit into the Indian conception of society, including the
system of the four castes and the duty of the upper castes
to perform the samskaras (sanctifying ceremonies).

There are numerous later compilations of omens in San-
skrit—of which the most notable are the Brhatsamhita, or
“Great Composition,” of Varahamihira (c. 550), the Jaina
Bhadrabahu-samhita, or “Composition of Bhadrabahu”
(c. 10th century), and the Parisistas (“Supplements™) of
the Atharvaveda (perhaps 10th or 11th century)—though
these add little to the tradition. But in the works of the
13th century and later, entitled 7djika, there is a mas-
sive infusion of the Arabic adaptations of the originally
Mesopotamian celestial omens as transmitted through Per-
sian (7 gjika) translations. In 7gjika the omens are closely
connected with general astrology; in the earlier Sanskrit
texts their connections with astrology had been primarily
in the fields of military and catarchic astrology.

Astrology in the Hellenistic period (3rd century BC to 3rd
century AD). In the 3rd century Bc and perhaps some-
what earlier, Babylonian diviners began—for the purpose
of predicting the course of an individual’s life—to utilize
some planetary omens: positions relative to the horizon,
latitudes, retrogressions, and other positions at the mo-
ment of birth or of computed conception. This method
was still far from astrology, but its evolution was more or
less contemporary and parallel with the development of
the science of genethlialogy in Hellenistic Egypt.

Equally obscure are those individuals who, living in
Egypt under the Ptolemies (a Greek dynasty ruling 305-
30 Bc), mathematicized the concept of a correspondence
between the macrocosm (larger order, or universe) and the
microcosm (smaller order, or man) as interpreted in terms
of Platonic or Aristotelian theories concerning the Earth
as the centre of the planetary system. They conceived of
the ecliptic (the apparent orbital circle of the Sun) as
being divided into 12 equal parts, or zodiacal signs, each
of which consists of 30°; in this they followed the Baby-
lonians. They further regarded each of these 12 signs as
the domicile (or house) of a planet and subdivided each
into various parts—decans of 10° each, fines (“bounds”)
of varying lengths, and dodecatemoria of 2°30’ each—
each of which is also dominated by a planet. Scattered
at various points throughout the ecliptic are the planets’
degrees of exaltation (high influence), opposite to which
are their degrees of dejection (low influence). Various arcs
of the zodiac, then, are either primarily or secondarily
subject to each planet, whose strength and influence in a
geniture (nativity) depend partially on its position relative
to these arcs and to those of its friends and enemies.

Furthermore, each zodiacal sign has a special relation
with a part of the human body. The 12 signs are further
divided into four triplicities, each of which governs one
of the four elements. Numerous pairs of opposites (male-
female, diurnal-nocturnal, hot—cold, and others), based on
the speculations of the followers of Pythagoras, a Greek
mystical philosopher of the 6th century Bc, are connected
with consecutive pairs of signs. Finally, a wide variety of
substances in the elemental world and attributes of human
character are more or less arbitrarily associated with the
different signs. These lists of interrelationships provide the
rationale for many of the astrologer’s predictions.

The individual planet’s influences are related both to
its general indications when regarded as ominous in
Mesopotamian texts and to the traits of its presiding deity
in Greek mythology. But on them are also superimposed
the system of the four elements and their four qualities, the
Pythagorean opposites, and lists of sublunar substances.
Furthermore, as in the omens, the modes of the planetary
motions are carefully considered, since their stréngths are
partially determined by their phases with respect to the
Sun. Also, they exert a mutual influence both by occupy-
ing each other’s houses and by means of conjunction and
aspects—opposition (to the seventh) and quartile (to the
fourth or 10th) being generally considered bad, trine (to
the fifth or ninth) and sextile (to the third or 11th) good.
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Moreover, as the planetary orbits revolve from west to
east, the zodiac rotates daily about the Earth in the oppo-
site sense. From a given spot on the Earth’s surface this
latter motion—if the ecliptic were a visible circle—would
appear as a succession of signs rising one after the other
above the eastern horizon. The astrologers regard the one
that is momentarily in the ascendant as the first place, the
one to follow it as the second, and so on, with the one that
rose immediately prior to the ascendant being the 12th. In
genethlialogy each place in this dodecatropos determines
an aspect of the life of the native (one born under a partic-
ular sign); in other forms of astrology the place determines
some appropriate aspect of the sublunar world.

The astrologer, then, casts a horoscope by first deter- Horo-
mining for the given moment and locality the boundaries scopes
of the 12 places and the longitudes and latitudes of the
seven planets. He reads this horoscope by examining the
intricate geometric interrelationships of the signs and their
parts and of the planets of varying computed strengths
with the places and each other and by associating with
each element in the horoscope its list of sublunary corre-
spondences. Any horoscopic diagram, of course, will yield
a vast number of predictions, including many that are
contradictory or extravagant. The astrologer thus must
rely on his knowledge of his client’s social, ethnic, and
economic background and on his own experience to guide
him in avoiding error and attaining credibility.

Since about 100 Bc the above method has been the es-
sential procedure of astrology, though various refinements
and additional devices occasionally have been introduced,
including those associated with the Hermetic tradition of
Hermes Trismegistos and with Dorotheus of Sidon, an
influential astrological poet of the third quarter of the Ist
century AD. One is the system of lots, which are influ-
ential points as distant from some specified points in-the
horoscopic diagram as two planets are from each other.

A second is the prorogator, a point on the ecliptic that,
traveling at the rate of one degree of oblique ascension
a year toward either the descendant or ascendant, deter-
mines a person’s length of life. Another is the method of
continuous horoscopy, under which anniversary diagrams
are compared with the base nativity to provide annual
readings. And, finally, certain periods of life are appor-
Table 1: The Signs and Relationships of the Zodiac
sign sex, triplic- house decan exaltation
nature ity
Greek Indian
Aries masculine, fire Mars Mars Mars Sun (19°)
moving Sun Sun
Venus Jupiter
Taurus feminine, earth Venus Mercury Venus Moon (3°)
fixed Moon Mercury
Saturn Saturn
Gemini masculine, air Mercury  Jupiter Mercury
common Mars Venus
Sun Saturn
Cancer feminine, water Moon Venus Moon Jupiter (15°)
moving Mercury Mars
Moon Jupiter
Leo masculine, fire Sun Saturn Sun
fixed Jupiter Jupiter
Mars Mars
Virgo feminine, earth Mercury Sun Mercury  Mercury (15°)
common Venus Saturn
Mercury  Venus
Libra masculine, air Venus Moon Venus Saturn (21°)
moving Saturn Saturn
Jupiter Mercury
Scorpio feminine, water Mars Mars Mars
fixed Sun Jupiter
Venus Moon
Sagittarius masculine, fire Jupiter Mercury  Jupiter
common Moon Mars
Saturn Sun
Capricorn feminine, earth Saturn Jupiter Saturn Mars (28°)
moving Mars Venus
Sun Mercury
Aquarius  masculine, air Saturn Venus Saturn
fixed Mercury  Mercury
Moon Venus
Pisces feminine, water Jupiter Saturn Jupiter Venus (27°)
common Jupiter Moon
Mars Mars
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Table 2: Relationship of

Positions in the Zodiac to

Aspects of Life

place dodecatropos

Greek Indian

I life body

II wealth wealth

1 siblings siblings

v parents relatives

v children children

VI health enemies

viI marriage marriage

VIII death death

IX travel, religion
religion

X occupation, occupation
honors

X1 benefits, gains
friends

XI1I losses, losses
enemies

tioned to their governing planets in a fixed sequence; these
period governors in turn share their authority with the
other planets by granting them subperiods. All of these
complications serve, among other purposes, to provide the
astrologer with convenient excuses for his inevitable errors.

Astrology after the Hellenistic period. In India. Greek
astrology was transmitted to India in the 2nd and 3rd
centuries AD by means of several Sanskrit translations, of
which the one best known is that made in AD 149/150 by
Yavanes$vara and versified as the Yavanajataka by Sphu-
jidhvaja in AD 269/270. The techniques of Indian astrology
are thus not surprisingly similar to those of its Hellenistic
counterpart. But the techniques were transmitted without
their philosophical underpinnings (for which the Indians
substituted divine revelation), and the Indians modified
the predictions, originally intended to be applied to Greek
and Roman society, so that they would be meaningful
to them. In particular, they took into account the caste
system, the doctrine of metempsychosis (transmigration
of souls), the Indian theory of five elements (earth, water,
air, fire, and space), and the Indian systems of values.

The Indians also found it useful to make more elaborate
the already complex methodology of Hellenistic astrol-
ogy. They added as significant elements: the naksatras (or
lunar mansions); an elaborate system of three categories
of yogas (or planetary combinations); dozens of different
varieties of dasas (periods of the planets) and antardasas
(subperiods); and a complex theory of astakavarga based
on continuous horoscopy. The number of subdivisions
of the zodiacal signs was increased by the addition of
the horas (15° each), the saptamsas (4%7° each), and
the navamsas (3°20’ each); the number of planets was
increased by the addition of the nodes of the Moon (the
points of intersection of the lunar orbit with the eclip-
tic), and of a series of upagrahas, or imaginary planets.
Several elements of Hellenistic astrology and its Sasanian
offshoot (see below In Sasanian Iran), however—includ-
ing the lots, the prorogator, the Lord of the Year, the
triplicities, and astrological history—were introduced into
India only in the 13th century through the Tajika texts.
Besides genethlialogy, the Indians particularly cultivated
military astrology and a form of catarchic astrology termed
muhiirta-sastra and, to a lesser extent, iatromathematics
and interrogatory astrology.

In Sasanian Iran. Shortly after Ardashir I founded the
Sasanian Empire in AD 226, a substantial transmission of
both Greek and Indian astrology to Iran took place. There
were Pahlavi (Iranian language) translations of Dorotheus
of Sidon, Vettius Valens, Hermes, and an Indian called (in
the Arabic sources) Farmasp. Since the Pahlavi originals
are all lost, these translations provided the only knowl-
edge of the Sasanian science. Genethlialogy in Iran was
essentially an imitation of the Hellenistic (though without
any philosophy), onto which were grafted some Indian
features, such as the navamsas and a Saivite interpretation
of illustrations of the Greco-Egyptian deities of the decans.
The most influential and characteristic innovation of the
Sasanian astrologers was the development of the theory of

astrological history—that is, the writing of history, both
past and future, on the basis of extensions of the tech-
niques of the prorogator, the Lord of the Year, the plan-
etary periods, and the continuous horoscopy employed in
Hellenistic genethlialogy. This was done in conjunction
with Zoroastrian millenarianism (the division of the finite
duration of the material creation into 12 millennia).

In Islam. Astrology entered Islamic civilization in the
8th and 9th centuries in three simultaneous streams—Hel-
lenistic, Indian, and Sasanian. Arabic translations from the
Greek and Syriac represented the Hellenistic science, from
Sanskrit the Indian version, and from Pahlavi the Sasanian
combination of the two. But to these influences Islamic
astrology, through the work of Abii Ma‘shar, an astrologer
of the 9th century, added the Harranian adaptation of the
Neoplatonic definition of the mode of astral influences in
terms of Aristotelian physics. Aba Ma‘shar further elab-
orated Sasanian astrological history and greatly expanded
the number of lots that an astrologer had to take into
consideration. Much attention was paid by the Muslims
to catarchic and interrogatory astrology, but, under attack
by the theologians for denying divine intervention in the
world and man’s free will, astrology rapidly declined in its
appeal to Muslim intellectuals after the Mongol invasions
of the 13th century, though not before its influence had
spread in India, the Latin West, and Byzantium.

In Byzantium. During the last upsurge of paganism in
the 5th and 6th centuries AD, Byzantium (the Eastern Ro-
man Empire) boasted a host of astrologers: Hephaestion,
Julian of Laodicea, “Proclus,” Rhetorius, and John Lydus.
Though their works are singularly unoriginal compilations,
they remain the major sources for an understanding of
earlier Hellenistic astrology. By the end of the 6th century,
however, the general decline of the Byzantine Empire’s in-
tellectual life and the strong opposition of the church had
combined to virtually obliterate astrology, though some
practice of reading celestial omens survived in Byzantium
as it did in western Europe. The science was revived
only in the late 8th century and the 9th century under
the impact of translations from Syriac and Arabic. The
period from about 800 to 1200 was the most propitious
for Byzantine astrology, though nothing was essentially
added to astrological theories or techniques. This period
was rivaled only by a last flowering of astrology in the
late 14th century, when John Abramius and his students
revised the older astrological treatises in Greek to provide
the Renaissance with vulgate texts. :

In western Europe. The astrological texts of the Roman
Empire were written almost universally in Greek rather
than in Latin; the only surviving exceptions are the poem
Astronomica of Manilius (c. AD 15-20), the Matheseos
libri (“Books on Astrology”) of Firmicus Maternus (c.
335), and the anonymous Liber Hermetis (“Book of Her-
mes”) from the 6th century. In the absence of astronomical
tables in Latin, however, none of these was of any use,
and astrology for all practical purposes disappeared with
the knowledge of Greek in western Europe. It was revived
only with the numerous translations of Arabic astrological
and astronomical treatises executed in Spain and Sicily in
the 12th and 13th centuries, supplemented by a few trans-
lations directly from the Greek. But the new astrology in
the Latin-reading world remained essentially an offshoot
of Islamic astrology, gaining an adequate representation of
its Hellenistic originals only in the 15th and 16th centuries.
These two centuries also witnessed the fullest flowering
of astrology in western Europe, frequently in conjunction
with Neoplatonism and Hermetism. By the 17th century,
however—with the displacement of the Earth from the
centre of the universe in the new astronomy of Copernicus
(1473-1543), Galileo (1564-1642), and Johannes Kepler
(1571-1630), and with the rise of the new mechanistic
physics of Descartes (1596-1650) and Newton (1643~
1727)—astrology lost its intellectual viability and became
increasingly recognized as scientifically untenable. Though
Kepler attempted to devise a new method of computing
astrological influences in the heliocentric (Sun-centred)
universe, he did not succeed.

Astrology in modern times. In the West, Newtonian
physics largely eradicated a belief in astrology among the
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educated, and the practice of what now degenerated into
a pseudoscience became increasingly the province of the
fraudulent fortune-teller. In countries such as India, how-
ever, where only a small intellectual elite has been trained
in Western physics, it manages to retain here and there
its position among the sciences. Some Indian universities
offer advanced degrees in astrology.

Recently in the West, however, astrology has gained a
large popular following, and there have been attempts to
reestablish a firm theoretical basis for it, notably by the
French. psychologist Michel Gauquelin, although with re-
sults that are at best inconclusive. The divisions of the year
governed by the 12 zodiacal signs (which are derived from
Hellenistic astrology) as depicted in newspapers, manuals,
and almanacs are as follows:

Aries, the Ram, Libra, the Balance,

March 21-April 19 September 23-October 23
Taurus, the Bull, Scorpio, the Scorpion,

April 20-May 20 October 24-November 21
Gemini, the Twins, Sagittarius, the Archer,

May 21-June 21 November 22-December 21
Cancer, the Crab, Capricorn, the Goat,

June 22-July 22 December 22-January 19
Leo, the Lion, Aquarius, the Water Carrier,

July 23-August 22 January 20-February 18
Virgo, the Virgin, Pisces, the Fish,

August 23-September 22  February 19-March 20
Attempts have been made to incorporate into the gen-
eral astrological scheme the planets discovered since the
Renaissance and to find some sort of statistical relation
between planetary positions and human lives. None of
these attempts appears to be at all convincing, however,
and no serious explanation seems to exist regarding the
alleged spheres of influence of the planets, the alleged
nature of their influences, or the manner in which they
are received. Nor has any modern astrologer proved that
arbitrary arcs (houses or zodiacal signs) on a nonexistent
circle (the ecliptic) are endowed with existence and with
attributes, much less with the power to affect human lives.
Moreover, since the phenomena of this world are now
largely explicable by the hypotheses of modern science, it
is difficult to understand how astrological influences can
also be responsible for them. In short, modern Western
astrology, though of great interest sociologically and popu-
larly, generally is regarded as devoid of intellectual value.

(D.E.P./R.A.Gi.)

Divination: other forms

While divination is most commonly practiced in the mod-
ern Western world in the form of horoscopic astrology,
other forms of divination were and are of equal impor-
tance for other cultures, both ancient and contemporary.

NATURE AND SIGNIFICANCE

Divination is universally concerned with practical prob-
lems, private or public, and seeks information upon which
practical decisions can be made; but the source of such
information is not conceived as mundane, and the tech-
nique of getting it is necessarily fanciful. The mantic
(divinatory) arts are many, and a broad understanding
can only emerge from a survey of actual practices in vari-
ous cultural settings. A short definition, however, may be
offered as a preliminary guide: divination is the effort to
gain information of a mundane sort by means conceived
of as transcending the mundane.

Though the act of divination is attended by respect and
the attitude of the participants in the divinatory act may
be religious, the subject matter of divination (like that of
magic) is ephemeral—e.g., an illness, a worrisome portent,
a lost object. Divination is a consultative institution, and
the matter posed to a diviner may range from a query
about a few lost coins to high questions of state. The ca-
sual or solemn nature of the matter is normally matched
by that of the diviner in terms of attitude, technique,
and style. Where the diviner is a private practitioner, the
elaborateness of the procedure may be reflected in the fee.
In contrast to the worldly motives of some diviners, the
calling of diviner-priest was seen by the ancient Etruscans
in Italy and the Maya in Mexico as sacred; his concern
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Barotse basket diviner. The diviner shakes various objects

in the winnowing basket and by interpreting their final
juxtaposition seeks to predict the outcome of an illness and to
name the sorcerer responsible.

By courtesy of the Livingstone Museum, Republic of Zambia

was for the very destiny of his people. Divination has
many rationales, and it is difficult to describe the diviner
as a distinctive social type. He may be a shaman (private
curer employing psychic techniques), a priest, a peddler
of sorcery medicines, or a holy man who speaks almost
with the voice of prophecy. To appreciate the significance
of the diviner’s art in any culture or era, one must be fa-
miliar with prevailing beliefs about man and the world. In
Christian times Europe has moved from a horror of necro-
mancy (conceived not as consultation with a ghost but
as a literal “raising of the dead”) to an amused tolerance
(among the educated) of spiritualism as a sort of parlour
game. To assert that European beliefs about God and
man have remained the same throughout the Christian
Era would be to ignore the impact of modern science and
secularization. On the other hand, to suppose that divina-
tion has been doomed by science and secularism would be
to ignore the abiding popularity of horoscopic astrology
and recurrent fashions for other mantic disciplines—and
perhaps to misjudge the security of “modern” beliefs.

THE STRUCTURE OF DIVINATION

The extent to which a practice such as divination should
be called a corollary of the beliefs entailed and the extent
to which the opposite might be true (i.e., the beliefs de-
riving from the practice as an after-the-fact explanation)
is difficult to ascertain. Among the great cultures, the
Chinese tradition has given the broadest scope to divina-
tion; yet there is no single Chinese religious cosmology,
or theory on the ordering of the world, comparable to
those of the Maya, Sanskritic (Hindu), or Judeo-Christian
traditions, from which the variety of popular practice
can be seen to derive. Sometimes, as with the flourish-
ing business of astrology in Christian countries since the
Renaissance, the metaphysical (transcendent) presupposi-
tions of mantic practice may have been muted in order
to minimize conflict with official religious and scientific
doctrines. Generally, however, the philosophical under-
pinnings of divination need not be deep or well worked
out, but, where they are, they will afford clues to funda-
mental beliefs about man and about visible or invisible
nature. Some traditions of divination—such as astrology,
geomancy (divination by means of figures or lines), or the
Chinese divinatory disciplines—are so old and established
that it is virtually impossible to discover their original
contexts. Over the centuries such practices have survived
many changes and have become perennial attempts to
answer recurring questions about the human condition.
Established long ago in the hieratic (priestly) discipline
of primitive theocracies, such a tradition still bears the
marks of the specialists who worked out its systematic
techniques. Since the practice is now observed only as
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a folk or popular tradition, however, it would be rash
to suppose that any legitimate philosophical tradition un-
dergirding divination survives. Only in the case of the I
Ching, the Chinese “Classic of Changes,” have scholarly
commentaries of any great intellectual substance accumu-
lated over the millennia. Systematic studies of geomancy
are recent, and the literature of astrology is as perishable
as it is massive. Babylonian astrology, from which later
forms are derived, arose in an agrarian Mesopotamian
civilization concerned the vicissitudes of nature and the
affairs of state. The mercantile, seafaring, and individu-
alistic Greeks absorbed the mantic system of the collec-
tivistic floodplain civilization of Mesopotamia, elaborated
on it by adding the horoscopic discipline, and transmitted
it, through Hellenistic, Egyptian, and Islamic science, to
Europe. In the course of this transformation, a two-way
relationship between a society’s view of the world and its
system may be seen. Various priests and scholars have
made their contributions to the system; yet there also is
a clear correspondence between the general character of
a culture and the uses it finds for divination. That is,
the worldview implicit in the divination system itself may
reflect the historical rather than the current context of
use. It requires only practical understanding to consult a
ouija board or use a forked stick to decide where to drill
for water. Hence, men of very different beliefs may adopt
the same practices, and a full correspondence between
practice and belief can only be expected where both have
developed in the same cultural context. Where much of
the popularity of the mantic art derives from its “exotic”
flavour, its symbolism may be little understood. By its
very nature, however, divination tends to develop as a
discipline, becoming the tradition of an organized body of
specialists. This is because the means to which the diviner
must resort are conceived as setting him apart. That is the
case even among such peoples as the Azande (adjective
and singular noun form Zande) of the Nile-Congo divide
in Africa, where the resort to divination is frequent, and
the most common techniques utilized are recognized to be
within the competence of ordinary men. There, on a sen-
sitive or contentious issue, an extraordinary credibility is
desired, and the ultimate reliability of an oracle reflects the
political standing of its owner—the king’s oracle, for ex-
ample, is viewed as the final authority, and the royal court
is scrupulously organized to guard this vessel of power
(divinatory and other) from contamination. Few societies
are as enthusiastically given to divination as the Azande,
who routinely employ it to explore their thoughts and
who will not consider any important undertakings without
oracular confirmation in advance. Among the Azande, the
ordinary man could be considered a divinatory special-
ist. Elsewhere, men are content to reserve divination for
special crises, and consultation must be with a recognized
expert in order to distinguish an authentic answer from a
spurious one.

Types of divination. As schools of dramatic art range
from those relying on explicit technique to those teach-
ing intuitive identification with a role, mantic skills range
from the mechanical to the inspirational but most often
combine both skills in a unique, dramatically coherent
format. The comparative study of divinatory practices is
at least as old as the lst-century-Bc Roman orator and
politician Cicero’s treatise De divinatione (Concerning Div-
ination), and the convenient distinction there drawn be-
tween inductive and intuitive forms designates the range.
An intermediate class, interpretive divination, allows a
less rigid classification, since many divinatory disciplines
do not rely strongly either upon inductive rigour or upon
trance and possession.

Inductive divination presupposes a determinative pro-
cedure, apparently free from mundane control, yielding
unambiguous decisions or predictions. The reading of
the “eight characters” of a Chinese boy and girl before
proceeding to arrange a marriage—the year, month, day,
and hour of birth of the two persons to be betrothed—
illustrates this class of procedures. The “characters” are
all predetermined by the accidents of birth date and hour,
and it is supposed that all proper diviners would come to
the same conclusions about them.

Interpretive divination requires the combination of cor-
rect procedure with the special gift of insight that sets a
diviner apart from his fellows. The contemporary Maya
diviner of Guatemala, seeking to diagnose an illness, will
carefully pass a number of eggs over the patient’s body
in order to draw into them an essence of the affliction.
The intact contents are then collected in water, and the
diviner withdraws into a darkened corner to bend over the
receptacle and read the signs of the eggs. His recitation
then interprets the origin and nature of the disease.

Intuitive divination presupposes extraordinary gifts of
insight or ability to communicate with beings in an ex-
tramundane sphere. The “Shaking Tent” rite of the Al-
gonkian Indians of Canada illustrates the use of uncanny
phenomena to lend credence to a mediumistic perfor-
mance. The diviner, bound and cloaked, is no sooner
placed in his barrel-like tent than the tent begins to shake
with astonishing vigour and to fill the air with monstrous
noises; and this continues with great effect until, all of
a sudden, the communicating spirit makes his presence
known from within the tent and undertakes to answer
questions. It is difficult to explain away the phenomena of
spirit possession as products of deliberate instruction.

The cosmological and psychological conditioning that
affects divinatory practices within a cultural tradition will
influence in a similar fashion all of its religious prac-
tices. The Greeks tended to the intuitive or “oracular”
style, and the Etruscans, in contrast, elaborated upon the
more systematic but less versatile inductive practice of
Mesopotamia—developing an authoritative state religion
in which the positions were monopolized by the ruling
class. Greek divination was eccentric in that sanctuaries
were located apart from the centres of political power; the
Etruscan system, on the other hand, was concentric, fo-
cused at the summit itself. Rome eclectically incorporated
both Greek and Etruscan elements, the ecstatic cult and
the expert “reading” of livers—i.e., haruspimancy. Rome,
however, never allowed divination to become the central
preoccupation of society as it had been for Etruria, nor did
it become an autonomous force in society as it had been
for the Greeks. In this, Rome represented a balance that is
more congenial to modern Western thought. Throughout
the ancient Mediterranean world, the notable exception
being Egypt, divination was tied to expiation and sacri-
fice: fate was perceived as dire but not quite implacable,
and the function of divination was to foresee calamity in
order to forestall it. In trans-Saharan Africa, religion cen-
tres on expiation and sacrifice, and divination is a pivotal
institution, but the Mediterranean notion of fate is not
developed. Instead, the trouble of a person is attributed
to witchcraft, sorcery, or ancestral vexation—all of which
are believed to be arbitrary and morally undeserved. Div-
ination is employed to discover the source of trouble in
order to remove it, whether by sacrifice, countersorcery, or
accusation and ordeal. The mind is turned to past events
or hidden motives of the present time, however, and not
to the future—that would be to borrow trouble.

The function of divination. The function of divination
needs to be understood in its motivational context. It is
not enough to say that information won from the diviner
serves to allay uncertainty, locate blame, or overcome mis-
fortune. Divination is motivated by the fact that informa-
tion, whether spurious or true, will please a client. Unless
one assumes that the information is usually accurate, one
would expect clients to be displeased and subsequently
skeptical. A careful assessment of the kinds of information
that divinatory systems are required to yield is thus in
order. The two main kinds are general information about
the future and specific information about the past as it
bears upon the future.

The first kind of information is yielded by horoscopic
divination. It is usually so general that it cannot be prop-
erly tested. If such information were really specific, the
prediction could interfere with its own fulfillment, acting
as a warning or breeding overconfidence. The other kind
of information demanded from diviners is specific enough
to be tested and often is; but testing a particular diviner’s
competence is seldom seen as putting the institution to
the test. Indeed, it is common in trans-Saharan societies
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for a troubled client to consult a series of diviners until
he finds one who is convincing. Again, many systems
of divination have a double check built into them: the
question is posed first in the positive and then in the
negative, and the oracle must (obviously without manipu-
lation) answer consistently. The chances are actually even
that any oracle will fail to do so, yet the credibility of
such oracles seems not to be lost. Technically, this means
that false information can be obtained by a client without
weakening his belief in the source. Early students of di-
vinatory practice concluded that clients must be gullible,
superstitious, illogical, or even “prelogical™; i.e., culturally
immature. Ethnographic studies do not confirm this, sug-
gesting rather that what a client seeks from the diviner
is information upon which he can confidently act. He is
seeking, in so doing, public credibility for his own course
of action. Consistent with this motive, he should set aside
any finding that he thinks would lead him into doubtful
action and continue his -consultations until they suggest
a course that he can take with confidence. The diviner’s
findings are judged pragmatically.

Clients seek out a diviner when they are unsure how to
behave—when there is illness; drought, death, or the fear
of death; when there is suspicion of malevolence, theft,
or breach of faith; when dreams or other symptoms are
disturbing or the signs of the time seem bad. Divination
serves the purpose of circumscription, of marking out and
delimiting the area of concern: the nature of the crisis is
defined, the source of anxiety is named. Concern becomes
allegation, bafflement decision. The diviner may function
as a stage manager, speeding up the action, rejecting false
moves in advance, or indicating the secret fear or the
hidden motive. Where divinatory practice is a recognized
resource, a man who ignores it is considered arbitrary,
and one who heeds it needs no further justification for his
actions. In this sense, the ultimate function of divination
is the legitimation of problematic decisions.

VARIETIES OF DIVINATION

Because dramatic effect is important, divination takes
many forms and employs a wealth of devices. In a general
way, it may be said that inductive divination employs
nonhuman phenomena, either artificial or natural, as signs
that can be unambiguously read. The prime condition
is that the signs appear to be genuine, not manipulated.
Interpretive divination commonly combines the use of
nonhuman phenomena with human action, employing
devices so complex, subtle, or fluid that the special gifts of
the diviner seem required if the meaning is to be known.
It is here that divination takes its most characteristically
dramatic forms. Intuitive divination usually places little
reliance upon artificial trappings, except for dramatic ef-
fect. The impressive performer may exhibit gifts like those
that in a different context would have made him an ef-
fective actor, writer, or political leader. Where the diviner
can produce voices other than his own, the impression is
that the gods or spirits are speaking.

Inductive divination. To speculate that inductive div-
ination from natural phenomena must be very old—i.e.,
that it arose from early man’s intimate acquaintance with
nature—is tempting. In fact, however, evidence of an
awareness of nature as a system among preliterate peo-
ples is spotty, and this is particularly true in respect to
astral observation. Divination from the skies is concerned
preeminently with the future but presupposes a concern
with cycles of time and history. Quite distinctive attitudes
were taken toward the celestial clock by the ancient Maya
astronomers and those of Mesopotamia; and distinct but
related forms of astrology were developed in the Western,
Indian, and Chinese civilizations. But the relation between
astrology and scientific astronomy is quite apparent, and
the two “sciences” were inseparable in the West until early
modern times.

Associated with the observation of the heavens is the
reading of signs in the weather and the movement of
birds. The interpretation of lightning as a decipherable
message from the gods—not simply as an outburst of
divine anger—was brought to the level of a pseudoscience
by the Etruscans. Winds and clouds, being suited to less
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exact observation, invited interpretive rather than induc-
tive divination. Weather phenomena were also conceived
of as in a special status relative to man, in that rain,
drought, and natural disasters are forces that man seeks
not simply to read but to control. Nonetheless, Hindu
scripture discusses the art of interpreting “castles in the
air”—celestial cities seen in towering clouds.

Augury, the art of interpreting omens, is the attempt to
discover divine will in phenomena of animate nature. In
Mesopotamia, augury was associated with sacrifice and
perhaps developed from it. As the priests watched the
rising smoke to divine the answer to a ritual query, they
observed the movement of birds as auspicious or inaus-
picious. As a further augury the viscera of the sacrificial
victim were examined, particularly the liver, which (rather
than the heart) was conceived as the vital centre. The
discipline of augury mapped cosmic space with the sacri-
ficial altar at the centre, and each sector was assigned a
definite meaning. Every event in the heavens could thus
be charted and pondered. Similarly, haruspicy, the study

By courtesy of (bottom) the Museo Civico, Piacenza, ltaly; from
(top)

O.W. von Vacano, The Etruscans in the Ancient World

(Top) Etruscan mirror showing a ritual scrutiny of a sacrificed
liver. The various sections of the liver were believed to be

a reflection of the divisions of heaven, each of which had

a favourable or unfavourable meaning. The man (second
from right) holds the liver so that the lobes can be examined
and the details for foretelling the future are distinct. From
Tuscania, Italy, 3rd century BC. in the Museo Archeologico,
Florence. (Bottom) Bronze model of a sheep’s liver used

for divining. It is divided on its upper surface into about 40
sections, each with the name of an Etruscan divinity inscribed
on it. From Piacenza, ltaly, 4th-3rd century BC. In the Museo
Civico, Piacenza, ltaly.
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of the liver, was developed by mapping it as a microcosm
and reading it as one may read the palm.

Inductive divination from nature is associated with the
reading of artificially contrived events, such as the move-
ment of sacrificial smoke, the fall of an arrow shot upward,
or the cast of dice or lots. A much-used natural-artificial
technique consists in the braising of bone or shell to pro-
duce a system of signs. Scapulimancy—divination from
a fire-cracked shoulder blade—was widespread in North
America and Eurasia. The related but more elaborate
Chinese technique of tortoiseshell divination was inspired
by the idea of equating the carapace (back) and ventral
(lower) shell with their view of a rounded sky over flat
earth. Only the “earth” was inscribed and heated to pro-
duce signs: In general, however, artificial systems of signs
are likely to be manipulatory, as they will be used in an
artful way by the professional diviner—and in such cases
interpretive techniques have to be taken into account.

Interpretive divination. Interpretive divination involves,
in the main, the reading of portents, omens, or prodigies.
To the scientifically minded, no event is without a cause.
Yet, the apparently arbitrary event does occur in an or-
dered world and thus is subject to various interpretations.
Manipulated events are an element of interpretive divina-
tion, but the less active forms depend upon projection,
introjection, and free association—thus being associated,
to some degree, with intuitive techniques.

Pyromancy, divination by fire, may be highly dramatic
in a society dependent on fire for light and safety at
night. In some trans-Saharan societies the diviner may
test an accusation at a seance around the fire, which will
suddenly explode upon the “guilty” one. Elsewhere, ob-
jects may be overtly cast into the fire and signs read in
the reaction. Hydromancy, divination by water, is usually
less dramatic, ranging from the reading of reflections in
a shallow surface, in the manner of the crystal gazer, to
construing the movements of floating objects, as in the
reading of tea leaves.

A range of related mantic practices may be grouped under
the terms cleromancy, divination by lots, and geomancy,
which may involve the casting of objects upon a map or
a figure drawn on the ground. Cleromantic practices in
trans-Saharan Africa may rely on the supposedly magical—
or indeed horrifying—qualities of objects in the diviner’s
bag or basket. When they are thrown, the proximity of
one piece to another—for example, a dried bit of intestine
from a murdered child and a man-eating animal’s tooth—
may be regarded as having meaning; or the position of
a particular piece at the centre or apart from the others
may be picked out. Often, the diviner must first prove
his ability by discovering the client’s problem, through a
line of patter accompanying the throws—suggesting this,
questioning that, leaping from one matter to another until
the reactions of the client betray his interest. Here the
diviner may be said to introject ideas and attitudes, while
the lots act for the diviner and client alike as a projective
device, the meaning of which is only half-formed in the
objective pattern cast. A far more elaborate practice is the
geomancy of West Affica, in which elegant equipment is
combined with impressive erudition to produce a seance
in which lots are used to select verses, wherein the client
is expected to find his answers. The nature of the lots em-
ployed, the number lore on which the selection of verses
is based, and the verses themselves are entirely distinct
from their counterparts in the Chinese yarrow (an herb
with finely dissected leaves) tradition embodied in the 1
Ching, but the general equivalence of the two elaborations
is noteworthy. The parallel has perhaps been obscured by
the use of “geomancy” in China to signify only a special-
ized art by which propitious locations are selected.

Sometimes a diviner can be said to interpret signs so
characteristic of his client that the practice falls between
interpretive and intuitive arts. Somatomancy, body div-
ination, is clearly interpretive in most forms, whether in
China or the West, though the system of signs employed
comprises private attributes of the client’s physique. Exam-
ples are phrenology, employing features of the head that
are normally unnoticed; and the reading of moles, where
the body is treated as a microcosm bearing astrological

signs. But oneiromancy, dream interpretation, employs
explicitly psychic phenomena; and here the diviner may
be said to assist the intuition of meaning by his client as
often as he can be said to introject. The Ojibwa and Bella
Coola Indians of North America were characteristically
preoccupied with the meanings of their dreams.

Intuitive divination. The prototype of the intuitive di-
viner is the occasional shaman or curer who uses trance
states. These are achieved idiopathically (i.e., arising from
the self spontaneously) or induced by drugs or by autoki-
netic (self-energized) techniques, such as hand trembling
among the Navajo, a large North American Indian tribe.
As a mantic art, trance is associated with oracular ut-
terance and spirit possession. An impressive performance
will be taken to represent the actual voice of a god or
spirit addressing the client directly; and divination in this
mode is known from diverse religious traditions, including
Christianity. The idea that the gods may be importuned to
speak on a matter of temporal human concern seems to
be very ancient. In early Egypt incubation was practiced—
i.e., sleeping in the temple in the hope of being inspired by
the resident god. The idea behind Maya maiden sacrifice
was the same: a number of maidens were cast into a sacred
cenote or deep well, and those who survived after some
hours were brought back to recite the messages received
during their ordeal—a virtual enactment of the journey
into the underworld. As oracular utterance became regu-
lar, special techniques or contraptions were developed for
making the god’s image show assent or denial or for am-
plifying the sound of an unseen priest’s voice. In nomadic
societies today, however, the diviner may still achieve per-
sonal authority by passing into a trance before his fellows,
trembling and speaking “as if possessed”—that is, as if his
own spirit had ceased to inhabit his body and had been
replaced by another.

Related to possession is the conviction that malevolent
persons are essentially unlike innocent ones, though not
in outward appearance. When a test is devised for discov-
ering malevolence, commonly conceived of as witchcraft
or as a nonhuman force disguising itself in human form,
the test takes the form of an ordeal. This may be a
demonstration of invulnerability to harm, the presence of
blessed qualities being viewed as inconsistent with malev-
olence; among the many types of ordeal are walking on
coals and retrieving an object from boiling liquid. The
ordeal may even involve death: in the ordeal by water, a
witch was expected to float and so be spared for burning,
but an innocent person would be accepted by the water
and drown. In trans-Saharan poison ordeals the innocent
person is expected to survive.

Intuitive divination may also be a wholly private affair.
A Roman might hear a warning from the gods in a piece
of conversation; the Aztec might discern a portent in an
animal’s howl. The North American Indian who sought a
private vision through isolation, self-mutilation, and fast-
ing would preserve the memory of that vision throughout
life, turning to it as his unique guardian spirit.

Divination today. The immense popularity of horo-
scopes in the urban West today illustrates the almost
exclusive concern with individual fortune-telling that char-
acterizes divination in a mobile and competitive mass
society. Chiromancy, Tarot (fortune-telling) cards, and
crystal gazing represent respectively body divination, sor-
tilege (divination by lots), and trancelike performance in
styles suitable for what might be called a half-serious
attempt to learn one’s fate. Necromancy, in its modern
spiritualist form, represents a slightly more serious and
sustained effort to establish contact with extramundane
beings. But astrology, in its various popular forms, is the
form of divination best suited to mass consumption, since
it is based on a well-articulated body of lore, touches
matters of high destiny as well as individual fortune, and
“personalizes” its introjective advice without the client’s
having to be interviewed. On the other hand, the more
esoteric mantic arts have the appeal of discipline—an in-
dividual may enter into the lore deeply until it becomes
a part of his own worldview. Study of the I Ching for
divinatory purposes can involve this sort of commitment.

(G.K.P./R.A.Gi.)
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Magic

In the occult, magic comprises a wide range of phenom-
ena, from the elaborate ritual beliefs and practices that are
at the core of many religious systems, to acts of conjuring
and sleight of hand for entertainment. Used in the former
sense magic is a social and cultural phenomenon found
@n all places and at all periods, with varying degrees of
importance.

NATURE AND SIGNIFICANCE

The term magic essentially refers to a ritual performance
or activity that -is thought to lead to the influencing
of human or natural events by an external and imper-
sonal mystical force beyond the ordinary human sphere.
The performance involves the use of special objects or
the recitation of spells (words with an innate power or
essence) or both by the magician. The nature of magic is
frequently misunderstood because of uncertainty as to its
definition, its relationship to other religious behaviour and
institutions, and its social and psychological functions.
This uncertainty is largely a consequence of 19th-century
views on cultural and historical evolution that set magic
apart from other religious phenomena as being especially
prevalent in archaic and primitive societies and as merely
a form of superstition without cultural or theological sig-
nificance. This view has led to magic’s being considered as
different and distinct from other religious rites and beliefs
and the overlooking of its essential similarity and con-
nection with them, since both magical and non-magical
rites and beliefs are concerned with the effects on human
existence of outside mystical forces. The frequently held
view that magical acts lack the intrinsically spiritual nature
of religious acts, comprising external manipulation rather
than supplication or inner grace, and that they are there-
fore of a simpler and lower kind in theological terms, has
compounded the misunderstanding. The definition given
above recognizes a main point of distinction between
magic and other religious phenomena, in that the latter
are concerned with a direct relationship between men and
spiritual forces, whereas magic is regarded as rather an
impersonal or technical act in which the personal link is
not so important or is absent, even though the ultimate
force behind both religious and magical acts is believed to
be the same. The distinction made by Emile Durkheim
(1858-1917), a seminal French sociologist of religion (see
below), that a religious practitioner has a congregation
whereas a magician has a clientele, is also a meaningful
one. The difficulty in defining magic and distinguishing
it from religion is due largely to Western ethnocentric
views. In Judeo-Christian belief it has been distinguished
from other religious acts, but this distinction is not always
found in other religious systems and in fact would appear
to be unusual. Many writers have referred to “magico-
religious” phenomena, a convenient blanket term.

Magic is often confused with witchcraft, especially in the
history of European religions. Modern anthropologists,
however, make the useful distinction between magic as
the manipulation of an external power by mechanical or
behavioral means to affect others, and witchcraft as an
inherent personal quality motivated to the same ends. In
this classification, the word sorcery is used for magic that
aims to harm other people; that is, sorcery is “black”
magic, whereas magic used for beneficent ends is “white”
magic. This distinction does not always hold for specific
societies but is a useful one in analysis. Divination, the
skill of understanding mystical agents that affect people
and events, should be distinguished from magic in that its
purpose is not to influence events but rather to understand
them. The ultimate mystical power of diviners, however,
may be thought to be the same as that behind the forces
of magic. In some societies, magicians act as diviners, but
the two skills should be distinguished. Magicians are of-
ten confused with priests, shamans, and prophets, mainly
because many of these practitioners’ activities include acts
that are traditionally defined as “magical”; i.e., while es-
sentially they are regarded as intermediaries between men
and gods or spirits, in the sense of acting in a direct
personal relationship, some of their acts are also imper-
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sonal or “magical.” It is often, perhaps usually, impossible
clearly to distinguish between priests and magicians; any
distinction lies in the kind of actions they perform in
particular situations rather than in any true distinction
between the kinds of practitioners themselves.

HISTORY AND DISTRIBUTION

Magic in one form or other appears to be a part of all
known religious systems, at all levels of historical devel-
opment, although the degree of importance given to it
varies considerably. The term has been used loosely by
many writers, especially when discussing European magic.
Also the ethnographic accounts of small-scale preliterate
societies vary in the degree to which they contain detailed
descriptions even when magic is important in a particular
culture. Thus the analyses of magic in its total cultural
setting are remarkably few.

Knowledge of magic in prehistory is limited by lack of
reliable data. Many cave paintings and engravings, from
all parts of the world, have been claimed to represent
figures practicing hunting magic and sorcery, but this is
only conjecture. More certain information about magical
phenomena is available for the ancient Middle Eastern
and Greco-Roman' cultures, Christian Europe, and con-
temporary preliterate societies.

Magic in the ancient world. There are many recorded
texts of what appear to be magic spells and formulas
from ancient Mesopotamia and Egypt. Most accounts of
these cultures class almost all records of ritual as forms
of magic and as examples of magical or mythopoeic ways
of thought. This is usually because the writers themselves
assumed that these cultures were examples of “prelogical”
thought (as compared with the thought of civilized man),
and so took any religious record as evidence of this. The
pharaohs of Egypt, for example, were what are usually
called “divine kings,” and as such were believed to have
the power to control nature and fertility. Many writers
refer to their powers as magical, but the evidence is rather
that they were expressions of royal omnipotence and con-
tingent on their divine status. Examples of true magical
spells and formulas are recorded from both Mesopotamia
and Egypt; e.g., spells to ward off witches and sorcerers.
Spells addressed to gods, to fire, to <ns1:XMLFault xmlns:ns1="http://cxf.apache.org/bindings/xformat"><ns1:faultstring xmlns:ns1="http://cxf.apache.org/bindings/xformat">java.lang.OutOfMemoryError: Java heap space</ns1:faultstring></ns1:XMLFault>